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Preface 


The primary sources of data in seismology are seismic records at the Earth’s surface 
of natural or man-made events. The object of modern seismic analysis is to extract 
as much information as possible from these surface records about the nature of the 
seismic parameter distribution with the Earth and the source which generated the 
waves. 


One of the most important techniques which has been developed in recent years 
is the construction of theoretical seismograms, as an aid to structural and source 
studies. In order to model such seismograms we must take into account the 
generation of seismic waves by the source, the passage of these waves through 
the Earth, and their subsequent detection and recording at the receiver. 


In this book I have endeavoured to present a unified account of seismic waves 
in stratified media. The emphasis is on the propagation of seismic waves in 
realistic earth models, and the way in which this can be understood in terms of 
the reflection and transmission properties of portions of the stratification. With this 
approach I have tried to show the interrelation between the major methods used 
for the calculation of theoretical seismograms, and to indicate the circumstances in 
which they are most useful. The theoretical techniques developed in this book are 
applicable to a wide range of problems with distance scales which vary from a few 
kilometres in geophysical prospecting, to many thousands of kilometres for seismic 
phases returned from the Earth’s core. These applications are illustrated by using 
examples taken from reflection and refraction seismic work, as well as earthquake 
studies. 


I have assumed an acquaintance with the basics of elastodynamics see, e.g., 
Hudson (1980), and the elements of geometrical ray theory. I have not repeated 
material which is available in many other sources. Thus, there is no discussion of 
the classical Lamb’s problem for a uniform half space, but I present a physically 
based description of the more general problem of the excitation of seismic waves 
in a stratified half space. 


Very low frequency seismic wave problems involve the properties of the whole 
Earth; these are best studied in terms of the free oscillations of the Earth and are not 
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treated here. A description of this approach may be found in the book by Lapwood 
& Usami (1981). 

This book is a revised version of an essay which shared the Adams’ Prize, in the 
University of Cambridge, for 1979-1980. The material has grown out of lectures 
for graduate students given at the University of California, San Diego, and for the 
Mathematical Tripos Part III at the University of Cambridge. The manuscript was 
prepared whilst I was a Visiting Fellow at the Cooperative Institute for Research 
in the Environmental Sciences, University of Colorado, Boulder, and I am very 
grateful for the generous provision of facilities during my stay. 

I would like to thank my research students N.J. Kerry, T.J. Clarke and M.R. 
Illingworth, who have done much to shape my ideas on seismic wave propagation, 
for their help and criticism. I have tried to illustrate many of the seismic wave 
phenomena with actual seismograms and I extend my thanks to the many people 
who have helped me in my search for such examples. I am grateful to the Royal 
Astronomical Society for permission to reproduce a number of diagrams from the 
Geophysical Journal, and to the National Center for Earthquake Research, U.S. 
Geological Survey for the provision of figures. 

Finally I would like to thank my wife, Heather, without whom this book would 
never have been finished. 


B.L.N. Kennett 


This ANU E-Press Edition has been produced by converting the original t roff 
source to LaTeX. In the process some minor changes to notation have been made to 
aid clarity. An appendix is introduced to provide a definition of the notation. The 
index has also been reworked to reflect the changed page layout. 


Chapter 1 
Introduction 


1.1 Seismic signals 


The surface of the Earth is in constant slight movement and the motion at any 
point arises from both local effects, e.g., man-made disturbances or wind-induced 
rocking of trees, and from vibrations arising from afar, such as microseisms 
generated by the effect of distant ocean storms. If we look at the records from 
an observatory seismometer in its carefully constructed vault, or from a geophone 
whose spike is simply driven into the ground, we find that these largely consist 
of such seismic ‘noise’. From time to time the irregular pattern of the records is 
interrupted by a disturbance which rises above the background noise with a well 
defined wavetrain (figure 1.1). This feature arises from the excitation of seismic 
waves, away from the receiver, by some natural or artificial source. 

Earthquakes are the most common natural generators of seismic waves, and in 
the period range 0.001 Hz to 4 Hz their effect may be detected at considerable 
ranges from the source (e.g., with a surface displacement of around 10° m at 9000 
km for a surface wave magnitude of 4). Indeed for the largest earthquakes we can 
observe waves that have circled the globe a number of times. 

Most artificial sources such as chemical explosions and surface vibrators or 
weight-dropping devices have a much shorter range over which they give detectable 
arrivals. This distance is about 2 km for a single surface vibrator and may be 
as large as 1000 km for a charge of several tons of TNT. Only large nuclear 
explosions rival earthquakes in generating seismic waves which are observable over 
a considerable portion of the Earth’s surface. 

The nature of the seismic noise spectrum has had a profound influence on the 
nature of the instruments which have been emplaced to record earthquake signals 
and this in turn has affected the way in which seismic wave theory has developed. 
The power spectral density for the velocity of the Earth’s surface as a function 
of frequency is shown in figure 1.2, based on a study at the Grafenburg array 
(Harjes, 1981). The range of noise conditions for a reasonable quality station 
is indicated by the shaded region and the solid line indicates a typical smoothed 
velocity spectrum for the noise. Superimposed on the noise results are typical 
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Figure 1.1. Eskdalemuir Seismogram for the Dardenelles earthquake 1912, A = 26.5°, 
Galitzin seismograph, vertical component. 


amplitude spectra for the P wave, S wave and fundamental mode Rayleigh wave 
(R) for a magnitude 7 earthquake. For smaller events the spectral peaks shift to 
higher frequencies. The major noise peaks associated with the microseisms at 
0.07-0.15 Hz cause considerable difficulties on analogue recording systems, since 
it is difficult to achieve adequate dynamic range to cope with the whole range of 
signals. For a photographic recording system there is an unavoidable limit to the 
smallest signal which can be discerned due to the width of the light beam and large 
signals simply disappear off scale. To avoid swamping the records of medium 
size events with microseismic noise the commonest procedure is to operate two 
separate instruments with characteristics designed to exploit the relatively low noise 
conditions on the two sides of the noise peak. This is the procedure followed in the 
World Wide Seismograph Network (WWSSN) which installed separate long-period 
and short-period instruments at over 100 sites around the world in the 1960s. 
The records from the long-period seismometers are dominated by the fundamental 
modes of surface waves although some body waves are present. The short-period 
records show principally body waves. A similar arrangement has been made for 
the digital recording channels of the SRO network which was designed to enhance 
the WWSSN system. The response curves for these instruments are illustrated in 
figure 1.2b on the same frequency scale as the power spectra in figure 1.2a. We 
see that these responses have a very rapid fall off in the neighbourhood of the noise 
peak so that even with digital techniques it is hard to recover information in this 
region. 

For midcontinental stations the microseismic noise levels are much reduced and 
it then becomes possible to follow the original approach of Galitzin and use a 
single instrument over the frequency band of interest, as for example, in the Kirnos 
instrument used in the Soviet Union. The actual sensor for the SRO system is 
also a broad-band seismometer but the recording channels conform to the scheme 
originally devised for analogue purposes. 

With digital recording it is now possible to use such a ‘broad band’ instrument 
even in noisier areas and to filter the data after recording if it is necessary to 
suppress the microseisms. The displacement response of the Wielandt system used 
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Figure 1.2. a) Power spectral density for velocity at the earth’s surface and the range of 
noise conditions (shaded). The corresponding spectra for P, S and Rayleigh waves for 
a magnitude 7 earthquake are also shown. b) Instrumental response curves for major 
seismometer systems. 


at the Grafenburg array is indicated in figure 1.2b (GRF); in velocity the response 
is flat from 0.05-15.0 Hz. With digital techniques it is possible to simulate the 
response of the narrower band WWSSN and SRO systems (Seidl, 1980) but the 
full information is still available. 
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Figure 1.3. Single shot spread for shallow reflection work showing P refractions and 


reflections and prominent Rayleigh waves (R). 


In near earthquake studies and in most work with artificial sources the recording 
bandwidth is sufficient to include all the major wave phenomena. Here, however, 
attention may be concentrated on just one part of the records, e.g., the first arriving 
energy. In prospecting work the recording configuration with groups of geophones 
may be designed to suppress the slowest surface waves (ground roll - Telford et 
al., 1976). When high frequency information is sought in reflection work, single 
geophones or very tight clusters may be employed to avoid problems with lateral 
variations in near-surface properties. In this case monitor records show very clearly 
the onset of compressional P wave energy and the Rayleigh wave energy giving 
rise to the ground-roll (figure 1.3). The direct S wave is not seen very clearly 
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on vertical component geophones, but can just be discerned on figure 1.3. 


larger offsets S waves reflected by the near-surface layering separate from the 
ground-roll, and in figure 1.3 there is also some indication of higher mode surface 
waves. Normally the ground-roll and S waves would be suppressed by some form of 
velocity filtering, but they do contain useful information about the shallow structure 


which can complement the P wave information. 


The advent of broad-band recording blurs the separation of seismic signals into 
body waves and surface waves. Both are present on the same records and indeed 
we see features that cannot be readily assigned to either class. The development of 
seismic wave theory has tended to mirror this separation into body wave and surface 
wave studies. We are now, however, able to adopt a more broadly based approach 
and extract the full range of wave propagation effects from a unified treatment 


which we shall develop in subsequent chapters. 
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1.2 Seismogram analysis 


The primary sources of information in seismology are the records of seismic events 
obtained at the Earth’s surface. This means that we have a comparatively limited 
sampling of the entire seismic wavefield in the Earth. We would, however, like not 
only to deduce the detailed nature of the source which generated the seismic waves 
but also to try to determine the elastic parameter distribution within the Earth. 

During the years up to 1940, the analysis of the arrival times of seismic pulses 
using ray theoretical methods led to the construction of models for the P wavespeed 
distribution within the Earth (Jeffreys & Bullen 1940). The analysis technique, 
and the smoothing applied to the observational data led to a continuously varying 
wavespeed profile with radius. This was only interrupted by the boundary between 
the mantle of the Earth and the fluid core and between the core and inner core. 
The construction of such models stimulated the development of methods to handle 
wave propagation in realistic media. 

At this time the detailed character of the source was ignored and only its location 
was of relevance to the travel-time studies. Subsequently the sense of the initial P 
motions on a suite of seismograms from stations surrounding the earthquake were 
used to assign a simple faulting model to an earthquake (fault-plane solutions - see, 
e.g., Sykes, 1967) and propagation characteristics were largely ignored. It was, 
however, noted that allowance must be made for earthquakes with epicentres in the 
crust rather than in the mantle. 

To improve on these very useful simple descriptions of the Earth’s structure and 
the nature of earthquake sources, one must make further use of the information 
contained in the original seismograms. Over the last decade, methods based on the 
calculation of theoretical seismograms have been developed to aid in both source 
and structural studies. 

In order to model the nature of the wavetrains recorded by a seismometer we 
have to take account of the entire process whereby the seismic energy reaches 
the recording site. This may be separated into three major elements. Firstly, the 
generation of the waves by the source, secondly, the passage of the waves through 
the Earth to the vicinity of the receiver and finally the detection and recording 
characteristics of the receiver itself. 

The character of the propagation effects depends on the nature of the elastic 
parameter distribution within the Earth and the scale of the paths of interest and can 
display a wide variety of phenomena. Although we shall be principally concerned 
with these propagation problems, we shall need to keep in mind the effect of both 
source and receiver on the nature of the seismograms. 

As we have seen above, the nature of the recording system can have a significant 
effect on the nature of the wavetrains observed by any particular seismometer. The 
construction of detailed models for seismic sources is rather difficult, particularly 
when the rupturing processes in faulting are included, since the reaction of the 
medium itself cannot be ignored. These aspects are discussed in detail in Volume I 
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of Aki & Richards (1980). We shall be concerned with simple source descriptions, 
in particular point sources specified by a moment tensor or a specified fault model, 
without attempting to describe the mechanics of faulting. 


1.3 Seismic waves 


Although it is customary to treat seismic waves as if they satisfy the equations of 
linear isotropic elasticity this is an approximation and we should be aware of its 
limitations. 

The level of stress within the Earth, predominantly due to gravitation, reaches 
values of the order of 10!! Pa. The elastic moduli at depth are of this same order, 
in fact in the lower mantle the stress is a little less than half the shear modulus and 
one-fifth of the bulk modulus. If, therefore, we start from a reference state of a 
non-gravitating earth we have strains of order unity, even in the absence of seismic 
waves, and we could certainly not use linear theory. We therefore have to adopt an 
incremental treatment about the gravitationally prestressed state. 

As seismic waves pass through the Earth they lose energy by the geometrical 
effect of the enlargement of the wavefront and by the intrinsic absorption of the 
Earth. In most circumstances the loss due to scattering and absorption is relatively 
small so that we are able to treat this attenuation of the seismic energy as a small 
perturbation on the propagation process. 


1.3.1 The effect of prestress 


In the equilibrium state of the Earth, in the absence of seismic activity, the gradient 
of the stress tensor go matches the gravitational accelerations derived from a 


potential 1°, 


dof A odp 
Oxi Ox; E 


0. (1.0) 


where p° is the equilibrium density and we have used the convention of summation 
over repeated suffices. This initial stress field will be predominantly hydrostatic. 
For perfect isostatic compensation at some level (by Airy or Pratt mechanisms) 
there would be no deviatoric component at greater depths. 

Except in the immediate vicinity of a seismic source the strain levels associated 
with seismic waves are small. We therefore suppose incremental changes of 
displacement (u) and stress (oij) from the equilibrium state behave as for an elastic 
medium, and so these quantities satisfy the equation of motion 


; d2u: 
2 + pfj = p>. (1.1) 


1.3 Seismic waves 


The body force term f; includes the effect of self-gravitation and in particular the 
perturbation in the gravitational potential consequent on the displacement. 

In order to express (1.1) in terms of the displacement alone we need a constitutive 
relation between the stress and strain increments away from the reference state. The 
usual assumption is that this incremental relation is that for linear elasticity and so 
we model 03; by a stress field Tij generated from the displacement u, 


Tij = CijkLO1Uk, (1.2) 
with 0, = 0/0x,. The tensor of incremental adiabatic elastic moduli has the 
symmetries 

Cijkl = Cjikl = Cijlk = Cklij- (1.3) 


If however there is a significant level of stress in the reference state the relation 
(1.2) would not be appropriate and a more suitable form (Dahlen, 1972) is provided 
by 


Tij = dijk ku = UjOK OS. (1.4) 


The second term arises because it is most convenient to adopt a Lagrangian 
viewpoint for the deformation of the solid material. The constants dij, depend 
on the initial stress 


2 0 0 0 0 0 0 
dijk = cji + 3 (Siok — bx 04; + Si OF — jki + ÔjtOik — Sif) » (1.5) 


and the tensor Cijk1 possesses the symmetries (1.3). For a hydrostatic initial stress 
state dijk1 reduces to Cijx1. The slight influence of the second term in (1.4), is 
frequently neglected. The main gradient of the stress tensor o, is normally that 
with depth and, for the hydrostatic component, is about 40 Pa/m in the Earth’s 
mantle. In this region the elements of Cijx1 are of order 10!° Pa and if we consider 
a disturbance with a wavelength 200 km (i.e. a frequency around 0.05 Hz), the 
term Cijk10KU1 will be about 10* times the correction ukko, and this ratio 
will increase with increasing frequency. For teleseismic studies the correction is 
therefore negligible. 

Deviatoric components of the initial stress are likely to be most significant in the 
outer portions of the Earth, where spatial variability of the elastic constants is also 
important. The initial stress state may therefore have significant spatial variation on 
scales comparable to seismic wavelengths, and so the correction U0 in (1.4) 


will be of greater significance than at depth. 


1.3.2 Material anisotropy 


A constitutive relation such as (1.2) expresses the macroscopic characteristics of 
the material within the Earth. On a fine scale we will have a relatively chaotic 
assemblage of crystal grains with anisotropic elastic moduli. However, the overall 
properties of a cube with the dimensions of a typical seismic wavelength (a few 
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kilometres in the mantle) will generally be nearly isotropic. In consequence 
the elastic constant tensor may often be approximated in terms of only the bulk 
modulus «K and shear modulus u 


cyk = (K — Zp) bijSra + W(Sixdj + udj). (1.6) 


Significant large-scale anisotropy has only been established in a limited number 
of circumstances; for example, at the top of the upper mantle under the oceans there 
is about five per cent anisotropy in P wavespeed (Raitt, 1969). Such anisotropy is 
likely to arise when there is preferential alignment of crystal grains, associated with 
some prevailing tectonic stress. 

In the period before a major earthquake, significant prestrain can be built up in 
the epicentral region, which will be relieved by the earthquake itself. The presence 
of such a strain modifies the local constitutive relation as in (1.4), where 0°. is to be 
taken now as the stress associated with the prestrain (Walton 1974), and this will 
give rise to apparent anisotropy for propagation through the region. The presence 
of non-hydrostatic stress will have a significant effect on the crack distribution in 
the crust. At low ambient stress and low pore pressure within the rocks, systems 
of open cracks may be differentially closed. At high ambient stress, systems of 
closed cracks may be opened if the pore pressure and non-hydrostatic stress are 
large enough, and new cracks may also be formed. Such dilatancy effects lead to 
aligned crack systems over a fair size area, and this will give apparent anisotropy 
to seismic wave propagation through the region. Recent evidence suggests such 
effects are observable in favourable circumstances (Crampin et al., 1980). 

For near-surface rocks, patterns of cracking and jointing can also give rise to 
anisotropic variation in wavespeed. 

Transverse anisotropy, where the vertical and horizontal wavespeeds differ, can 
be simulated by very fine bedding in sedimentary sequences below the scale 
of seismic disturbances. Evidence from well logs suggests that this effect can 
be important in some prospecting situations for compressional wave propagation 
(Levin, 1979). 

Transverse isotropy has also been postulated for the outer part of the upper 
mantle above 250 km depth, in an attempt to reconcile the observed dispersion 
of Love and Rayleigh waves at moderate periods (Dziewonski & Anderson, 1981). 
Here the differences in horizontal and vertical wavespeed are needed principally 
for shear waves. 

We shall subsequently mostly study propagation in isotropic materials. We will, 
however, wish to consider coupling between P and SV waves through the nature of 
the seismic wavespeed distribution and the methods which we shall use are directly 
extendable to full anisotropy. 
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1.3.3 Attenuation 


We have a very complex rheology for the mineral assemblages in the crust 
and mantle. Over geological time scales they can sustain flow, and in the 
fold belts of mountain systems we can see considerable deformation without 
fracture. However, on the relatively short time scales appropriate to seismic wave 
propagation (0.01s-1000s) we cannot expect to see the influence of the long-term 
rheology, and the behaviour will be nearly elastic. The small incremental strains 
associated with seismic disturbances suggest that departures from our constitutive 
relations (1.2) or (1.4) should obey some linear law. 

Any such anelastic processes will lead to the dissipation of seismic energy 
as a wave propagates through the Earth. Among phenomena which may be of 
importance are crystal defects, grain boundary processes and some thermoelastic 
effects (see, e.g., Jackson & Anderson, 1970). Anderson & Minster (1979) have 
suggested that the dislocation microstructure of mantle materials can account for 
long-term steady-state creep and for seismic wave attenuation. In this model the 
glide of dislocations within grains leads to attenuation, whilst climb and defect 
annihilation processes in the grain boundaries account for the long term rheology. 

The anelastic behaviour may be included in our constitutive laws by introducing 
the assumption that the stress at a point depends on the time history of strain, 
so that the material has a ‘memory’ (Boltzman, 1876). The theory of such 
linear viscoelasticity has been reviewed by Hudson (1980) and he shows that the 
appropriate modification of the isotropic constitutive law is 


Tij = Adj 0,Uk + Holi + jui) 


j R(t — s)õijðkurls) 


Here Ag = Ko — Zuo and Uo are the instantaneous elastic moduli which define the 
local wavespeeds and Rj, R,, are the relaxation functions specifying the dependence 
on the previous strain states. 

We now take the Fourier transform of (1.7) with respect to time, and then the 
stress and displacement at frequency w are related by 


Tij(W) = [Ao +A1(W)]5yj0.UE(wW) + [Ho + H1(w)](Ojj(w) + 0j;i(w)),(1.8) 


where A and u4 are the transforms of the relaxation terms 


Ai(w) = Ie dtRa(t)e’*, p(w) = K dtR„(t)ei®t (1.9) 
(0) 0 


So that if we are indeed in the regime of linear departures from elastic behaviour, 
the stress-strain relation at frequency w is as in an elastic medium but now with 
complex moduli. 
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A convenient measure of the rate of energy dissipation is provided by the loss 
factor Q~'(w), which may be defined as 


QT (w) = —AE(w)/(2mE9(w)). (1.10) 


Here AE(w) is the energy loss in a cycle at frequency w and Eo is the ‘elastic’ 
energy stored in the oscillation. Thus Eo is the sum of the strain and kinetic energy 
calculated with just the instantaneous elastic moduli. The energy dissipation ôE is 
just associated with the imaginary part of the elastic moduli. For purely dilatational 
disturbances 


Qu! (w) = —Im{K1(w)}/Ko, (1.11) 
and for purely deviatoric effects 
Qi (w) = —Im{u (w)}/po. (1.12) 


For the Earth it appears that loss in pure dilatation is much less significant than loss 
in shear, and so Qx! « OG" 

Since the relaxation contributions to (1.7) depend only on the past history of the 
strain, R(t) vanishes for t < 0, so that the transform uı(w) must be analytic in 
the upper half plane (Im w > 0). In consequence the real and imaginary parts of 
uı(%w) are the Hilbert transforms of each other (see, e.g., Titchmarsh, 1937) i.e. 


(00) 


Re{pı(w)} = tef dey! MED 


l ; (1.13) 
28 w’ — w 


where P denotes the Cauchy principal value. We cannot therefore have dissipative 
effects without some frequency dependent modification of the elastic moduli. This 
property is associated with any causal dissipative mechanism, and the analogous 
result to (1.13) in electromagnetic work is known as the Kramers-Krönig relations. 
From our definition (1.12) of Q7! we can rewrite the relation (1.13) in a way 
which shows the dependence of Re{ u; (w)} on the behaviour of the loss factor with 

frequency, 
oo F wQ ( w’) 


Blati -opf dw 


—>S >: 1.14 
Redeemer: (1.14) 


When we wish to use observational information for the loss factor Qr! (w) we are 
faced with the difficulty that this only covers a limited range of frequencies, but the 
detailed form of Re{u:(w)} depends on the extrapolation of Qi (w) to both high 
and low frequencies. 

The distribution of Oy with depth in the earth is still imperfectly known, 
because of the difficulties in isolating all the factors which effect the amplitude of a 
recorded seismic wave. However, most models show a moderate loss factor in the 
crust (Cm ~ 0.004) with an increase in the uppermost mantle (On ~ 0.01) and 
then a decrease to crustal values, or lower, in the mantle below 1000 km. Over the 
frequency band 0.001-10 Hz the intrinsic loss factor ore appears to be essentially 
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constant, but in order for there to be a physically realisable loss mechanism, Qi 
must depend on frequency outside this band. A number of different forms have 
been suggested (Azimi et al., 1968; Liu, Anderson & Kanamori, 1976; Jeffreys, 
1958) but provided OF! is not too large (Qi < 0.01) these lead to the approximate 
relation 


Re{u1(w)} = 29 In(wa)Q),'/7, (1.15) 


in terms of some time constant a. A similar development may be made for the 
complex bulk modulus ko + k1(w) in terms of the loss factor Oz! 

For a locally uniform region, at a frequency w, substitution of the stress-strain 
relation (1.8) into the equations of motion shows that, as in a perfectly elastic 
medium, two sets of plane waves exist. The S waves have a complex wavespeed B 
given by 
B>(w) = [uo + p (w)]/p (1.16) 
influenced only by shear relaxation processes. In terms of the wavespeed Bo = 
(uo/p) "2 calculated for the instantaneous modulus, (1.16) may be rewritten as 


B(w) = Bå (1 + Refu (w)/po — isen(w)Q"(w)) , (1.17) 


where we have used the definition of Qr! in equation (1.12). Even if Qr! is 
frequency independent in the seismic band, our previous discussion shows that 8 
will have weak frequency dispersion through Re{w11(w)}. 

For a small loss factor (Q z. < 1) the ratio of complex velocities at two different 
frequencies w and w2 will from (1.15) be approximately 

B (w 1 ) Q z w] p Iai 

a =14 In isen(w)5 . 1.18 

B (w2) I T w2 8 ( ) 2 Q u ( ) 
We can thus overcome the problem of the unknown constant a by agreeing to fix a 
reference frequency (most commonly 1 Hz) and then 


Blw) = By [1 +7 1Q," In(w/2n) — isgn(w)5Q,"] (1.19) 


where {31 is the velocity at 1 Hz. The presence of the frequency dependent terms in 
(1.17, 1.19) arises from the requirement that all dissipative processes will be causal. 
In consequence there will be no seismic energy arriving with wavespeed faster than 
that in the reference elastic medium (0). For an initially sharp pulse, propagation 
through the lossy medium leads to an assymetric pulse shape with a fairly sharp 
onset, illustrated in figure 1.4a. 

When Q,(w) has some significant frequency dependence, we will still obtain 
a similar structure to (1.19) although the nature of the frequency dependence 
Re B(w)} will vary. Smith & Dahlen (1981) have shown that, as suggested 
originally by Jeffreys (1958), a weak frequency variation in loss factor, Oe xX 
w Y with y ~ 0.1, will fit the observed period (435.2 days) and damping of the 
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Figure 1.4. a) Pulse after passage through a medium with causal Qr! and associated 
velocity dispersion; t, arrival time in reference medium. b) Pulse broadening due to scat- 
tering. 


Chandler wobble, as well as the results in the seismic band. The value of y is 
dependent on the reference loss model and is primarily influenced by the properties 
of the lower mantle. Lundquist & Cormier (1980) have suggested that the loss 
factor in the upper mantle may vary significantly for frequencies between 1 and 10 
Hz, and relate this to relaxation time scales for absorption processes. For shallow 
propagation at high frequencies (10-60 Hz) O’Brien & Lucas (1971) have shown 
that the constant Q7! model gives a good explanation of observed amplitude loss 
in prospecting situations. 

For P waves the situation is a little more complicated since the anelastic effects 
in pure dilatation and shear are both involved. The complex wavespeed & is given 
by 


a (w) = [ko + fuo + ki(w) + $u (w)]/p, 
= xof] + A(w) — isgn(w)Qz'(w)}, (1.20) 

where 

Xo = [(Ko + $u10)/p]'/7 (1.21) 
and we have introduced the loss factor for the P waves 

Qa’ = —Im{k1 + ZH1}/(Ko + $0). (1.22) 
If loss in dilatation is very small compared with that in shear (i.e. QÑ! < Qa) 

Qa © 3(B3/09) Qu, (1.23) 


as suggested by Anderson, Ben-Menahem & Archambeau (1965). The real 
dispersive correction to the wave speed A(w) will have a rather complex form 
in general but under the conditions leading to (1.23), we will have a similar form to 
(1.15) 


A(w) = 2(Ko + $H0)Qq! In(wa)/7. (1.24) 
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We may therefore once again get a form for the complex wavespeed in terms of the 
wave speed at 1 Hz (a1), 


alw) = œ hi + nQ! In(w/27) — isgn(w)} Q7! (1.25) 


In the frequency domain, calculations with these complex velocities turn out to 
be little more complicated than in the perfectly elastic case. 

In addition to the dissipation of elastic energy by anelastic processes, the 
apparent amplitude of a seismic wave can be diminished by scattering which 
redistributes the elastic energy. As we have noted above, our choice of 
elastic moduli defines a reference medium whose properties smooth over local 
irregularities in the properties of the material. The fluctuations of the true material 
about the reference will lead to scattering of the seismic energy out of the primary 
wave which will be cumulative along the propagation path, and the apparent 
velocity of transmission of the scattered energy will vary from that in the reference. 
Since locally the material may be faster or slower than the assigned wavespeed, the 
effect of scattering is to give a pulse shape which is broadened and diminished in 
amplitude relative to that in the reference medium, with an emergent onset before 
the reference travel time (figure 1.4b). At a frequency w we may once again 
describe the effect of the scattering by a loss factor ,Q~'(w) and the changing 
character of the scattering process leads to a strong frequency dependence. As the 
wavelength diminishes, the effect of local irregularities becomes more pronounced 
and so ,Q~! tends to increase until the wavelength is of the same order as the size 
of the scattering region. 

This scattering mechanism becomes important in areas of heterogeneity and 
its influence seems largely to be confined to the lithosphere. There are 
also considerable regional variations, with earthquake zones showing the most 
significant effects (Aki, 1981). 

For each wave type the overall rate of seismic attenuation Q~!, which is the 
quantity which would be derived from observations, will be the sum of the loss 
factors from intrinsic anelasticity and scattering. Thus for S waves 


Qg'(w) = Qa! (w) + 0: (1.26) 
For P waves, 
x (w) = QR (w) + sQg' (w); (1.27) 


since the scattering component here is arising from a totally distinct mechanism 
to the dissipation there is no reason to suppose that 205". sQ5 are related in a 
similar way to (1.23). 

Recent observational results (Aki, 1981) suggest that the contributions Qr! 
and Q are separable via their different frequency behaviour (figure 1.5). The 


intrinsic absorption Ge is quite small and nearly frequency independent over the 
seismic band and then superimposed on this with characteristics which vary from 
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Figure 1.5. Frequency separation of intrinsic loss factor OF from scattering contribution 


sQg'- 


region to region is the more rapidly varying scattering loss. Other studies also 
indicate such an increase in the loss factors QT! as the frequency rises towards a 
few Hz. The results of figure 1.5 could be fitted with some postulated dependence 
of Q7! on frequency. However, the wavespeed dispersion estimated by (1.14) from 
such relations would be very misleading. It is only for the anelastic portion QT! 
Oe that we have dispersive wavespeed terms. The scattering contribution Qa 
QZ! does not have the same restriction to a local ‘memory’ effect and there is no 
consequent dispersion. 


1.4 Heterogeneity 


As yet we have no means, besides the pure numerical, to consider seismic wave 
propagation in a completely general medium with arbitrary variations in even 
isotropic elastic properties. Even numerical methods are limited by storage and 
time requirements to a restricted range of propagation. At high frequencies we 
may make a ray theoretical development and this approach is described in some 
detail in the book by Červený, Molotkov & Pšenčík (1978). For intermediate and 
low frequencies ray theory results are hardly adequate. 
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We will therefore adopt, for most of this work, a stratified model of the elastic 
parameter distribution within the Earth in which the only dependence is on depth 
(or radius). For this model we can use a range of methods to calculate the 
propagational characteristics of the seismic waves. But we must bear in mind that 
this, like our assumption of isotropy, is only an approximation of limited validity. 


The considerable variability in the near-surface portion of the Earth means that, 
at best, a horizontally stratified model has local meaning. It may be appropriate 
for undisturbed sediments but certainly not in the regions disturbed by the intrusion 
of diapiric salt domes which are of considerable commercial importance because 
of their oil potential. Stratified models have been used with considerable success 
in examining the details of the seismic properties in the oceanic crust (see, e.g., 
Helmberger, 1977; Kennett, 1977; Spudich & Orcutt, 1980). But for the continents 
the lateral heterogeneity seems to be rather higher and stratified models are mostly 
used to describe the broad features of the crustal properties. 


The most significant lateral variations in properties which are excluded from the 
stratified model are the transition zone from continent to ocean and the effect of 
a subduction zone. The latter is of particular importance since it is the region in 
which intermediate and deep focus earthquakes occur. When, therefore, we try 
to simulate the propagation from such events by using a source embedded in a 
stratified model, we must take care in the specification of the source. For higher 
frequency propagation (around 1 Hz) the effect of the downgoing slab can be quite 
important at teleseismic distance. 


On a local scale, heterogeneity in the material properties gives rise to scattering 
of seismic energy. If the fluctuations in elastic parameters are quite small the 
main effect will be an attenuation of a seismic pulse and can be described by the 
loss factors QJ, Korg Larger fluctuations in properties give rise to significant 
features on seismic records, in addition to those predicted from the averaged model. 
Thus, following the main P and S arrivals from local earthquakes is the coda, an 
elongated train of waves with exponential decay of amplitude which appears to 
arise from back-scattering from velocity variations in the crust and upper mantle 
(Aki & Chouet, 1975). A horizontally stratified structure with a strong crustal 
waveguide will also give rise to a similar style of coda, associated with multiple 
reverberations in the waveguide. 


In addition to significant irregularities in the seismic properties of the outer 
regions of the Earth, there are a number of indications of heterogeneity in a region 
about 200 km thick above the core-mantle boundary. The presence of scattering 
from these regions is most apparent in those cases where scattered energy arrives 
in a quiet portion of the records as precursors to a large phase. Such occurrences 
are usually associated with stationary, but non-minimum-time, ray paths. Arrivals 
which have been interpreted as P wave scattering in the near-surface region occur 
before the PP phase for epicentral distances of about 100° (King, Haddon & 
Husebye, 1975). Energy arriving before PKIKP between 120° and 142° has 
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also been attributed to scattering from PKP near, or at, the core-mantle boundary 
(Haddon & Cleary, 1974; Husebye, King & Haddon, 1976). It is possible that the 
increases in loss factors near the core-mantle boundary in recent Q7! models can 
be attributed to scattering loss rather than enhanced intrinsic absorption. 


1.5 Stratified models 


In the previous sections we have discussed the characteristics of seismic wave 
propagation within the Earth and the extent to which we are able to match this 
behaviour with a relatively simple description of the constitutive relation and the 
spatial variation of material properties. 

As a simple, but reasonably realistic, model for studying the effect of the Earth’s 
structure on seismic wave propagation we shall consider stratified media composed 
of isotropic, nearly elastic, material. The weak attenuation will be included in the 
frequency domain by working with complex wavespeeds. 

To simplify the configuration, whilst retaining the physical features of interest, 
we Shall start by studying a horizontally stratified half space. On a local scale this 
is often a good approximation, but as waves penetrate deeper into the Earth the 
effects of sphericity become more important. 

There is no exact transformation which takes the seismic properties in a stratified 
sphere into those in an equivalent half space for P-SV waves (Chapman, 1973) 
although this can be achieved for SH waves (Biswas & Knopoff, 1970). However, 
by a suitable ‘earth-flattening’ transformation we can map the wavespeed profile 
with radius R in a sphere into a new wavespeed distribution with depth z in a 
half space so that transit times from source to receiver are preserved. Thus in the 
flattened model we take 


zZ=Teln(re/R), (1.28) 
and the wavespeeds after flattening a+, B+ are 


X(Z) = a(R) (Te/R), Prlz) = B(R)(te/R), (1.29) 


where re is the radius of the Earth. This wavespeed mapping needs to be 
supplemented by an approximate density transformation, e.g., 


O¢(Z) = P(R)(R/Te), (1.30) 


which leads to the same reflection coefficients at normal incidence in the spherical 
and flattened models. 

In the outer regions of the Earth the distortion introduced by flattening is not 
too severe and the ‘flattened earth’ can provide useful quantitative results. The 
increased velocity gradients in the flattened model compensate for the crowding 
effect of sphericity as the radius diminishes. 

For studies of the deep interior from core-mantle boundary towards the centre 
it is desirable to work directly with a spherical model, even though comparison 
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studies have shown the flattening approximation to give quite good results (Choy 
et al. 1980). The spherical model is of course essential for very long-period 
phenomena which involve a substantial fraction of the Earth. For the spherical 
case we are able to carry over the calculation methods developed for the half space 
to give a unified treatment of the whole range of propagation problems. 


1.6 Preview 


Although our goal is to understand the way in which the features on observed 
seismograms are related to the properties of the source and seismic structure of 
the Earth, we need to establish a variety of mathematical and physical tools which 
will help us in this task. These will be developed over the next few chapters. 

We start in Chapter 2 by representing the seismic displacement within a 
stratified medium as a superposition of cylindrical wave elements modulated by 
angular terms depedent on source excitation. For each of these wave elements, 
characterised by frequency w, horizontal waveslowness p, and angular order m, 
we are able to follow the development of the associated displacements and tractions 
with depth z by means of sets of coupled first order differential equations in z. For 
an isotropic medium these equations separate into two sets: 


i) P-SV, coupling compressional and shear wave propagation in a vertical plane, 
ii) SH, shear waves with motion confined to a horizontal plane. 


Such coupled equations are well suited to the solution of initial value problems, and 
in this context we introduce the propagator matrix which acts as a transfer matrix 
between the stress and displacement elements at two levels in the stratification. 

In Chapter 3 we will discuss the construction of stress-displacement fields. For 
a uniform medium we show how the seismic displacements can be expressed in 
terms of upward and downward travelling waves and use this result to derive the 
corresponding propagator. When the seismic wavespeeds vary smoothly with depth 
an approximate stress-displacement field can be found for which the asymptotic 
behaviour is like upgoing or downgoing waves. 

Chapter 4 is devoted to the excitation of seismic waves by seismic sources. A 
physical source is represented by an equivalent force system within our model of 
a stratified medium. For finite size sources, the low frequency radiation may be 
modelled by a seismic moment tensor, which gives the relative weighting of force 
doublet contributions. For large source regions an extended multipole expansion 
is needed if an equivalent point source is used. For a point source the seismic 
wave excitation enters into the stress-displacement vector picture as a discontinuity 
across the source plane. 

The reflection and transmission of seismic waves in stratified regions are 
introduced in Chapter 5. For coupled P-SV wave propagation we introduce 
reflection and transmission matrices, whose entries are the reflection and 
transmission coefficients between the different wave types. These matrices enable 
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us to develop systematic techniques for handling conversion between wave types 
and can also be related to the propagator matrix for a region. 


In Chapter 6 we show that the overall reflection response of a zone of 
the stratification can be built up by an addition rule, from the reflection and 
transmission properties of its subregions. This addition rule enables us to produce 
effective computational methods to construct reflection coefficients for a stack of 
uniform layers or for piecewise smooth media, based on the stress-displacement 
field representations introduced in Chapter 3. 


Chapter 7 brings together the discussion of the excitation and reflection of 
seismic waves to construct the full response of a stratified medium to excitation 
by asource. A number of different representations exist for the full response which 
exhibit different facets of the propagation process. By working with the reflection 
properties of the stratification we are able to make a clear physical interpretation 
of the contributions to the response. Once we have constructed the surface 
displacements in the transform domain we may generate theoretical seismograms 
by direct integration over the cylindrical wave representation; different algorithms 
will be used depending on whether the integration over frequency or slowness is 
performed first. 


Complete theoretical seismograms including all body waves and surface effects 
are expensive to calculate. They are most useful when the time separation 
between the different seismic phases are small. Once the different types of seismic 
wave contributions are well separated in time it becomes worthwhile to develop 
approximate techniques designed to model the particular portions of the seismic 
record which are of interest. 


In Chapter 8 we consider the nature of seismic records as a function of distance 
from the source and frequency content, so that we can use these results as a guide to 
the appropriate approximations developed in Chapters 9-11. We consider reflection 
seismograms as recorded in typical prospecting work and the refraction technique 
used for lower resolution work to greater depths. We then turn our attention to the 
records obtained at seismographic stations and look at the evolution of the seismic 
field with epicentral distance. 


With the aid of the reflection matrix approach it is fairly easy to construct 
systematic approximations to the response which give a good representation of 
certain parts of the seismic wave field. In Chapter 9 we show how to make use of 
partial expansions of reflector operators to examine the effect of the free surface 
and the near-surface zone with low wavespeeds. These approximations in the 
frequency-slowness are then combined with suitable integration schemes to show 
how the ‘reflectivity’ and ‘full-wave’ techniques are related to the full response. 
We also show how simple approximate calculations may be made for teleseismic P 
and S waveforms. 


In Chapter 10 we carry the expansion of the frequency-slowness response 
much farther and represent the displacement field as a sum of generalized 


1.6 Preview 


ray contributions with a specific form of frequency and slowness dependence. 
This functional dependence can be exploited to produce the time and space 
response for each generalized ray in uniform layer models (Cagniard’s method), 
and asymptotically for piecewise smooth models using a method introduced by 
Chapman. 

The last chapter is devoted to a discussion of seismic surface waves and the 
other contributions to the seismic response arising from pole singularities in the 
representation of seismic displacements via reflection matrices. These poles arise 
at a combination of frequency and slowness such that a single stress-displacement 
vector can satisfy both the free surface condition and the radiation condition at 
the base of the stratification. Once the modal dispersion curves as a function of 
frequency and slowness have been found we can calculate theoretical seismograms 
by superposition of modal contributions. With many mode branches we get, in 
addition to a surface wave train with low group velocity, faster pulses with a body 
wave character. 
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Chapter 2 
Coupled Equations for Seismic Waves 


The incremental displacement u induced by the passage of a seismic wave is 
governed by the equation of motion 


P(x) Otrui(x) = 0;T:;(x), (2.1) 


in the absence of sources. The behaviour of the material enters via the constitutive 
relation connecting the incremental stress and strain. When the approximation of 
local isotropic behaviour is appropriate, the displacement satisfies 


p(x)ðnuil(x) = 0; [A(x) ðkuk(x) ój + W(x) (ði (x) + Ojui(x))], (2.2) 


which leads to rather complex behaviour for arbitrary spatial variation of the 
elastic moduli A, u. As discussed in Section 1.3.3 we may accommodate slight 
dissipation within the medium by allowing the moduli A, u to be complex functions 
of frequency within the seismic band. 

Even in a uniform medium where A and u are constants the three components 
of displacement are coupled but can be represented in terms of two simple classes 
of disturbance. These are firstly, compressional (P) waves for which the dilatation 
(Okup) satisfies 


00+ (O,UK) = (A + 21) ð; (Okur), (2.3) 
which we see to be a wave equation with associated P wavespeed 
o = [(A + 2u)/9] "2. (2.4) 


In the second class, shear waves, the dilatation vanishes so that 
Põru = (Oyu; + ju), (2.5) 


and we may reduce (2.5) to the form of a wave equation by applying the curl 
operator to give 


pdtt(curlu) = 10;;(curlu), (2.6) 
and so we have an S wavespeed 


B = [p/p]'/?. (2.7) 


2.1 Depth dependent properties 


In a uniform medium the P and S waves can exist separately, and the total 
displacement will be a superposition of contributions from these two wave types. 

For general spatial variation of A(x), u(x) and p(x) we cannot make such a 
separation of the wavefield into P and S waves. If the spatial gradients in elastic 
properties are slight, then waves which travel at the local P and S wavespeeds, 
defined via (2.5), (2.7), can exist but these are coupled to each other by the gradients 
of A(x), u(x) and p(x) 


2.1 Depth dependent properties 


The complexity of the propagation problem is reduced somewhat if the elastic 
properties depend only on depth. For such a horizontally stratified medium we 
are able to set up coupled equations involving displacement and traction elements 
in which the dependence of the wavefield on depth is emphasised. 

We will adopt a cylindrical set of coordinates (1,,z) with the vertical axis 
perpendicular to the stratification. The displacement u may be represented in terms 
of its components 


u(r, b, z, t) = uer + Ups + Uzez, (2.8) 


using the orthogonal unit vectors e;, €p, €z. Since we are now working with a 
spatially varying coordinate system, the gradient of the stress tensor, which appears 
in the equation of motion (2.1), is not quite as simple as in the cartesian case. 
Explicitly we have 


OgT rz + OrTrr + cae OmTrp ar r7! (Ter — Top) = PÕtUr — Pfr, 
-Toz + O+Trep + r! VHT He + 2r7! Trp = PÕttUgp = Pf, 
OzTzz + ÒrTrz + p! OmTpz ae ir te = pduUz — pfz, (2.9) 


in the presence of a body force per unit mass f. The relation between stress and 
strain follows the usual functional form, so that for isotropy 


Tij = Aõijekk + 2ueij, (2.10) 


in terms of the components of the strain tensor eij. A further consequence of 
the curvilinear coordinate system is that these strain elements now allow for the 
distortion of the reference grid as well as displacement gradients. The stress 
elements are related to the displacements by 


= (A + 2u)d,u, + A(ð zuz + r7! Opug + ee) 
Top = (At 2u) r! (pug + Ur) +A(ðzuz + rur), 
( 


= (A+ 2p)0,u, + A (rur + r! OpuUg + rTu), 


Trz = u(0,U+ + ðruz), 
Toz = U(r Oguz + zup), 
Trp = LOU» — 1b, + Tt dgity). (2.11) 
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In the equations of motion, derivatives with respect to z appear only on the 
components of the traction across a horizontal plane 


t(r, È, Z, t) = Trzêr + Tozep + Tzz€z, (2.12) 


and in the stress-strain relations (2.11) z derivatives appear on the displacement 
components. The traction t and displacement u are both continuous across any 
plane z = const within the stratification, under the assumption of welded contact 
between any dissimilar materials. We therefore want to rearrange the equations of 
motion and stress-strain relations so that derivatives with respect to z appear only 
on the left hand side of the equations. 

The additional gradient contributions arising from the cylindrical coordinates 
complicate the behaviour for the horizontal elements Ur, Ug, Trz, Toz. However, a 
simple form may be found if we introduce the new elements (cf., Hudson, 1969b) 


uy =1|[0,(ruy) + puol, 

Tyz = T "[8r(TTrz) + ðpTozl, (2.13) 
and 

UH =T [d,(rup) — Our, 

THz = i" [0,(TT pz) =z OpTrzl, (2.14) 
with similar definitions for fy, fm. We also introduce the horizontal Laplacian NG 
such that 

Vip = r'a (rdp) +r 70 pg. (2.15) 


In terms of these quantities we can rearrange the equations to a form where we 
have managed to isolate the z derivatives. This leads to six coupled equations 
which separate into two sets. 

The first set is 


dzuz = —A(A + 2u) uy + (A+ 2u) ey, 
ðzuy = —V fuz +h | tv, 
OzTzz = PÕttUz — Tvz — Pfz, 
OzTvz = (PO — PYV Tuy — MA + 24) Vitz — pfv, (2.16) 
where we have introduced the composite modulus 
ov = (A+ 2u) —AZ/(A4+ 2p) = 4u(A4+ p)/(A+ 2p). (2.17) 


These equations couple P waves with local wavespeed œ to SV shear waves, 
involving vertical displacement, with wavespeed B. The second set comprises shear 
disturbances entirely confined to a horizontal plane (SH) with the same wavespeed 


B: 
ðzUH = uw! tHe, 
02TH: = (pte — HV7)UH — pfu. (2.18) 


2.1 Depth dependent properties 


This decomposition into coupled P-SV and SH systems also occurs for a 
transversely isotropic medium with a vertical symmetry axis (Takeuchi & Saito, 
1972) and this case is discussed in the appendix to Chapter 3. For a generally 
anisotropic medium it is still possible to arrange the elastic equations in a form 
where derivatives with respect to z appear only on the left hand side of the equations 
(Woodhouse, 1974) but now there is no decoupling. 

The sets of coupled equations (2.16) and (2.18) still involve partial derivatives 
with respect to the horizontal coordinates and time, and include all effects of 
vertical gradients in the elastic parameters. Since the elastic properties do not 
depend on horizontal position, we may use transforms over time and the horizontal 
coordinates to reduce (2.16) and (2.18) to a set of ordinary differential equations in 
the depth variable z. We take a Fourier transform with respect to time and, for the 
horizontal coordinates, a Hankel transform of order m over radial distance from 
the origin and a finite Fourier transform over the angular variable: 


BALS i dteivt I dr J m(kr) lj dhe i™y(r, p, t), (2.19) 
2m —oo (0) -7 


for which 
FmlV p] = —k7Fimhp). (2.20) 


For each azimuthal order m we introduce a set of variables related to the transforms 
of the displacement and stress variables appearing in (2.16), (2.18) by 


U =ù, P = wêz, 
V = =k fy, S = —(wk) 7! êv, (2.21) 
W =—k tn, T = —(wk) lz. 


The scaling factors are designed to give a set of variables in each group with equal 
dimensionality; the scaling via horizontal wavenumber k arises from the horizontal 
differentation in (2.13), (2.14) and the frequency scaling for stress simplifies the 
form of subsequent equations. These new displacement and stress quantities are 
related by 


wP = px*d,U — kp(a? — 287)V, 

wS = pB7(0,V + kU), 

wT = pB70,W, (2.22) 
in terms of the P and S wavespeeds a, B . 


The body force terms must also be transformed and we apply a comparable 
scaling to that for the stress variables 


Fz = pw! fy, 
Fy = —p(wk) fy, 
Fu = —p(wk) "fy. (2.23) 
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When we apply the Fourier-Hankel transform operator (2.19) to the equation 
sets (2.16) and (2.18) we obtain coupled sets of ordinary differential equations 
for the new displacement and stress quantities U(k, m, z, w), P(k, m, z, w) ete. 
These transformed equations take a very convenient form if we work in terms of 
the horizontal slowness p = k/w , with units of reciprocal wavespeed, rather than 
the horizontal wavenumber k. Thus for P-SV waves we have 


u 0 p(1— 2672/7) (pa2)! 0 u 0 
dð |V Sda 0 0 (BATI Ivi | 0 
dz |P| ~ |—p 0 0 p P Ir 

S 0 plvp*—1] —p(1—2B7/a?) 0 s| [Fv 
where v =487(1— B7/«?), (2.24) 


and for SH waves 


cal ca 0 — (p82)-"] [w] _ fo 
sz [T| =" [oiez n 0 l- fel (2.25) 


For an isotropic medium the coefficients appearing in (2.24), (2.25) are 
independent of the azimuthal order m and the azimuthal dependence of 
U(k, m, z, w) etc. will arise solely from the nature of the force system F. The 
elements of the coupling matrices involve only the elastic parameters at the depth 
z and not their vertical derivatives. This desirable property was first pointed out by 
Alterman, Jarosch & Pekeris (1959) in an analogous development for a sphere, and 
this makes (2.24), (2.25) well suited to numerical solution since the errors involved 
in interpolating the elastic parameters are minimised. 

Each of the sets of coupled equations (2.24) and (2.25) can be written in the form 


d2b(k, m, z, w) = wA (p, z)b(k, m, z, w) + F(k, m, z, w), (2.26) 


in terms of a column vector b whose entries are the displacement and stress 
quantities. For P-SV waves 


bp(k, M, Z, w) = [U, V, P, Sli, (2.27) 
where | denotes the transpose of the row vector. For SH waves 
bulk, m, z, w) = [W, T)". (2.28) 


When we wish to look at the general structure of the results we will write a general 
stress-displacement vector b in the form 


b(k, m,z,w) =[w, #1’, (2.29) 


and we will specialise, when appropriate, to the P-SV and SH systems. 

The displacement u and traction t across any horizontal plane are continuous, 
and since only horizontal derivatives enter into the definitions of uy, WH, Tvz, THz 
(2.13), (2.14) these will also be continuous across a horizontal plane. The transform 
operator Fm preserves these continuity properties, and thus the stress-displacement 
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vector b will be continuous across any plane of discontinuity in material properties 
as well as all other planes z = const. 

In the depth intervals where the elastic properties are continuous we may solve 
(2.26) to construct the stress-displacement vector b, and then we are able to use 
the continuity of b to carry the solution across the level of any jump in the elastic 
parameters. 


2.1.1 Coupled second order equations and propagation invariants 


Although most recent studies of seismic waves in stratified media have made use of 
the sets of first order differential equations we have introduced in equations (2.24) 
and (2.25), there is an alternative formulation in terms of coupled second order 
equations (Keilis-Borok, Neigauz & Shkadinskaya, 1965). This representation 
gives further insight into the character of the displacement which will later be useful 
when we consider the excitation of seismic waves by a source. 

For SH waves, the two first order equations (2.25) are equivalent to the single 
equation 


02(p820-W) — pw(B2p* — 1)W = —wFu. (2.30) 


In the P-SV wave case we have two coupled second order equations which are 
conveniently expressed in terms of the displacement vector w = [U, V]', 


0-[A0.w + wpBw] — wpB!d,w — pw-(p7C —I)w = —wF, (2.31) 


where I is the identity matrix and the other 2 x 2 matrices A, B, C are given by 


2 2). 322: 2 
A=o|% ol Bape | es |i, me (2.32) 


From (2.22) we may recognise the traction contibution to (2.32) as 

wt = Ad,w + wpBw. (2.33) 
Both (2.30) and (2.31) have the form 

0-(wt) + Kw = —wF, (2.34) 


in terms of an operator K, and are self adjoint. We may make use of this property to 
establish propagation invariants for the P-SV and SH wave systems. For frequency 
w and slowness p, consider two distinct displacement fields w1, w2, which satisfy 
different boundary conditions, then the structure of the operator K is such that 


dlw] tz — tiw] = w5F) — wi F2, (2.35) 
as may be verified by direct evaluation. In the absence of sources the quantity 


<W1, W2> = wltz = tlw, (2.36) 
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is therefore independent of depth and thus a propagation invariant. <w),W2> is a 
weighted Wronskian for the coupled equations: explicitly, for P-SV waves 


<W 1, W2> = U1P2 + V1S2 — PyU2 — S1 V2, (2.37) 


and for SH waves we have a comparable form 
<W1,W2> = Wih — h W2. (2.38) 


These invariants may also be established from the coupled first order equations. 
For P-SV waves the coefficient matrix A appearing in (2.26) has the symmetry 
properties: 


(a) for a dissipative medium when «a, B are complex 


NA+A'N=0, (2.39) 
(b) for a perfectly elastic medium 
NA+A™*N=0, (2.40) 
where a star indicates a complex conjugate, and N is a block off-diagonal matrix 
OI 
N= K ol: (2.41) 


If we construct the quantity bINb; , then, in the absence of sources, from (2.26) 
we find 


0,(b}Nb,) = wb] [ATN + NA]bz = 0; (2.42) 
by (2.39), and performing the matrix multiplication, 


bi Nb; = <w1, w2> = U1P2 + V1S2 — PyU2 + S1 V2. (2.43) 


For SH waves we have similar behaviour, 


(a) in the presence of dissipation 


nA +A'n=0, (2.44) 
(b) for a perfectly elastic medium 
nA +A™n=0, (2.45) 
where 
01 
n= e | ; (2.46) 


Once again binb2 = <W1, W2>. 

For a perfectly elastic medium, we may make use of the two symmetries (2.40), 
(2.45) to establish a further propagation invariant b1*Nb2. This invariant property 
is a consequence of the conservation of energy in a lossless medium. When bı 
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and b2 are the same this invariant is simply a multiple of the energy flux crossing 
planes z = const. It is, however, rather more difficult to give any simple physical 
interpretation of <w 1, W2> in the presence of dissipation. 

We have hitherto considered the circumstance in which both stress-displacement 
vectors have the same frequency and slowness. We shall later wish to have available 
the results for different frequencies and slownesses, and so taking note of the 
structure of (2.34) we use the combination 


[w] (w1, P1)Wate(w2, p2) — wit] (w1, P1)Wi(W2, p2)]. (2.47) 
For P-SV waves 
02[U;w2P2 + Vjw2S2 — wy P U2 — w1S1 V2] 
= p(w — w3)[U,Uz + V1V2] + 4p(1 — B?/a?) B lwp — wip{ViV2 
+(w2p2 — wipr}{[Urw2S2 + U2w1S1] 
—(1 — 2B7/07)[Vw2P2 + V2w1P1]}, (2.48) 


and for SH waves 


0,[W, w22 — w1 Tı W2] 
= 2 2 2 22 22 
= p(w? — w5)W1W2 + pB7(w3p5 — wtpt)W1W2. (2.49) 


The propagation invariants play an important role in the description of the 
seismic wavefield, even in the presence of sources, and we will frequently need 
to use the quantity <w 1, w2>. 


2.1.2 Recovery of spatial displacement from b vector 


The displacement u within the stratification can be recovered from the transformed 
quantities U, V, W which appear as elements of the stress-displacement vectors b 
by inverting the Fourier-Hankel transform (2.19). 

The simplest case is that for vertical displacement since here a direct 
transformation was made, thus in terms of the quantities U(k, m, z, w) 


27 0 


—oo 


uz(r, b, z,t) = us i dwe ivt i dkk U(m,z)Jm(krje"™. (2.50) 


This representation of the displacement u, may be regarded as a superposition of 
cylindrical waves whose order dictates the nature of their azimuthal modulation. At 
each frequency and angular order the radial contribution is obtained by superposing 
all horizontal wavenumbers k from 0 to infinity. This corresponds to including all 
propagating waves at the level z within the stratification, from vertically travelling 
to purely horizontal, for all wave types as well as the whole spectrum of evanescent 
waves out to infinite wavenumber: a Sommerfeld-Weyl1 integral. At any particular 
distance r the relative contributions of the wavenumbers are imposed by the radial 
phase functions J,,(kr). 
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For the horizontal components we must recall that the transform operation was 
applied to the composite quantities uy, u}. When we recover ur, Ug the horizontal 
derivatives in (2.13), (2.14) are reflected by derivatives of the Bessel functions 
and angular terms in the component expressions. The coupling of the horizontal 
displacements in uy, UH means that the displacements ur and ug involve both 
V(k, m, z, w) and W(k, m, z, w): 


1 [0.0] : [oe 
u(r 2,8) = | dwe] dkk 


2n —oo 0 
OJ m(kr) im ie 
x 2 [Vim 2) ee + W(m, Dkr) elm (2.51) 
1 iat —iwt p 
Ug(T, , z, t) zl. dwe j dkk 
im OJmlkr)| im 
x 2 [Vma Emn — Wim, 2) em (2.52) 


The summation over angular order m will in principle cover the entire range from 
minus infinity to infinity, but the actual range of non-zero transform elements will 
depend on the nature of the source exciting the disturbance. 

The expressions (2.50)-(2.52) depend on the quantity 


YET, P) = Jmlkr)e™?, (2.53) 
and its horizontal gradient V;Y{", where V4 is the operator 
V1 = €r + egr | Oy. (2.54) 


This dependence may be emphasised by rewriting the expressions for the three 
components of displacement as a vector surface-harmonic expansion (Takeuchi & 
Saito, 1972) 


1 CO y 0O 
u(r, p, z, t) = = | dwe it i dkk } (URE + VSR + WTH], (2.55) 
m 


—oo 


where the vector harmonics are 


RT Sey SM=k way. TP Ses (2.56) 
These vector harmonics are orthogonal to each other so that, for example, 
(00) TT 
| arr | db R.[SE]* =0 (2.57) 
0 =i 


where the star denotes a complex conjugate. For an individual harmonic we have 
the orthonormality property 


K drr ie do R™. [REJ* = (kk) 7/4 275 mp5(k — K) (2.58) 
0 -T 
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with similar results for S% , Ty’. These properties enable us to simplify 
the calculation of source excitation coefficients. The corresponding harmonic 
expansion for the traction t has wP, wS, wT in place of U, V, W in (2.55). The 
harmonic Tj" lies wholly within a horizontal plane and, as we have already seen, 
for an isotropic medium this part of the displacement and traction separates from 
the rest to give the SH portion of the seismic field. 

In the course of this book we will concentrate on three-dimensional problems. 
It is, however, interesting to note that if we consider a two-dimensional situation, 
where all stresses and displacements are independent of the cartesian coordinate y 
and take a Fourier transform over time and horizontal position x 


p(k, w) =|. Tai dx ep (x, t), (2.59) 
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then the sets of equations (2.24), (2.25) are recovered if we work in cartesian 
components and set 


U = itz, Pita 
V = ŭ% Sat (2.60) 
W=ty, Tag: 


This treatment gives a plane wave decomposition rather than the cylindrical wave 
decomposition implied by (2.50)-(2.55). 

In a spherically stratified model we may make an expansion of the seismic 
displacement in a spherical coordinate system (R, A, d) in terms of vector tesseral 
harmonics on a sphere (cf., 2.55). The transform variables are now frequency 
w, angular order l and azimuthal order m. We have a purely radial harmonic 
Ry = ek YI™(A, p) and as in (2.48), a second orthogonal harmonic §{" is generated 
by the action of the gradient operator on a spherical shell. The displacement 
elements U, V associated with Rj", Sj" are coupled and represent the P-SV wave 
part of the field. A stress-displacement vector b(l, m, R, w) can be constructed 
from U, V and their associated stress variables P, S. This vector satisfies a set of 
first order differential equations with respect to radius R with the same structure 
as (2.26) (see, e.g., Woodhouse 1978). As in the horizontally stratified case these 
equations are independent of the angular order m. The remaining vector harmonic 
T{" is orthogonal to both R|™ and S|" and its displacement element W represents 
the SH wave portion of the seismic field. 

The angular order l only takes discrete values, but we can think in terms of an 
angular slowness 9 = (L+ 4) /w. At the surface R = fe, the horizontal slowness 
p = @/Te. The phase term Y{"(A, p) appearing in all the vector harmonics has 
angular dependence Pi"(cos A)ei™®, and so we are faced with a summation in 1 
over a sequence of terms depending on associated Legendre functions. With the 
aid of the Poisson sum formula the sum over l can be converted into an integral 
over the variable v = l + 4, together with a sum which Gilbert (1976) has shown 
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can be associated with successive orbits of waves around the Earth. If we consider 
just the first orbit this gives a representation 


(oe) 
Te | dv ‘a U(v,m, Te, w)PS* 1 /2(cos Ajeime (2.61) 
0 m 
for the radial displacement. At high frequencies, 
; A \ WV 
Pit 1 /2(cos Aje'™? ~ (= z) Jm(wprje™®, (2.62) 
in terms of the horizontal range r = reA. Thus, asymptotically, we recover 


the expressions (2.50)—(2.52) for the surface displacements, with a scaling factor 
(A/ sin A)! to compensate for sphericity. 

In the limit w — œ , p = v/w fixed, the first order differential equations for 
the displacement vector b reduce to those for horizontal stratification (2.24) and 
(2.25). 


2.2 Fundamental and propagator matrices 


In the previous section we have introduced the coupled differential equations (2.26) 
for the stress-displacement vector b. When we come to consider the excitation of 
the seismic wavefield we will want to solve these equations subject to the source 
effects and boundary conditions imposed by the nature of the stratification. At 
a free surface we will require the traction elements P, S, T to vanish. If the 
stratification is terminated by a half space then we will impose a radiation condition 
that the field in the half space should consist only of outgoing propagating waves or 
evanescent waves which are exponentially damped as one penetrates into the half 
space. 

In order to use such boundary conditions with the coupled sets of first order 
equations, we have to be able to relate the stress-displacement vectors at different 
levels within the stratification. We do this by introducing matrices whose columns 
consist of stress-displacement vectors satisfying particular boundary conditions. 

As we wish to look at the evolution of the stress-displacement field with depth, 
we fix the angular order m, horizontal wavenumber k and frequency w, and use 
the shortened form b(z) to mean b(k, m, z, w). In the absence of any forcing term 
a stress-displacement vector b(z) satisfies the equation 


0,b(z) = wA(p,z)b(z). (2.63) 


If, therefore, we construct a square matrix B(z) whose columns are independent 
stress-displacement vectors satisfying different initial conditions, then B(z) is 
governed by the matrix equation 


0,B(z) = wA(p,z)B(z). (2.64) 


Normally the columns of such a fundamental matrix would be chosen to have 
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some common characteristics. Thus, for example, they may be the b vectors 
corresponding to upward and downward travelling waves at some level. 
For SH waves the fundamental matrix B is constructed from two b vectors 


By = [b1; b2], (2.65) 


but for P-SV waves we have four b vectors present. Normally these would divide 
into two groups, within which the properties are similar, e.g., downgoing P waves 
and downgoing SV waves, 


Bp = [b11, b12; b21, b22]. (2.66) 


In each case we can partition the fundamental B matrix to display the displacement 
and stress elements, thus we write 


a K T (2.67) 


in terms of displacement matrices W and their associated traction matrices T. For 
the P-SV system W will be a 2 x 2 matrix whose columns can be thought of as 
independent solutions of the second order system (2.31) and the traction matrix is 
generated as in (2.33), wT = Að-W + wpBW. In the SH case W and T are just 
the displacement and traction elements W, T. Any particular stress-displacement 
vector can be created by taking a linear combination of the columns of B, thus 
b = Bc in terms of some constant vector c. 

We may establish a general form for the inverse of a fundamental matrix by 
extending our treatment of propagation invariants. For the displacement matrices 
W, and W2 we introduce the matrix 


<W),W2> = WIT2 - TI W,, (2.68) 


and then the ijth entry in <W1, W2> is the expression <w};,W2;> (2.36) 
constructed from the ith column of W4 and the jth column of W2. For SH waves 
there is no distinction between (2.68) and (2.36), but for P-SV waves <W1, W2> 
is a 2 x 2 matrix. Since each of the entries in (2.68) is independent of depth so 
is <W1, W2> and we have a matrix propagation invariant. From the definition 
(2.68) 


<W1, W2>! = —<W2, W1>. (2.69) 


When the displacement vectors in Wj satisfy a common boundary condition that a 
linear combination of displacement and traction vanishes at some level Zo i.e. 


Cw(zo) + Dt(zo) = 0, (2.70) 
for some matrices C, D, then 


<wii,wij> =0, for all i,j, (2.71) 
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(these class of boundary conditions include free surface and radiation conditions). 
In this case 


<W1,W1> =0. (2.72) 


We will assume that (2.72) holds for both W4 and W3 and then the form of 
(2.68) suggests that we should try to construct the inverse of the fundamental matrix 
(2.67) from the transposes of the displacement and traction matrices. The matrix 
product 


| T} wt H | = a ee 0 | 


SEWN Ti; T 0 <Wi,W2> oD) 


when we use (2.72). The inverse of the fundamental matrix has, therefore, the 
partitioned form 


pol | <W W2>7'T} —<Wi, W2> TW (0:34) 
<W, W2> 7T] —-<W1,W2>7'W] |’ l 


where we have used the superscript 7T to indicate the inverse of a transpose. For 
many cases of interest W and W2 can be chosen so that <W), W2> has a simple 
form, often just a multiple of the unit matrix, in which case (2.74) simplifies by the 
extraction of a common factor. 


2.2.1 The propagator matrix 


From any fundamental matrix we may construct a propagator matrix P(z, Zo) 
(Gilbert & Backus, 1966) for a portion of the medium as 


P(z, zo) = B(z)B™! (zo). (2.75) 
The propagator is a fundamental matrix satisfying the constraint 
P(zo, zo) =I, (2.76) 


where I is the unit matrix of appropriate dimensionality. In principle, at least, the 
propagator can always be constructed by solving an initial value problem for (2.64) 
with the starting condition B(zo) = I. 

In terms of this propagator matrix the solution of (2.63) with the 
stress-displacement vector specified at some level Zo is 


b(z) = P(z, zo)b(zo). (2.77) 
The character of the propagator can be seen by writing (2.77) in partitioned form 
B] _ E ra Pa 
t(z) Pry Pr |] | t(zo) 


Thus the displacement elements at z depend on both the displacement and stress 
elements at zo. The partitions of the propagator correspond to the displacement 


(2.78) 
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and traction matrices introduced in (2.68). We may use the general expression for 
the inverse of a fundamental matrix (2.74) to find a partitioned form for P~! (z, zo). 
Since P(zọ, zo) = I, 


<Pww, Pwr> = 1, (2.79) 
and thus 
pI -pl 
P—' (z, zo) e a a (2.80) 
—Prw Pww 


a result which has also been pointed out by Chapman & Woodhouse (1981). 

The continuity of the b vector at discontinuities in the elastic parameters means 
that a propagator matrix, defined in (2.77) as a transfer function for the stress and 
displacement between two levels, can be constructed for an arbitrary structure with 
depth. P(z, zo) as a function of z will be continuous across all planes z = const. 

We can illustrate the role of the propagator by a simple scalar example: consider 
the equation 


0zy = way. (2.81) 
With a constant, the solution of the initial value problem with y specified at zo is 
y(z) = explw(z — zo)aly (zo). (2.82) 


The exponential here acts as a transfer operator for the value of y. In a similar way 
if the coefficient matrix A is constant, so that we are considering a portion of the 
medium with uniform properties, the solution of (2.63) is 


b(z) = exp|w(z — zo)A]b(zo), (2.83) 


where the matrix exponential may be defined by its series expansion. 

The propagator in (2.77) represents a generalisation of the initial value solution 
(2.83) to the case where A is not necessarily constant. In the context of general 
matrix theory, the propagator is often referred to as a ‘matricant’ (see, e.g., Frazer, 
Duncan & Collar, 1938). The propagator may be constructed for arbitrary A by a 
recursive scheme, for a finite interval a < Zz, Zo < b, 


Z 


Pir =I w| AAPG, zo), (2.84) 
Zo 
with Po(z, zo) =I. This procedure is derived from the equivalent Volterra integral 
equation to (2.64) and will converge uniformly as j — oo, provided that all 
the elements in A are bounded. This will always be true for solids, and so the 
propagator is given by 


Z Z 


Č 
aca(c) | dn A(n) +... (2.85) 


Zo 


Pezo) =1+ 0 | 


Zo 


dc A(Z) +0? 


Zo 
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When A is constant this series is just the expansion of an exponential, as expected 
from (2.83). 

For the seismic case, the propagator always has unit determinant and so we have 
no problems with singular behaviour. In general, 


Zz 

det P(z, zo) = exp | agral) ' (2.86) 
Zo 

and tr A, the sum of the diagonal elements, is zero for the coefficient matrices in 

(2.26), and thus 


det P(z, zo) = 1. (2.87) 


We have so far considered the propagator from the level zọ but when we are 
building up the seismic response we need the relation between propagators from 
different starting levels. This can be found by recognising that P(z, zo) and P(z, ©) 
are both fundamental matrices and so each column in P(z, zo) can be expressed as 
a linear combination of the columns of P(z, G), 


P(z, zo) = P(z, C)C, (2.88) 


for some constant matrix C. If we set z = Č, P(C, ©) is just the unit matrix and so 
C = P(C, Zo). The propagator matrices thus satisfy a chain rule 


P(z, Zo) = P(z, GIPCG, Zo), (2.89) 


which also leads to an interesting relation between the propagator and its inverse 
(cf., 2.80) 


p~! (z, Zo) = P(zo, z). (2.90) 


The chain rule may be extended to an arbitrary number of intermediate levels. 
Consider a portion of the stratification between Zn and Zo and divide this into 
n parts with dividers at zı < z2 < ...... < Zp_1; the overall propagator may 
be obtained by successive use of (2.89) and is just a continued product of the 
propagators for the subdivisions 


P(Zn, zo) = [[®G: Zj-1). (2.91) 
j=1 


If the interval z;—zj—1 is sufficiently small, we may take A to be essentially constant 
over this depth range and so, by the mean value theorem, 


A(z) = A(G), Bp Oye Se, (2.92) 
Thus with many fine intervals the overall propagator may be represented by a 


product of matrix exponential terms, 


P(2n, zo) = | [ explw(z; — 231) A(G)I. (2.93) 
j-1 
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The approximation of taking A constant over the interval (zj, zj—1) is equivalent 
to assuming that the elastic properties are uniform in this region i.e. we have 
a homogeneous layer. The representation (2.93) is thus that produced by the 
matrix method due to Thomson (1950) and Haskell (1953), for uniform layers, 
and exp[w(z; — z;~1)A(C;)] is just the jth layer matrix. 


2.2.2 Propagators and sources 


Once we have some form of source in the stratification we must solve the 
inhomogeneous equation (2.26) 


dzb(z) — wA (p, z)b(z) = F(z), (2.94) 


subject to some initial conditions on the stress-displacement vector b. Since the 
inverse of the propagator P—!(z, zo) satisfies 


02P~!(z, zo) = —wP™!(z, zo)A(p, z), (2.95) 


it may be recognised as an integrating factor for (2.26), and so multiplying (2.26) 
by this inverse propagator we have 


02[P~'(z, zo)b(z)] = P(zo, z)F(z). (2.96) 
On integrating with respect to z and multiplying out by P(z, zo) we obtain 
b(z) =Plz2,zo)b(z0) + | ač P(z, QC), 297) 
Zo 


using the propagator chain rule (2.89). The presence of the source terms modifies 
the previous simple form (2.77) and (2.97) displays the cumulative effect of the 
source terms as we move away from the reference plane z = Zo. 

An important class of sources are confined to a plane and arise from the 
transformation of some point source leading to a dipolar contribution 


F(z) =F 18(z — zs) + F28'(z — zs). (2.98) 
With this form for F(z), the integral contribution to (2.97) becomes 

| acP(z, O(c) = Hle—2s)P(2,25)8l2s), (2.99) 

Zo 

in terms of the Heaviside step function H(z), where the vector S(zs) is given by 

S(zs) = P(zs, Zs)F — 0-P(Zs, Oe=zs F2. (2.100) 
We recall that P(zs, Č) = P7! (č, zs) and so from (2.95) 

S(zs) = Fy + wA(p, zs)F2. (2.101) 


With such a source confined to a plane, the effect of the forcing term appears 
explicitly only for depths z below the level of the source zs. Across the source 
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plane itself the stress-displacement vector suffers a discontinuity at the source level 
with a jump 


b(zs+) — b(zs—) = S(zs) = Fı + wA(p, zs) F2. (2.102) 


Above the source the seismic field is governed by the initial conditions on b at Zo, 
which will normally involve the source indirectly via the boundary conditions on 
the stress-displacement field. 


Chapter 3 
Stress-Displacement Fields 


In Chapter 2 we have shown how the governing equations for seismic wave 
propagation can be represented as coupled sets of first order equations in terms 
of the stress-displacement vector b. We now turn our attention to the construction 
of stress-displacement fields in stratified media. 

We start by considering a uniform medium for which we can make an 
unambiguous decomposition of the wavefield into up and downgoing parts. We 
then treat the case where the seismic properties vary smoothly with depth. 
Extensions of the approach used for the uniform medium run into problems at the 
turning points of P or S waves. These difficulties can be avoided by working with 
uniform approximations based on Airy functions, which behave asymptotically like 
up and downgoing waves. 


3.1 A uniform medium 


An important special case of a ‘stratified’ medium is a uniform medium, for 
which we can split up a seismic disturbance into its P and S wave contributions. 
This separation is preserved under the Fourier-Hankel transformation (2.19) and 
the cylindrical waves for each wave type can be further characterised as up or 
downgoing by the character of their dependence on the z coordinate. 

We will now show how to relate the stress-displacement vector b to the up and 
downgoing waves in a uniform medium, and then use this relation to illustrate the 
fundamental and propagator matrices introduced in Section 2.2. 

For a cylindrical wave with frequency w, slowness p and angular order m, we 
introduce a transformation which connects the stress-displacement vector b to a 
new vector V 


b = Dy, (3.1) 


and try to choose the matrix D to give a simple form for the evolution of v with z. 
In a source-free region v must satisfy 


0,(Dv) = wA(p,z)Dv, (3.2) 
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and so 
d-v = [wD AD — D~'0,Dlv. (3.3) 


If we choose D to be the local eigenvector matrix for A (p, z), the first element on 
the right hand side of (3.3) reduces to diagonal form, 


wDT'AD =iwA, (3.4) 


where iA is a diagonal matrix whose entries are the eigenvalues of A. From the 
explicit forms of the coefficient matrices in (2.24) and (2.25) we find that for P-SV 
waves, 


Ap = diagl—qa, —48; dœ dl; (3.5) 
and for SH waves 

Ax = diagl—qg, dal; (3.6) 
where 

da=(e*—p*)"*, qg =(B*—p?)'”, (3.7) 


are the vertical slownesses for P and S waves for a horizontal slowness p. The 
choice of branch cuts for the radicals qq, qg will normally be 


Im wq« > 0, Im wqp > 0, (3.8) 


the frequency factor enters from (3.4). 

In a uniform medium the coefficient matrix A is constant and so the eigenvector 
matrix D is independent of z, with the result that D~'0,D vanishes. The vector v 
is then governed by the differential equation 


ðv = iwAy, (3.9) 
with a solution 
v(z) = expliw(z — Zo)A]v(zo) = Q(z, Zo) v(Zo), (3.10) 


in terms of a ‘wave-propagator’ Q, which depends on the difference between the 
current depth z and the reference level zo . The exponential of a diagonal matrix is 
a further diagonal matrix with exponential entries and so for P-SV waves, 


Qp(h, 0) = diagle Saah etwash giwdah giwas hy (3.11) 
and for SH waves, 
Qu(h, 0) = diagle 1048", eivas hy (3.12) 


With our convention that z increases with increasing depth, these exponentials 
correspond to the phase increments that we would expect for the propagation of 
upward and travelling P and S waves through a vertical distance h. For example, 


3.1 A uniform medium 


suppose that we have a plane S wave travelling downward at an angle j to the z 
axis, then 


p=sinj/B, qg =cosj/B, (3.13) 


and the phase difference we would expect to be introduced in traversing a depth 
interval h is 


expliwh cosj/ßB] = expliwqgh]; (3.14) 


for upgoing waves we would have the inverse of (3.14). 

From (3.10) the wavevector v at z is just a phase shifted version of its value at 
Zo and we may identify the elements of v with up or downgoing P and S waves by 
(3.11), (3.12). For P-SV waves we set 


vp = [Pu, Su, Pp, Spl’, (3.15) 


where P, S are associated with P and SV propagation and the suffices U, D represent 
up and downgoing waves; for SH waves we denote the elements by H, so that 


vu = (Hu, Hol’. (3.16) 


We may summarise the behaviour of the wavevector v by introducing partitions 
corresponding to up and downgoing waves 


v = [vu,vp]". (3.17) 


When the horizontal slowness becomes larger than the inverse wavespeeds a", 
B! the corresponding radicals qœ, q g become complex. With our choice of 
radical, in a perfectly elastic medium with p > 6~!, 


expliwqgz] = expl—wlaglzl, (3.18) 


and so downgoing waves vp in the propagating regime (p < B~!) map to 
evanescent waves which decay with depth. This property extends to a dissipative 
medium but is not as easily illustrated. In a similar way the upgoing waves vy, map 
to evanescent waves which increase exponentially with increasing depth z. 

From the initial value solution for the wavevector v (3.10) we can construct the 
initial value solution for the stress-displacement b, in the form 


b(z) = Dexpliw(z — zo)AJD~'b(Zo), (3.19) 
and so from (2.77) we may recognise the propagator for the uniform medium as 
P(z, zo) = exp[w(z — zo) A] = Dexpliw(z— zo)A|D™!. (3.20) 


We have been able to simplify the calculation of the matrix exponential by the 
use of the similarity transformation provided by D. From the representation of the 
propagator matrix in terms of a fundamental stress-displacement matrix B, (2.64), 
we can recognise a fundamental matrix for the uniform medium 


B(z) = Dexpliw(z — Zer)AI, (3.21) 
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where Zref is the reference level for the phase of the P and S wave elements. The 
eigenvector matrix D may now be seen to be this fundamental matrix evaluated 
at the reference level Zref, and thus its columns may be identified as ‘elementary’ 
stress-displacement vectors corresponding to the different wavetypes. For P-SV 
waves 


Dp = fea epbey ebb, egbpl, (3.22) 
where 


biip = [Fiqa p, p(2B7p* — 1), F2ipB7pdal!, 
bù p = lp, Fiqg, F2ipß?pqag, p(2B*p* — 1)]', (3.23) 


and we take the upper sign for the upgoing elements and the lower for downgoing 
elements. For SH waves 


Du = lenbty enbH], (3.24) 
with 
biip = [B ', $ipBaal'. (3.25) 


We have chosen the scaling to give comparable dimensionality to corresponding 
elements of b”, b>, bt; the SH waveslowness Be" appears in (3.25) in a similar 
role to the horizontal slowness in (3.23). We have a free choice of the scaling 
parameters €«, €g, €H and we would like the quantities Py, Su, Hu, etc. to 
have comparable meanings. It is convenient to normalise these b vectors so that, 
in a perfectly elastic medium, each of them carries the same energy flux in the z 
direction for a propagating wave. 

The energy flux crossing a plane z = const is given by an area integral of the 
scalar product of the velocity and the traction on the plane 


` 

E= 2r| drr Ja WjTjz. (3.26) 

0 R 
J 


At a frequency w we may represent the areal flux, averaged over a cycle in time, as 


iu —1W,._ -x 4 
(E= 2T drr——|w.t —w.t], (3.27) 
0 
where the overbars denote a Fourier transform with respect to time. We may now 
use the vector harmonic expansion for displacement and tractions (2.55) and the 
orthonormality properties of the vector harmonics (2.57-(2.58)) to evaluate (3.27) 
as 


1 s —iw? * * | * * ok ok 
=z a g UP” + VS* + WT* — U*P — V*S — W*T].(3.28) 


3.1 A uniform medium 


For an individual cylindrical wave we can therefore construct measures of the 
associated energy flux : for P-SV waves we take 


Yp(b) = i{UP* + VS* — U*P — V*S], (3.29) 
which is just ib'*Nb (cf. 2.37), and for SH waves 
Yu(b) =i[WT* —W*T]. (3.30) 


Let us now consider the vector cabh for a downgoing propagating P wave in a 
perfectly elastic medium, i.e. qq real, then 


Yp= led Zpiz (3.31) 
A convenient normalisation is to take 
Ex = (2Pqa) "3, (3.32) 


and the actual energy flux associated with Eabb is w?/4. We may make a 
corresponding choice for the normalisations for both the SV and SH elements by 
choosing 


€g = EH = (2pqg) "7. (3.33) 
Thus for propagating P and S waves 


Y(eabp) = Y(egbp) = Y(egbH) = 1, 
Y(eabt,) = V(egb?,) = Y(egby) = —1. (3.34) 


Although we have constructed €,, €g for a perfectly elastic medium, we will use 
the normalisations (3.32-3.33) in both the propagating and evanescent regimes. 

For evanescent waves in a perfectly elastic medium, qq and qg will be pure 
imaginary and so €, and €g become complex and then, for example, 


Y(egbp) =0 (3.35) 


confirming that evanescent waves carry no energy flux in the z direction. 

We have already noted that the eigenvector matrix D is a special case of a 
fundamental matrix, and we may display its role as a transformation by writing 
D in partitioned form 


TN o a (3.36) 
Nnu np 


The partition my transforms the upgoing elements vy of the wavevector into 
displacements and mp generates displacements from vp. The partitions ny, Np 
generate stresses from vy and vp. Such a structure will occur in all cases including 
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full anisotropy. For P-SV waves we have from (3.23) 


_ | FIGaEq PEg | 
Mu p= 
so | PEx FIqBEB 
p(2B%p?— 1)ex F2ipß pageg | 
n = ; 3.37 
i [pp pacce O Ney ss 
and for SH waves 
Mup=f leg, nup = Fiphapeg. (3.38) 


From these partitioned forms we can construct the propagation invariants 
<my, Mp>, (2.68), and in each case 


<my,Mp> =il. (3.39) 


This means that we have a particularly simple closed form inverse for D via the 
representation (2.74) 


= al T 
D1 =i | e ee | (3.40) 
Mu Mi 


With these expressions for the eigenvector matrix D and its inverse, we may now 
use (3.20) to construct expressions for the stress-displacement propagator in the 
uniform medium. For P-SV waves 

Pp(h, 0) = Dp diag[e 59an emiwaeh eiwdah giwas h] D7], (3.41) 
and so the partitions Pww, Pwr, Ptw, Pr of the propagator are given by 

Py | 28P°Cp-TCa —pI262q3Sa + TS, 
—pITSx+287q5S—] 28*p7Ca—TCa |’ 


Pwr p7! Poa p(Cæ— Ce) | 
p(Cg ='Cg) P?S& + qpSp 
4B4p7qeSp+T7Sa pB-T(Cg — Ca) 
Prw=~—p 2 _ A219 2e |> 
PBT(Ca—Cp) 4B" p*qgSa+T*Sp 
262p*Cg—TCa —pl287q%Sp + Sol 
pis B 42 
T es + 287q2Sql 287p7Ca— TCge [”’ paa 
where 
Cx =coswqah, Cg =coswaqgh, 
Sas ie sinwqah, Sg= ig. sin wqgh, 
and 
T =2ß°p7 1. (3.43) 
The SH wave propagator is rather simpler 
C Ay tS 
Pu(h,0)=|_ 58). OP) el, (3.44) 


22 
—pep qgSg Ce 


3.2 A smoothly varying medium 


in fact this expression may be easily constructed by summing the matrix 
exponential series (2.85). The inverses of the propagators may be found from (2.80) 
and for (3.42) and (3.44) we may verify the inverse propagator relation (2.90). 

These uniform layer propagators are identical to the layer matrices of Haskell 
(1953) although they have been derived via a different route. We have followed 
Dunkin (1965) and diagonalised A via the eigenvector matrix D, but other choices 
are possible and lead to the same result. For example Hudson (1969a) describes 
a transformation to variables Pu + Pp (in our notation) and this is closely related 
to the original treatment of Haskell. Hudson is able to calculate the exponential of 
his transformed matrix by summing the series (2.85), since direct exponentiation is 
only convenient for a diagonal matrix. 

In our construction of the stress-displacement propagator via (3.20) we have split 
the wavefield in the uniform medium into its component parts via D~!. We have 
then added in the phase increments for the separate up and downgoing P and S 
wave contributions for a depth interval h and finally reconstituted displacements 
and stresses via the matrix D. 

With the aid of the expressions (3.36) and (3.40) for D and its inverse, we 
can represent the uniform layer propagator as a sum of upgoing and downgoing 
contributions 


—myEun} sa oe —MpEpm], 


P(h,0) =i 


—nuEun} nuEump NpEpny, —npEpm, 


where the diagonal matrix Ep is the phase income for downgoing waves, e.g., for 
P-SV waves 


Ep = diag[eiW 4", eivas hy (3.46) 


and Ey = Ep.: 


3.2 A smoothly varying medium 


In many cases of interest we need to consider the propagation of seismic waves 
in continuously stratified regions; as for example, the wavespeed gradients due to 
compaction in a sedimentary sequence or the velocity profile in the Earth’s mantle. 
Although we may simulate a gradient by a fine cascade of uniform layers, we would 
like to make a direct construction of a fundamental stress-displacement matrix B 
so that we may define the propagator matrix and establish the reflection properties 
of the medium. 

As an extension of the treatment for a uniform medium we consider a local 
eigenvector transformation (3.1) at each level z so that b(z) = D(z)v(z). The 
wavevector v will then be governed by the evolution equation 


dzy = liwA — D~!0,Dlv, (3.47) 


and the presence of the matrix A = —D~'0,D will introduce coupling between 


(3.45) 


43 


44 


Stress-Displacement Fields 


the elements of v which we would characterise as up or downgoing in a uniform 
medium. The normalisation of the columns of D to constant energy flux in the 
z direction means that the diagonal elements of A vanish. A wave quantity such 
as Py is therefore modified by loss to, or gain from, other components, arising 
from the nature of the variation of the elastic properties with depth. The coupling 
matrix A depends on the gradients of the vertical slownesses qq, qg and the elastic 
parameters (Chapman, 1974a). 

For SH waves the coupling matrix is symmetric with only off-diagonal elements 


0 
_—_p-! = YH 
Any = —D,, -DH Be 0 (3.48) 
where 
YH = 3024¢8/dg + 40zu/u, (3.49) 


in terms of the shear modulus u = p87. The coefficient y} determines the transfer 
between Hy and Hp. For P-SV waves 


| O —iyr Yp —iyrR 

= =l O —iyr Ys 

Ap = -D53 Dp = | 2T l i 3.50 

j R ý yp ivr 0 a wow 
iyr Ys iyr 0 


with 


yT = plqadgp) |/1B7(p? + qaqp)ðzu/u — 5020/pl, 
YR = P(dadg) "7B (p? — qadg)ðzu/u — 4020/0], 
Ya = 2B°p7ðzu/u — 5020/p, (3.51) 

and 

YP = YOR 5024x/ Go 

Ys = Ya + 50248/46. 
It is interesting to note that the P wavespeed appears only indirectly through the 
slowness qq. The coefficient yr determines the rate of conversion of P to S or 
vice versa for elements of the same sense of propagation (e.g. Pu and Su ); YR 
determines the rate of conversion for elements of different sense (e.g. Pu and Sp). 
yp governs the rate of transfer between Pu and Pp; and ys has a similar role for 
Su and Sp. If we consider a thin slab of material the elements y are closely related 
to the reflection and transmission coefficients for the slab (see Section 5.5). If the 
elements of the coupling matrix A are small compared with the diagonal terms in 
wA, we may construct a good approximation to a fundamental stress-displacement 
matrix as 


Z 
Bo(z) = D(z) explic | dZA(C)] = D(z)E(z). (3.52) 
Zref 
When we recall the normalisation implicit in D(z) we find that Bg corresponds 
to a WKBJ solution assuming independent propagation of each wave type. The 
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phase integral allows for the variation of the vertical slownesses with depth and € «, 
€g maintain constant energy flux for each wave-element Py, Su etc. This WKBJ 
solution is just what would be predicted to the lowest order in ray theory, using the 
ideas of energy conservation along a ray tube and phase delay. 

The approximation (3.52) makes no allowance for the presence of the coupling 
matrix A. In any better approximation we wish to retain the phase terms in €(z), 
arising from the iwA diagonal elements in (3.47). These diagonal elements are 
a factor of w larger than the coupling terms in A and so should dominate at 
high frequencies. This led Richards (1971) to suggest an asymptotic expansion 
in inverse powers of w, 


B(z) = D(z) + )_ X+liw)"E(z). (3.53) 
T=1 


The matrices X, in this ‘ray-series’ expansion are determined recursively. When 
we substitute (3.53) into the equation (2.64) for B and examine the equations for 
each power of w in turn, we find that X, depends on X,_1 as 


XA — AX] = ðX 1 +AX 1. (3.54) 


Starting with Xo = I, this commutator relation may be solved to find the X+. 
An alternative approach used by Chapman (1976) and Richards & Frasier (1976) 
is to look for a solution in the form 


B(z) = D(z)E(z)¥(z), (3.55) 
and then, since 0,€ = iwA E, the correction term Y satisfies 
dz) =€7|(z)A(z)E(z)¥(z), (3.56) 


and a solution may be constructed in a similar way to our treatment of the 
propagator (2.85) as the series 


Zz 


W(z) =I +| dE“ "(ZJALZIE(C) +... (3.57) 
Zref 

The successive integrals in (3.57) can be identified by their phase behaviour with 
multiple reflections within the varying medium. 

The two approximation schemes we have described are of greatest utility when 
only the first correction terms to Bo are significant. This requires that all the 
elements in the coupling matrix A must be small, but even for velocity models 
with only slow variation with depth the elements of A can be large. The matrix 
A becomes singular when one of the vertical slownesses qq or qg vanishes, i.e. 
when œ~! (Za) = p or B7! (Zg) = p. This level in a perfectly elastic medium, 
separates the region where qq is real and we have propagating waves, from the 
evanescent region where qq is imaginary. If the P wavespeed increases with depth, 
the turning level Z, will correspond to the level at which an initially downgoing 
ray with inclination to the vertical sin~'[a(z)p] will be travelling horizontally. 
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In this ray picture the effect of wavefront curvature will be sufficient to turn the 
ray back up towards the surface. In the neighbourhood of this turning level any 
attempt to separate the wavefield into specifically downgoing and upgoing elements 
is imposing an artificial structure, this is reflected by the singularity in A at the level 
of total reflection Z,. 

In a weakly attenuative medium there is no real turning level at which q« 
vanishes, nevertheless the coefficients in A become very large in the region where 
Re qq is very small, and it is still inappropriate to make a decomposition into up 
and downgoing waves in this zone. 

Well away from a turning level, in either the propagating or evanescent regimes, 
the WKBJ approximation (3.52) , supplemented perhaps by a single correction 
term as in (3.57), will provide a good description of the propagation process in a 
smoothly varying medium. In particular this approach is useful for near-vertical 
incidence (p small) when we are interested in the waves returned by the structure. 

In the following section we discuss an alternative construction for a fundamental 
B matrix in a smoothly varying medium which avoids the singular behaviour at the 
turning levels and leads to a uniform approximation. 


3.3 Uniform approximations for a smoothly varying medium 


The difficulties with the eigenvector matrix decomposition are associated with the 
singularities at the turning points of P and S waves. At a P wave turning level the 
coefficient yp linking the Pu and Pp elements has a qz! singularity at Zœ which 
is the main difficulty. The integrable qx singularity in the coefficients yr, YT 
which control the conversion from P to S waves causes no major problems. 

A simple example which exhibits turning point behaviour is the linear slowness 
profile for a scalar wave. A solution which represents both the behaviour in the 
propagating regime and the exponential decay below the turning level was given 
by Gans (1915). This solution may be written in terms of an Airy function Ai(x). 
Langer (1937) recognised that by a mapping of the argument of the Airy function 
a uniform asymptotic solution across a turning point can be found for a general 
monotonic slowness distribution. 

For SH waves the Langer approach can be used with little modification. We look 
for a fundamental matrix B, in the form 


B = CU, (3.58) 
and then U will satisfy 


0,U = [wc 'AC — C!0,CJU. (3.59) 


3.3 Uniform approximations for a smoothly varying medium 


We choose the new transformation matrix Cy so that C)'AnCu has only 
off-diagonal elements 


= 0 p 
Hg = C,'AnCy = , 3.60 
B H AHCH |- ae 73 i (3.60) 
and now rather than find the matrix exponential of (3.60) we will seek a matrix Eg 
which provides a good asymptotic representation of the solution of (3.59) at high 
frequencies. A suitable transformation matrix Cy is 


<i 
Cu = (pp) "2 k : hi 3.61) 


which provides a rescaling of the stress and displacement elements. Cy, does not 
depend on the radical qg, with the result that the new coupling matrix —C;| -CH 
depends only on the elastic parameter gradients 


o! pe 4ðzu/ H 0 
Ch -CH = | 0 oril ; (3.62) 
and is well behaved at the turning level for SH waves. 

When we consider the P-SV wave system we are only able to apply the Langer 
approach to one wave type at a time, and so we must make a transformation as in 
(3.58) to bring Cp'ApCp into block diagonal form where the entry for each wave 
type has the structure (3.60). Thus we seek 


(3.63) 


H 0 
H=Cp'ArCp = | = | 


0 Hg 


and guided by the work of Chapman (1974b) and Woodhouse (1978) we take 


0 p p 0 

= 1/2 p 0 0 p 
Cp = (pp) 0(2R2p2 = 1) 0 0 2pR7p2 (3.64) 

0 2pB*p* p(2B*p*—1) 0 


As in the SH case we have avoided the slownesses qq, qg but there is no longer 
such a simple relation between B and U. It is interesting to note that we can 
construct the columns of Cp by taking the sum and difference of the columns 
of Dp and rescaling; this suggests that we may be able to make a standing wave 
interpretation of U. The P-SV coupling terms are given by 


ya 0 0 ave 
0 —ya -Yg 0 
0 yc ya 0 
yc 0 0 —ya 


—C5'3-Cp = ; (3.65) 
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where ya has already been defined in (3.47) and controls the rate of change of the 
P and S wave coefficients. The off-diagonal terms in (3.61) 


YB =2B*p702H/u—020/p, Yco=2Bp70-2H/p, (3.66) 


lead to cross-coupling between P and S elements. 

We now introduce a ‘phase-matrix’ Êg which matches the high frequency part of 
(3.59). Following Woodhouse (1978) we construct Êg from Airy function entries. 
The two linearly independent Airy functions Ai(x), Bi(x) are solutions of the 
equation 


07y/dx2 — xy =0 (3.67) 


and so, e.g., the derivative of Ai’ is just a multiple of Ai. Thus a matrix with entries 
depending on Airy functions and their derivatives will match the off-diagonal high 
frequency part of (3.55). In a slightly dissipative medium we take 
1/25: 1/24 % 
5 spo eni Bi(—w?pg) spar Ai(—~w?3 pg) 
wor Bi (—w?/3pg) wéra Ai (—w?/3¢p) A 
(3.68) 


Ep(w,p,z) =n" 


with 
sg =—0zb8/l0zOgl, rg = P/lOzhgl. (3.69) 


The argument of the Airy functions is chosen so that the derivative of Eg can be 
brought into the same form as Hg (3.60), so we require 


bp (0268)? = 45 = B7? — p°. (3.70) 
The solution for )g can be written as 
wg = sgn{Re qf }[3wtgl?/? (3.71) 


where 


Zp 
wes =| dC wqe(C), Re qf > 0, 


=| í dčiwqg(č), Req <0, (3.72) 


Z 


for positive frequency w; we have here made use of our choice of branch cut (3.8) 
{Im wqg > 0} for the radical qg. We take the principal value of the 7/3 power in 
(3.71). In a perfectly elastic medium these rather complex forms simplify to 


be =sgn(qp)i3tel-’?, (3.73) 


B 
TEETE E tp =| dZlqg(0)l. (3.74) 


Z 


We take zg to be some convenient reference level. In a perfectly elastic medium, 


3.3 Uniform approximations for a smoothly varying medium 


when a turning point exists i.e. qg(Zg) = 0 at a real depth Zg then dg will be 
regular and unique with the choice zg = Zg. For dissipative media, the location of 
the root qg = 0 has to be found by analytically continuing the wavespeed profile 
to complex depth. If we then take this complex value for zg the integral for Tg will 
be a contour integral. For small dissipation Qs it is simpler to take zg to be the 
depth at which Re qg = 0. If the slowness p is such that no turning point occurs 
for S waves in the region of interest, then any choice of zg may be taken so that bg 
is non-unique. In order that the character of the phase matrix E g Should correspond 
to the physical nature of the wave propagation, it is often desirable to extrapolate 
B(z) so that a turning point Zg is created. This artificial turning level is then used 
as the reference to reckon Tg. 

To simplify subsequent discussion we will use an abbreviated form for the 
elements of Êg (Kennett & Woodhouse, 1978; Kennett & Illingworth, 1981) 


_ |SgBj(wtg) sgAj(wtg) 
Ep = cae Ak(wrtg) | oe 


The inverse of Êg is readily constructed by using the result that the Wronskian of 
Ai and Bi is 77! and has the form 


s= [aktra tom) A 
This ‘phase matrix’ Êg satisfies 
02Eg = [wWHg + 2-06; Êg; (3.77) 
the diagonal matrix 0 2D, depends on the Airy function argument dg 
0-005! = 5(d22p/02b,)diag(—1, 1] (3.78) 


and is well behaved even at turning points, where 0,,g/02bg = {0228 — 
3p(02B)*}/40-8. 

If then we construct the matrix C(p,z)E(w, p,z) as an approximation to a 
fundamental matrix B, this will be effective at high frequencies when wHg is 
the dominant term in (3.77). Comparison with (3.59)-(3.60) shows that we have 
failed to represent the contributions from C~—'d,C and 0 00! and we will need 
to modify CE to allow for these effects. 

We will first look at the character of the high frequency approximation and then 
discuss ways of improving on this solution. 

At high frequencies the argument of the Airy functions becomes large and 
we may use the asymptotic representations of the functions. Below an S wave 
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turning point in a perfectly elastic medium (i.e. aĝ < 0), the entries of Êg are 
asymptotically 


Aj(wtg) ~ 4p!7lqgl 7" exp(—wlrtel), 


Ak(wtg) ~ —}p~'/7|q|'/* exp(—wltel), (3.79) 
Bj(wtg) ~ p™?lqgi 2 exp(wltgl]), 


Bk(wrg) ~ p-/iqg|"/2exp(wirpl). 


In this region Êg gives a good description of the evanescent wavefields. Above the 
turning point, the asymptotic behaviour of Aj and Bk is as cos(wtg — 7/4), and 
for Ak and Bj as sin(wtg — 7/4). These elements thus describe standing waves, 
but for most purposes we would prefer to consider travelling wave forms. 

We can achieve this goal by constructing a new matrix Eg, whose columns are a 
linear combination of those of Es, 


—in/4 ,in/4 
$ : | (3.80) 


—1/2 
Eg = E,.2 i | eit/4 Q-in/4 
This new matrix will also satisfy an equation of the form (3.77), and so C(z)E(z) 
is an equally good candidate for an approximate B matrix at high frequencies. In 
terms of the Airy function entries 


ga — 2-1/2 [see (Aj — iBj) spe '/4(Aj + iBj) 
oe ei/4(Ak —iBk) e/4(Ak + iBk) 


_ 4-1/2 SpE} sgFj 
=2 BE i (3.81) 


Once again at high frequencies we may use the asymptotic forms of the Airy 
functions and then, well above a turning point with aĝ > 0: 

—'/2 exp(iwts), 
1/2 


Ej(wtg) ~ (dg/p) 
Ek(wtg) ~ —i(qg/Pp) 
Fj(wtp) ~ (qe/p) 1/7 
Fk(wtg) ~ i(qg/p)'/* exp(—iwtz). 


exp(iwtg), (3.82) 
exp(—iwtTg), 


With our convention that z increases downwards, Tg (3.73) is a decreasing function 
of z for z > Zg, the turning level for the S waves. We have adopted a time factor 
exp(—iwt) so that asymptotically Ej, Ek have the character of upgoing waves; 
similarly Fj, Fk have the character of downgoing waves. These interpretations for 
large arguments wTg are misleading if extrapolated too close to the turning point. 

Below the turning point all the entries Eg increase exponentially with depth 
because of the dominance of the Bi terms, and so Eg is not useful in the evanescent 
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regime. Once again Eg has a simple inverse which may be expressed in terms of 
the entries of Eg: 


—1 _ +5-1/2 |—SpFk Fj 
Es =i2 P 2g (3.83) 


In the propagating regime, above a turning point we will use Eg as the basis for 
our fundamental B matrix, and in the evanescent region we will use Ê g- Both of 
these matrices were constructed to take advantage of the uniform approximations 
afforded by the Airy function for an isolated turning point. A different choice 
of phase matrix with parabolic cylinder function entries is needed for a uniform 
approximation with two close turning points (Woodhouse, 1978). 

For the P-SV wave system we have constructed Cp to give a high frequency 
block diagonal structure (3.63) and so the corresponding phase matrix E has a block 
diagonal form. Above all turning points E has E« for the P wave contribution, and 
Eg for the SV contribution. Below both P and S turning levels Ê is constructed 
from Êx, Ê g- In the intermediate zone below the P turning level, so that P waves 
are evanescent, but with S waves still propagating, we take the block diagonal form 


— JÊ 0 
E= | ò a : (3.84) 


In the high frequency limit we ignore any coupling between P and SV waves. 
We now wish to improve on our high frequency approximations to the 
fundamental stress-displacement matrix which we will represent as 


Bo(w,p,z) = C(p,z)E(w,p, z), (3.85) 


in terms of some phase matrix representing the physical situation. As in our 
discussion of the eigenvector decomposition we want to retain the merits of E in 
representing phase terms, so we look for correction matrices which either pre- or 
post-multiply E. 


3.3.1 An asymptotic expansion 


If we look for a fundamental B matrix in the form 

B(w,p,z) = C(p, z)K(w, p, z)E(w, p,z), (3.86) 
then our correction matrix K must satisfy 

ð-K = w[HK — KH] — C!2,CK — Kô- || (3.87) 


where we have used (3.59) and the differential equation for E (3.77). The matrix 
K is independent of the choice for E and the frequency w enters only through 
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the commutator term, this suggests an asymptotic expansion in inverse powers of 
frequency, 


K(z) =I+ a w"k,(z). (3.88) 
r=] 


On substituting (3.88) into (3.87) and equating powers of w we obtain the recursive 
equations 


[Hk] — k,41H] = —0,k, + C7'0,Ckp +k,0,007!, (3.89) 


for the k,, starting with kọ = 0. These equations have been solved by Woodhouse 
(1978) who has given detailed results for the coefficient kı (z). 

The fundamental stress-displacement matrix B has an asymptotic form, to first 
order, 


Ba(w,p, z) T C(p, z) (I + w Ik] (p, Z)JE(w,p, z), (3.90) 


where we have shown the explicit dependence of the various terms on frequency, 
slowness and depth. A merit of this approach is that the correction kı is 
independent of frequency. The propagator for a region (ZA, Zp) can be constructed 
from Ba as 


P(za, zg) ~ C(za [I + w 'ki(za)IE(za)JE '(zp)f — w'ky(zp)IC (zs), 
(3.91) 


to first order. The representation (3.91) shows no identifiable reflections within 
(Za,Zp) and this makes it difficult to gain any insight into interactions between 
the wavefield and parameter gradients. This asymptotic form of propagator has 
mostly been used in surface wave and normal mode studies (see, e.g., Kennett & 
Woodhouse, 1978; Kennett & Nolet, 1979). 


3.3.2 Interaction series 


An alternative scheme for constructing a full B matrix is to postmultiply the high 
frequency approximation by L(z) so that 


B(w,p,z) =C(p,Z)E(w, p, z)L(w, p, z). (3.92) 
The matrix L then satisfies 
ð-L = —E (C7 10,C + 0,00 "JEL = {E'jE}L. (3.93) 


The frequency dependence of L arises from the phase terms E, E~! and the form of 
L is controlled by the choice of E. The equation for L is equivalent to the integral 
equation 


Zz 


L (2: zet) = 1+| dZ{E“"(2)j(QE(Z)}L(2), (3.94) 


Zref 
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where we would choose the lower limit of integration Zef to correspond to the 
physical situation. Thus for a region containing a turning point we take Zef at 
the turning level and use different forms of the phase matrix above and below this 
level. Otherwise we may take any convenient reference level. We may now make an 
iterative solution of (3.94) (Chapman 1981, Kennett & Illingworth 1981) in terms 


of an ‘interaction series’. We construct successive estimates as 
Zi 


Lelzizet) =1+ | aE OU OE()Lra(0), 3.95) 
Zref 

with Lo = I. At each stage we introduce a further coupling into the parameter 

gradients present in j through C~'0,C and 0,@@~'. All the elements of E~'jE 

are bounded and so the recursion (3.95) will converge. The interaction series is 


therefore of the form 
Zs 


ese | dz (E~jE}(Z) + 


Zref 


z (E 
[  AUETIO | anem) +... 3.96) 
Zref Zref 
and the terms may be identified with successive interactions of the seismic waves 
with the parameter gradients. For slowly varying media the elements of j will be 
small, and the series (3.96) will converge rapidly. In this case it may be sufficient 
to retain only the first integral term. 
For SH waves the total gradient effects are controlled by the diagonal matrix 


ju = (402u/u + 4022068/320 g)diag[1, —1], (3.97) 
and 
Lis i 
Ep jHEg = —7(02u/u + 022/828) (3.98) 


where we have written Ej, for Ej(wtg). Asymptotically, well away from any 
turning level, in the propagating and evanescent regimes 


dz2p/02b_ © 02d8/Ap, (3.99) 


and then the gradient term behaves like y4 (3.46). In the propagating regime, for 
example, 


0 exp[—2iwTg] 


exp[+2iwtTg] 0 : (3,100) 


Ea HEg © YH 
and the interaction series parallels the treatment for the eigenvector decomposition. 
Now, however, (3.98) is well behaved at a turning level. 

For the P-SV system, the structure of the block diagonal entries of jp for P and 
S parallel our discussion for the SH wave case and asymptotically the coefficients 
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Yp, Ys control the interaction with the gradients. The off-diagonal matrices lead to 
interconversion of P and SV waves and here asymptotically we recover yt and yr 
determining transmission and reflection effects. 

The structure of the interaction terms L for P-SV waves is 


TIE Bop 


i= 3.101 
y Lg. I+Lgg ( ) 


Lua, Lag represent multiple interactions with the parameter gradients without 
change of wave type. Lag, Lgq allow for the coupling between P and SV waves 
that is not present in our choice of phase matrix and which only appears with the 
first integral contribution in (3.96). 

From the series (3.96) we may find L(w,p,z;zp) to any desired level of 
interaction with the medium and then construct an approximate B matrix as 


B(w, p,z) ~ C(p, z)E(w, p, z)L(w, p, Z; Zref). (3.102) 
For a region (ZA, Zp) the propagator may be approximated as 
P(za, zg) © C(za)E(Za)L(ZA; Zret) L7! (ZB; ZrerJE'(zg)C (ze), (8.103) 


and the kernel L(ZA;Zref)LT! (Zp; Zef) may now be identified with internal 
reflections in (za, Zp). When a turning point occurs within the region we can split 
the calculation above and below the turning level and then use the chain rule for the 
propagator. 

The asymptotic series approach in the previous section leads to a solution which 
is most effective at high frequencies when only a few terms need be included. The 
interaction series approach is not restricted in its frequency coverage. Although our 
starting point is a high frequency approximation to the solution, this is compensated 
for by the presence of the same term in the kernel of the interaction series 
development. The number of terms required to get an adequate approximation of 
the wavefield depends on {E~'jE} and thus on the size of the parameter gradients 
and the frequency. At low frequencies we need more terms in the interaction series 
to counteract the high frequency character of E. 


3.3.3 Relation to eigenvector decomposition 


If we adopt the interaction series approach, all our fundamental matrix 
representations include the leading order approximation C(p,z)E(w, p,z). This 
form gives no coupling between P and S waves but such coupling will be introduced 
by the interaction term L(w, p, z). 

At high frequencies, CE asymptotically comes to resemble the WKBJ solution 
(3.52), since the depth behaviour is the same although there may be constant 
amplitude and phase factors between the two forms. To exploit this relation we 
extend an idea of Richards (1976) and rearrange CE to a form with only diagonal 
phase terms. 


3.3 Uniform approximations for a smoothly varying medium 


(a) Propagating forms 
We introduce the generalized vertical slownesses 


iNgulP, W, Z) = —pEk(wtg)/Ej(wTtg), 
ingalp, w, z) = pFk(wrtg)/Fj(wTg). (3.104) 


These quantities depend on slowness p and frequency w through the Airy terms. 
Since Tg depends on the slowness structure up to the reference level, ngu is not just 
defined by the local elastic properties. We have used the subscripts u,d as opposed 
to U,D to indicate that the Airy elements have up and downgoing character only 
in the asymptotic regime, far from a turning level. In this asymptotic region, with 
qz > 0 


ngulp,w) ~ qaglp), ngalp,w) ~ qglp), (3.105) 
and also 
(2pp)-VEj(wrp) ~ epexpl-iw | a ap(d)): (3.106) 
zp 


With the aid of the generalized slownesses Nu,q we can recast CE into a form 
where we use only Ej, Fj to describe the phase behaviour. Thus we can write, for 
SH waves 


CHEy = DyEn = bH, bH]En, (3.107) 
where Ey, is the diagonal matrix 

E = (2pp)|/*diag[Ej(wt,), Fi(wt,)I. (3.108) 
The column vectors of Dy are given by 


bi a =[seB', FipBneual’, (3.109) 


where we take the upper sign with the suffix u, and sg = 1 when the shear velocity 
increases with depth. The new way of writing the leading order approximation is 
designed to emphasise the connection with the WKBJ solution. At high frequencies 
we see from (3.105) that, asymptotically, the columns of D reduce to those of the 
eigenvector matrix D, and the phase terms reduce to (3.52). 

For P-SV waves we take 


CpEp = DpEp = b}, bg, bi, bglEp, (3.110) 
with 
Ep = (2pp) '/*diag[Ej(wta), Fi(wta), Ej(wt), Fj(wtg)], (3.111) 


and column vectors 


bia = [Fin cu,ds S&P, Sap(2B4p7 = 1), F2iph naual", (3.112) 
b` a = [sep, Fingu,a, F2iPR ngua $P(2B7p? — 1)". 
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Once again these expressions reduce to the WKBJ forms in the high frequency 
asymptotic limit. 

(b) Evanescent forms 

Below a turning point we work in terms of the Ai, Bi Airy functions and now take 
modified forms of the generalized vertical slownesses 


igu = —pBk(wtg)/Bj(wtg), 


; 3.113 

ifiga = pAk(wtg)/Ajlwtg). eee 
At high frequency, in the far evanescent regime 

figu~ildgl, figa ~ildgl, (3.114) 
and now 

(pp) /Aj(wep) ~ (i/2)'/*eg exp[—wlrgll, (3.115) 

(pp) '/7Bj(wrg) ~ (2i)'/7eg exp[—w rl]. (3.116) 


In this region we write the leading order approximation CE in a comparable form 
to the propagating case 


CuÊn =Byby = B, Bo IEn. (3.117) 


The column vectors 6" differ from b" by using the modified slownesses fì. 
The phase term Ê has the same character as the WKBJ solution, but the overall 
amplitudes and phases differ. 

For P-SV waves we make a similar development to the above when both P and S 


waves are evanescent. When only P waves are evanescent we use the 6° forms and 
retain the propagating b vectors for S waves. 

The organisation of the fundamental B matrix by wave type is very convenient 
for a discussion of turning point phenomena. When we come to consider reflection 
and transmission problems in Chapter 5, we shall see that an organisation by the 
asymptotic character of the column elements is preferable. The two fundamental 
matrices are related by a constant matrix multiplier and so a switch between the 
two forms is easily made. 

For SH waves the fundamental matrix By (3.103) is already organised into 
columns whose characters are asymptotically that of up and downgoing waves. For 
coupled P-SV waves the fundamental matrix Bua with this organisation is given by 


Bua = =B; (3.118) 
where 
È 0 0 J 
= 10010 Barazi 
==] ioo 55E. (3.119) 
0001 


The symmetric matrix = achieves the desired reorganisation of the columns of By. 


3.a Transverse isotropy 


Appendix: Transverse isotropy 


In a transversely isotropic medium the wavespeed in directions perpendicular to the sym- 
metry axis are all the same but differ from those parallel to the axis. If the symmetry 
axis is vertical, the elastic properties do not vary in a horizontal plane. We may once 
again use an expansion in terms of vector harmonics as in (2.55) and the corresponding 
stress-displacement vectors satisfy first order differential equations (2.26) with coefficient 
matrices A(p, z) which depend only on the slowness p (Takeuchi & Saito, 1972). 

With this form of symmetry there are five independent elastic moduli: A, C, F, L, N. In 
the more restricted case of isotropy there are only two independent moduli A, u and then 


A=C=A4+2u,F=A,L=N=u. (3a.1) 


Thus A, C and F are related to dilatation waves and L, N to shear waves. In a homogeneous 
medium three types of plane waves exist. For horizontal transmission, the wavespeeds of 
P, SV and SH waves are 


an = (A/p)'/?, By = (L/p) "2, Bn = (N/o)'/7. (3a.2) 
For vertical transmission the wavespeeds are 
av = (C/p)'/*, By = (L/p)'”*, (3a.3) 


and there is no distinction between the SH and SV waves. In directions inclined to the z- 
axis, there are still three possible plane waves but their velocities depend on the inclination. 
In a transversly isotropic medium where the properties depend on depth, there is a sepa- 
ration of the stress-displacement vector equations into P-SV and SH wave sets. 
The coefficient matrix for P-SV waves is now 


0 pF/C 1/C 0 
E ; 0 i (3a.4) 
0 —p +p? (A —F?/C) —pF/C 0 
and its eigenvalues are +iq1, +iqz where q is a root of 
qt +q?G+H=0, (3a.5) 
with 
G = [pL + pC — p?(AC — F? — 2FL)]/LC, 
H = (p — p?L)(p — p2A)/LC, (3a.6) 
and so 
q? = LIG + (G? —4H)'/2]. re 


In an isotropic medium the upper sign in the expression for q yields qq, the lower sign 
dg. The eigenvector matrix D may be constructed from column vectors corresponding to 
up and downgoing quasi-P and S waves, and analysis parallels the isotropic case. 

For SH waves the relations are rather simpler 


0 T/L 0 (PBZ)! 
Ay = = a ; 3a.8 
x= [oboe 0] =[pcagpe 1 5 ee 
and its eigenvalues are +iqn, with 
ah. = (p — p?N)/L = (1 — p° Bi )/B3 (3a.9) 
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which, except at vertical incidence (p = 0), differs from the SV case. The main modifi- 
cation to our discussions of an isotropic medium is that the vertical slownesses for SV and 
SH are no longer equal. 


Chapter 4 
Seismic Sources 


A significant seismic event arises from the sudden release of some form of potential 
energy within the Earth or at its surface. For earthquakes the stored energy 
is usually associated with the strain built up across a fault zone by continuing 
deformation. In some deep events it is possible that volume collapse occurs with the 
release of configurational energy in upper mantle minerals in a phase transition. For 
explosions either chemical or nuclear energy is released. Surface impact sources 
dissipate mechanical energy. 

In all these cases only a fraction of the original energy is removed from the 
‘hypocentre’ in the form of seismic waves. Frictional resistance to faulting in 
an earthquake may be overcome with the melting of material on the fault surface 
(McKenzie & Brune, 1972). A chemical explosion compacts the material about the 
original charge and a cavity is normally produced. For nuclear explosions much 
energy is dissipated in the vaporisation of rock. At first a shock wave spreads 
out into the medium and the stress is non-linearly related to the considerable 
displacements. Only at some distance from the point of initiation do the 
displacements in the disturbance become small enough to be described by the 
linearised elastic equations we have discussed in chapter 1. 

When we try to reconstruct the source characteristics from observations of linear 
seismic waves we are not able to extrapolate the field into the near-source region 
where non-linear effects are important, and so we have to be content with an 
equivalent description of the source in terms of our linearised wave equations. 


4.1 Equivalent forces and moment tensor densities 


In our treatment of seismic waves we have assumed that the behaviour of the 
material within the Earth is governed by linearised elastic (or nearly elastic) 
equations of motion, and sources will be introduced wherever the actual stress 
distribution departs from that predicted from our linearised model. 

The true, local, equation of motion in the continuum is 


Põru = diloj + of] + pdp, (4.1) 
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in an Eulerian viewpoint, even in the non-linear regime. As in Section 1.3, 04; 
represents the deviation of the local stress state from the initial stress state specified 
by of, and w is the gravitational potential. The stress will be related to the 
displacement u via some constitutive equation, which in the non-linear zone may 
have a complex dependence on the history of the motion. 

As a model of the incremental stress we construct a field Tij based on simple 
assumptions about the nature of the constitutive relation between stress and strain 
and the variation of the elastic constants with position. In order to get our linearised 
equation of motion based on this model stress Tij to give the same displacement 
field as in (4.1), we have to introduce an additional force distribution e so that 


pon; = diTi + fj + ej, (4.2) 


here f includes any self-gravitation effects. The presence of the force e means 
that the seismic displacements predicted by (4.2) are the same as in the true 
physical situation represented by (4.1). We shall refer to e as the ‘equivalent force 
distribution’ to the original source. 

From our linearised viewpoint the source region will be that portion of the 
medium in which e is non-zero. Where the displacements are small e(x, t) is just 
the gradient of the difference between the physical stress field o and our postulated 
field T 


ej = 0105; = diTij, (4.3) 


If the source region extends to the earth’s surface we have to allow for the presence 
of additional surface tractions €s to compensate for the difference between the 
tractions induced by t and ø. Thus we take 


ef = NiTij = Nij, (4.4) 


at the surface, where n is the local outward normal. 

For an explosive source, the principal source region will be the sphere within the 
‘elastic radius’, which is somewhat arbitrarily taken as the range from the point of 
detonation at which the radial strain in the material drops to 1076. For this volume 
our linearised equations will be inadequate and the equivalent forces e will be large. 
Outside the elastic radius we may expect to do a reasonable job of approximating 
the stress and so e will be small and tend to zero with increasing distance from 
the origin if our structural model is adequate. For small explosions, the equivalent 
forces will be confined to a very limited region which, compared with most seismic 
wavelengths, will approximate a point; we shall see later how we can represent 
such a source via a singular force distribution. 

For an earthquake the situation is somewhat different. The two faces of the fault 
will be relatively undeformed during the motion and the major deformation will 
occur in any fault gouge present. When we use the stress estimated from the rock 
properties (T) in place of that for the gouge material (0) we get a serious discrepancy 
and so a large equivalent force. This force e will be concentrated on the line of the 


4.1 Equivalent forces and moment tensor densities 


Figure 4.1. Intermediate depth event in a subduction zone; the region in which sources are 
introduced due to departures from the horizontally stratified reference model are indicated 
by shading. 


fault. For long wavelengths it will appear as if we have a discontinuity across the 
fault with a singular force distribution concentrated on the fault plane. 

In these circumstances we have a direct association of our equivalent forces e 
with the idea of localised sources. However, from (4.3) we see that we have to 
introduce some ‘source’ terms e whenever our model of the stress field t departs 
from the actual field. Such departures will occur whenever we have made the 
wrong assumptions about the character of the constitutive relation between stress 
and strain or about the spatial variation of the elastic parameters. 

Suppose, for example, we have an anisotropic region and we use an isotropic 
stress-strain relation to find t. In order to have the correct displacements predicted 
by (4.2) we need a force system e, (4.3), distributed throughout the region. This 
force depends on the actual displacement u and is therefore difficult to evaluate, but 
without it we get incorrect predictions of the displacement. 

Another case of particular importance is provided by lateral heterogeneity in 
the Earth’s structure when we are using a stratified model, not least because of 
the location of many earthquakes in zones of localised heterogeneity (subduction 
zones). Consider an intermediate depth event in such a downgoing slab (figure 
4.1). If we try to represent the radiation from such a source using the stratified 
model appropriate to the continental side, our model stress T will not match the 
actual physical stress in the neighbourhood of the source itself, and will also be 
in error in the downgoing slab and the upper part of the oceanic structure. The 
affected areas are indicated by shading in figure 4.1, with a greater density in those 
regions where the mismatch is likely to be significant. The equivalent sources will 
depend on the actual displacement field and at low frequencies we would expect 
the principal contribution to be near the earthquake’s hypocentre. The importance 
of the heterogeneity will increase with increasing frequency; at 0.05 Hz the shear 
wavelength will be comparable to the thickness of the downgoing slab and so the 
influence of the structure can no longer be neglected. 

When an attempt is made to use observed teleseismic seismograms to invert 
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for the source characteristics using a horizontally stratified reference model, the 
effective source will appear throughout the shaded region in figure 4.1 and so any 
localised source estimate is likely to be contaminated by the inadequacy of the 
reference model. At present, in the absence of effective means of solving the 
propagation problem for the heterogeneous situation it is difficult to assess how 
large a systematic error will be introduced. 

For each equivalent force distribution e(x,t) we follow Backus & Mulcahy 
(1976a,b) and introduce a moment tensor density mj;(x, t) such that, in the Earth’s 
interior 


diMij = —@j, (4.5) 
and if there are any surface traction effects, 

NiMij = eĵ, (4.6) 
at the Earth’s surface. For any indigenous source, i.e. any situation in which forces 
are not imposed from outside the Earth, there will be no net force or torque on the 
Earth. The total force and torque exerted by equivalent forces e for such a source 
must therefore vanish. In consequence the moment tensor density for an indigenous 
source is symmetric: 


my = Mi, (4.7) 


(cf. the symmetry of the stress tensor in the absence of external couples). 

The moment tensor density is not unique, but all forms share the same equivalent 
forces and thus the same radiation. We see from (4.3) that a suitable choice for the 
moment tensor density is 


my = lj = Ty — Oy, (4.8) 


the difference between the model stress and the actual physical stress. Backus 
& Mulcahy refer to Į as the ‘stress glut’. This choice of mij has the convenient 
property that it will vanish outside our source region. 


4.2 The representation theorem 


We would now like to relate our equivalent source descriptions to the seismic 
radiation which they produce, and a convenient treatment is provided by the use 
of the elastodynamic representation theorem (Burridge & Knopoff 1964). 

Since we wish to consider sources in dissipative media we will work in the 
frequency domain, and use complex moduli (1.8) in the constitutive relation 
connecting our model stress T;;(x, w) to the displacement u(x, w). 

In the presence of a body force f(x, w) we then have the equation of motion 


OiTij + pw*u; = —fj. (4.9) 


We now introduce the Green’s tensor Gjp(x,&,w) for our reference medium. 


4.2 The representation theorem 


For a unit force in the pth direction at & with a Dirac delta function time 
dependence, the time transform of the displacement in the jth direction at x (subject 
to some boundary conditions) is then G;,(x, &, w). This Green’s tensor satisfies the 
equation of motion 


OiHijp + pw Gip = —ôjpô(x — &), (4.10) 


where Hip is the stress tensor at x due to the force in the pth direction at & 

We take the scalar product of (4.9) with Gji(x,&, w) and subtract the scalar 
product of (4.10) with uj, and then integrate over a volume V enclosing the point 
&. We obtain 


Up(E, w) = [a Gjp(x, &, w)f;(x, w) (4.11) 
+| dx [Gjp(x, E, w)0ity(x, w) — u(x, w)OHyplx, E, w). 
v 


If & is excluded from the integration volume, the right hand side of (4.12) must 
vanish. The second integral in (4.12) can be converted into an integral over the 
surface OV of V, by use of the tensor divergence theorem. For the anisotropic 
‘elastic’ constitutive relation (1.2) we have 


ile a =| BEG gi (Ex, W)fg(E, w) (4.12) 
v 


F | Em [G gk (&, X, W)Tpq(&, w) ~ Uq(&, W)H pkg (&, X, w)], 


where n is the outward normal to OV, and for subsequent convenience we have 
interchanged the roles of x and &. 

This representation theorem applies to an arbitrary volume V and we may, for 
example, take V to be the whole Earth. With a homogeneous boundary condition 
for the Green’s tensor on OV, such as vanishing traction for a free surface, we may 
derive the reciprocity relation 


Gjp(x, &, w) = Gyj(&, x, w), (4.13) 


from (4.13), since the surface integral vanishes. This enables us to recast the 
representation theorem so that the Green’s tensor elements correspond to a receiver 
at x and a source at &, thus 


u(x, w) = [ae Gal, E, w)falé, w) (4.14) 


a E [Gkq(x, &, w)tg(&, w) = ugl&, W) Hig (X, &, w)], 


in terms of the traction components tq and the Green’s tensor traction elements hka 
on OV. 

In this form the representation theorem (4.14) also applies to the case of a 
prestressed medium with constitutive relation (1.4) if the quantities tg, hkq are 
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calculated using the Piola-Kirchhoff stress tensor (Dahlen 1972) in the undeformed 
frame, as 


t= nilti + of (diuk — ðkui)]. (4.15) 


4.2.1 Source representation 


Now we have established our representation theorem we will use it to investigate 
source effects. We have seen that equivalent forces e are introduced whenever the 
model stress tensor t departs from the actual physical stress. In the equations of 
motion e plays the same role as any external forces f, and so, since we consider 
linearised seismic wave propagation, the additional displacement consequent on 
the presence of the source is 


uklx, w) = [an Gkal, n, W)eg(n, w). (4.16) 


This radiation field may be alternatively expressed in terms of a moment tensor 
density by using the definitions (4.5), (4.6) and then integrating (4.16) by parts to 
give 


iw) -Í Piona]. (4.17) 
v 


In (4.16) the integration will in fact be restricted to the source region Y and this 
same region applies in (4.17) if we choose the ‘stress-glut’ F as the moment tensor 
density. 

As a model of an explosive type of source we consider a region vs in V bounded 
by a surface S on which the displacement u® and traction të are specified, the 
associated seismic radiation will then be 


u(x, w) = |; dE {Grqlx, E, w)t9(E, w) — u$ (E, w)Meg(x,E,w)}. (4.18) 


If, then, we have some mathematical or physical model which allows us to predict 
the displacement and traction field for an explosion as a function of position we may 
carry the calculation out into the linear regime, e.g., to the ‘elastic radius’. These 
calculated values for u® and t° may then be used to determine the seismic radiation. 
For nuclear explosions such models based on finite element or finite difference 
calculations have reached a high level of sophistication. With a Green’s tensor that 
satisfies the free surface condition, (4.18) will give a good representation of the 
radiation up to the time of the return of surface reflections to the source region, if 
direct calculations for uS, të are used. Ideally, for shallow explosions the values of 
uê and t° should include the effect of surface interactions, e.g., spalling. 

The Green’s tensor to be used in (4.18) should correspond to propagation in 
the geological situation prevailing before the explosion, including any pre-existing 
stress fields; otherwise additional equivalent forces need to be introduced. 


4.2 The representation theorem 


av 


Figure 4.2. Surface of discontinuity in displacement and tractions È. 


Unfortunately, our ability to solve propagation problems in complex media is 
limited and so quite often although prestress will be included in the calculation 
of të, u5, it is neglected away from the surface S and a relatively simple Green’s 
function is used to estimate the radiation via (4.18). 

A source representation in terms of displacement and traction behaviour on a 
surface S is not restricted to explosions and could be used in association with 
some numerical modelling of the process of faulting in an earthquake. Commonly, 
however, we regard the earthquake as represented by some dynamic discontinuity 
in displacement across a fault surface 2. We can derive this singular case from 
(4.18) by taking the surface S to consist of the two surfaces £+, Z~ lying on either 
side of the fault surface © and joined at the termination of any dislocation (figure 
4.2). If we take the Green’s tensor to correspond to the original configuration in 
V, G(x, č, w) and its associated traction hy,(x, &, w) will be continuous across 
L. The two surface integrals over £+, £~ can therefore be combined into a single 
integral 


Gee =| Pee aE OME Atle ol ne, 
(4.19) 


where [tg(&, w)]*, [uq(č, w)]* represent the jump in traction and displacement in 
going from £~ to L*. The normal n is taken to be directed from £~ to L*. In 
order to allow a flexible parameterisation of sources we do not restrict attention to 
tangential displacement discontinuities. As it stands (4.19) is not readily interpreted 
in terms of equivalent forces, as in (4.17), but it is apparent that all such forces will 
lie in the fault surface È. 


65 


66 


Seismic Sources 


We will consider the anisotropic ‘elastic’ case and then 
hkq (x, &, w) = Np (&) Cpars(&) 0+Gks (x, &, w) ) (4.20) 


where for a dissipative medium Cpqrs Will be complex. Since we are only concerned 
with the values of Gxg and hg on È, we introduce the Dirac delta function 55(&, n) 
localised on the surface Ł. The integral in (4.19) can then be cast into the form 


T E -| an E OA AA 


+[us(&, w)] nr (ë)cpars(ë) dp zE, n)}, 
(4.21) 


where —0,6 extracts the derivative of the function it acts upon and we have used 
the symmetry Of Crspq = Cpqrs- Equation (4.21) is now just in the form (4.17) 
and so we may recognise the equivalent forces e. For the traction jump we have 
force elements distributed along Ł weighted by the size of the discontinuity. The 
displacement jump leads to force doublets along which are best represented in 
terms of a moment tensor density Mpq. 

We emphasise the difference in character between the two classes of 
discontinuity by writing 


U(X, w) = [a2n(Gralsn, w)eqln, w) + 0pGkq(X,N, W)Mpq(n, w)}.(4.22) 


The forces e are then determined by the traction jump 


eqn, w) = —n,(E)[tarlE, w)]*5x(8,n). (4.23) 
The moment tensor density is specified by the displacement jump as 
Mpqln, w) = nr(E)cpars (E) fus(& w)]*5s(En), (4.24) 


which has the appropriate symmetry for an indigenous source contribution (4.7). 

The analysis leading to equivalent forces for a dislocation in a prestressed 
medium is more complex but leads to comparable results (Dahlen, 1972; Walton, 
1973). When we allow for the possibility of traction discontinuities, the force e€ 
is once again given by (4.23). The displacement jumps may be represented by the 
moment tensor density 


Mpq(n, w) = Ny(E)dpqrs(&) [us (E, w)|Sz(E, n) 
+n+(&)fur(& w) top dr(En), (4.25) 


in terms of the moduli dpqrs (1.4) which themselves depend on the prestress o°. 


The contribution to (4.25) which involves øo? explicitly, only appears if there is an 
opening crack situation when e is also likely to be non-zero. Only the deviatoric 
portion of o affects the moment tensor elements for tangential slip. In this case 
(4.25) will only depart significantly from (4.24) if the shear stresses are large. 


4.2 The representation theorem 


The seismic radiation predicted by (4.22) is determined purely by the 
displacement and traction jumps across the surface 2 and the properties of the 
material surrounding the fault appear only indirectly through the Green’s tensor 
Gq. In many cases some assumed model of the slip behaviour on the fault is used 
to specify [u]~. However, a full solution for [u]* requires the interaction of the 
propagating fault with its surroundings to be accounted for and this has only been 
achieved for a few idealised cases. 

Generally earthquake models prescribe only tangential displacement jumps and 
then n,[u]* = 0. However, the opening crack model is appropriate to other 
observable events, e.g., rock bursts in mines. 


4.2.2 Relaxation sources 


Although most source models have been based on the dislocation approach 
described above, a number of authors have worked with an alternative approach 
in which the properties within a portion of a prestressed region undergo a sudden 
change (relaxation). The simplest case is to take a spherical region with a uniform 
prestress and this has been used by Randall (1966) and Archambeau (1968) among 
others. The effect of inhomogeneous prestress has been considered by Stevens 
(1980). 

For illustration, we suppose a cavity with a surface S is suddenly created at a 
time t = 0. The frequency domain solution for this initial value problem yields the 
radiated displacement as 


u(x, w) = i d7E [Gra (x, E, W)tq(E, w) — Ug (E, wheal, E, w)] 


fiw [ae PENE lE) Grax, &, w), (4.26) 


where uj; is the instantaneous displacement at t = 0. This expression is very similar 
to those we have already encountered except that now we have an integral equation 
for the displacement u. For a stress-free cavity the traction t will vanish on S and 
so (4.26) is simplified. In order to avoid explicit calculation of the initial value term 
in (4.26) we may recognise that u' is the difference between two static fields - the 
prestressed state without the cavity and the final equilibrium state. We may set up 
a representation for the static field uÏ in terms of the dynamic Green’s tensor Gy, as 


ui = w? le dE pni Grka + j d7E [Grati — wihal. (4.27) 
When we substitute from (4.27) for the volume integral in (4.26) we obtain 
u(x, w) = ae dE uL (E, w)hyalx, E w) 


sta | dE ti (E)Gra(x, E w), (4.28) 
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where w’ is the relative displacement field 
w(x, w) = u(x, w) — (iw) lui (x). (4.29) 


The quantity tİ is the traction drop from the initial prestressed state to the final 
traction-free configuration on S. The initial value description (4.26) is thus 
equivalent to imposing a stress pulse at t = 0 to negate the tractions on S (4.28). 

If we take the cavity to be spherical we have a good model for the radiation 
produced by an explosion in a prestressed medium. For such a cavity embedded in 
a uniform, isotropic, material Stevens (1980) has shown that an exact solution to 
the integral equation (4.28) can be found in terms of vector spherical harmonics and 
a multipole expansion. For an adequate model of earthquake faulting the surface S 
should be rather flatter than a sphere, and then numerical solution of (4.28) would 
be required. Qualitatively, however, the spherical model is still useful. 


4.3 The moment tensor and source radiation 


In Section 4.2 we have adopted a representation of the seismic radiation in terms of 
a combination of distributed force elements € and a moment tensor density Mpq 


“ewe | Palram wean w) 
+0pGkq(X, 1, W)Mpq(n, w)}. (4.30) 


We will henceforth restrict our attention to a ‘stress-glut moment tensor density, 
so that the integration in (4.30) can be restricted to the source region Y in which 
our model stress t differs from the actual physical stress. 

The response of our instruments and recording system imposes some upper limit 
(wu) on the frequencies for which we may recover useful information about the 
displacement. In general therefore, we will be considering a band-limited version 
of (4.30). At moderate frequencies the Green’s tensor elements Gxq(x,n, w) will 
vary smoothly as the point of excitation ņ varies with a fixed observation point x, 
provided that x lies well away from the region containing n. This suggests that 
in (4.30) we should be able to represent the Green’s tensor variations within Y by 
a small number of terms in a Taylor series expansion of Gxq(x,n, w) about the 
hypocentre xs 


Gxkq(X,1, w) = Gkq(X, Xs, w) + (ni = Xsi)ðiGkqlX, Xs, w) 
+4 (mi — xsi) (nj — xsj) ði Grka (X, n, w) +. (4.31) 


The number of significant terms will reduce as the frequency diminishes. 

For extended faults the accuracy of this expansion may be improved by 
making the expansion about the centroid of the disturbance xs(w) rather than the 
hypocentre, which is just the point of initiation. 

With the expansion (4.31) the seismic radiation u can be approximated as a 
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sequence of terms which represent increasingly detailed aspects of the source 
behaviour. 
We consider first the force contribution to (4.30) 


u(x, w) = [on Gxq(x,1, W)eq(n, w), 
= Gq (X, Xs, w) [on ealn, w) 
Gas w) | dên (ni —xsie q(t, w) +... (4.32) 
Y 


The displacement u® can therefore be represented in terms of the polynomial 
moments of the distributed forces, so we may write 


uUk(x, w) = GkqlX, Xs, w)Eqlw) + diGkqlX, Xs, ae eadi (4.33) 


E will be the total force exerted on the source region Y and El qt ) the tensor of force 
moments about the point of expansion xs. All of the elements in the series (4.33) 
will appear to be situated at xs. We represent the distributed force system in Y by 
a compound point source composed of a delta function and k ae at Xs. 


For an indigeneous source the total force € and the moments oF ) will vanish. We 
will, however, retain these terms since a number of practical SOUNS. e.g., those 
depending on surface impact, are not indigenous. 

The radiation associated with the moment tensor density may also be expanded 
as in (4.32), 


up (x, w) = [on OpGxq(X,N, W)Mpq(n, w), 
= Op Gls xs w) | dôn Mpq(n, w) (4.34) 
Y 


+0ipGkq(X, Xs, w) | dĉn (ni — Xsi)Mpq(n, w) +... 
Y 


This representation of u™ in terms of the polynomial moments of mpq means that 
we may write 


uy (x, w) = OpGxq(X, Xs, W)Mpq(w) 


+0ipGkq(X, Xs, WJM (Ww) +... (4.35) 


The integral of the moment tensor density across the source region (M pq) is the 
quantity which is frequently referred to as the moment tensor 


Mpq(w) = [on Mpq(N, w). (4.36) 


We see that Mpq(n, w)d?n can be thought of as the moment tensor for the element 


of volume dĉn. The third order tensor Mu į preserves more information about the 
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Figure 4.3. The representation of the elements of the moment tensor as weights for a set of 
dipoles and couples. 


spatial distribution of the moment tensor density mpq(n, w), and the inclusion of 
further terms in the series (4.35) gives a higher resolution of the source behaviour. 

The representation (4.35) is again an equivalent point source description of the 
radiation from the original source volume Y. The leading order source here may be 
thought of as a superposition of first derivatives of a delta function, describing force 
doublets. The moment tensor Mpq may therefore be regarded as the weighting 
factor to be applied to the nine elements of the array of dipoles and couples 
illustrated in figure 4.3. The diagonal elements of M correspond to dipoles and 
the off-diagonal elements to pure couples. The higher order tensors MÜ) are the 
weighting factors in a multipole expansion. 


4.3.1 A small fault 


We now specialise our results for a dislocation source to the case of a small fault 
embedded in a uniform medium. 

From (4.23) and (4.30) any traction jump will, for low frequencies, be equivalent 
to the point force components 


E(w) = k ARCA AE (4.37) 
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c) Explosion 


Figure 4.4. Force equivalents for simple source mechanisms: (a) an opening crack; (b) 
tangential slip on a fault; (c) an explosion. 


and for a small fault we may represent this as an averaged traction jump over the 
surface area A of the fault 


Elw) = Aniltj(w)]t. (4.38) 


For a displacement discontinuity the equivalent leading order moment tensor is 
given by 


My =- i EA A TES (4.39) 


We consider a displacement discontinuity in the direction of the unit vector v with 
jump [ul], and then 


My = Alw) Any, + univ; + NyVi)}, (4.40) 


for an isotropic medium (1.6), where [u(w)] is the averaged slip spectrum on the 
fault surface. 

When the direction v lies along the normal n, as in an opening crack - figure 
4.4a, 


Mi = Aflu(w) HASi; + 2unin;j, (4.41) 


and if we rotate the coordinate system so that the 3 axis lies along the normal, Mi; 
is diagonal with components 


Mij = Alu(w)|diag{A, A, A + 2u}. (4.42) 


The equivalent force system is thus a centre of dilatation of strength A with a dipole 
of strength 2u along the normal to the fault. 
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For a purely tangential slip along the fault plane (figure 4.4b), v.n = 0, and so 
the moment tensor components depend only on the shear modulus and 


My = Aulu(w)|{niv; + njyvif. (4.43) 
In (4.43) n and v appear in a completely symmetric role and so the zeroth order 
moment tensor Mj; does not allow one to distinguish between the fault plane with 
normal n and the perpendicular auxiliary plane with normal v. Since n.v vanishes, 
the trace of the moment tensor is zero 


trM = om Mii = 0. (4.44) 
i 


If we consider a coordinate frame with the 3 axis along n and the slip v in the 
direction of the 1-axis, the moment tensor has only two non-zero components: 


M13 = M31 = Mo(w), all other Mi = 0. (4.45) 


Here we have introduced the moment spectrum 


Mo(w) = Apl[u(w)], (4.46) 


which defines the source characteristics as a function of time. The equivalent force 
distribution specified by (4.45) will be two couples of equal and opposite moment 
- the familiar ‘double-couple’ model of fault radiation. 

The effect of a point explosion or implosion can be simulated by taking an 
isotropic moment tensor 


Mi = Mo(w)dij, (4.47) 


where once again it is convenient to work in terms of the moment spectrum, which 
is now equal to (A+2p)A-u,(w) where Ae is the surface area of a sphere with the 
‘elastic radius’ re and u,(w) is the average radial displacement spectrum at this 
radius (Miiller, 1973). The equivalent force system consists of three perpendicular 
dipoles of equal strength (figure 4.4c). 

The equivalent force systems we have described apply to faults which are small 
compared with the wavelengths of the recorded seismic waves. For larger faults, 
the zeroth order point source contributions we have just discussed do not, by 
themselves, provide an adequate representation of the seismic radiation. In addition 
we need the first order contributions which give quadrupole sources and perhaps 
even higher order terms. 


4.3.2 Radiation into an unbounded medium 


In the small source approximation the seismic displacement generated by the 
presence of a dislocation is given by 


ui(x, w) = Gj (X, Xs, w)Ej(w) + ðkGi (x, xs, W)Mjx(w). (4.48) 


4.3 The moment tensor and source radiation 


We specialise to a hypocentre at the origin and consider an observation point at 
R in a direction specified by direction cosines yi. In the time domain we have a 
convolution of the temporal Green’s tensor and the force or moment tensor time 
functions. For an unbounded isotropic elastic medium the displacement produced 
by a point force was first given by Stokes (1849) and the results were extended to 
couple sources by Love (1903) and we shall use these results as the basis of our 
discussion. 
The force contribution to the displacement is 

R/B 

ds s&;(t — s) 
R/a 
+iyjla R) T'E (t — R/ox) 
—(y1Y; — õi) (B R) 1E (t — R/B) (4.49) 


The ‘far-field’ contribution decaying as R7! follows the same time dependence as 
the force E. Between the P and S wave arrivals is a disturbance which decays more 
rapidly, as R73, as we move away from the source. 

The displacement associated with the moment tensor Mj; depends on the spatial 
derivative of the Green’s tensor and is 


4mpufiR, t) = (By — 85) | 


R/B 
ds sMjx(t = s) 
R/a 


—(6y1Y;Yx — ljk) (xR?) Mlt — R/ox) 
+(6ViViVK — lijk — õyYk) (BR?! Milt — R/B) 
+yiyjykl aR)! dMlt — R/ox) 

—(vivj — 5j) yk(B R)" dM;klt — R/B), 


A4npui™(R, t) = 3(5Y1Y¥;Yk — tR | 


(4.50) 
with 
lijk = Vidjk + Yjõik + Ykõij (4.51) 


The ‘far-field’ terms which decay least rapidly with distance now behave like the 
time derivative of the moment tensor components. 

The radiation predicted in the far-field from (4.49) and (4.50) is rather different 
for P and S waves. In figure 4.5 we illustrate the radiation patterns in three 
dimensions for some simple sources. For a single force in the 3 direction the 
P wave radiation is two-lobed with a cos O dependence in local spherical polar 
coordinates. The S$ radiation resembles a doughnut with a sin O dependence. The 
patterns for a 33 dipole are modulated with a further cos O factor arising from 
differentiating in the 3 direction; and so we have a two-lobed cos? 9 behaviour 
for P. The corresponding S wave radiation pattern, depending on sin O cos 9, has 
an attractive waisted shape. In a 31 couple a horizontal derivative is applied to the 
force behaviour which leads to rather different radiation. The P wave pattern is here 
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Figure 4.5. Radiation patterns for simple point sources in a uniform medium: a) single 3 
force; b) 33 dipole; c) 31 couple; d) 31 double couple. 


four-lobed with angular dependence sin O cos O cos ọ; displacements of the same 
sign lie in opposing quadrants and the radiation maxima lie in the 13 plane. There 
is no P wave radiation in the 12 or 23 planes. The S wave radiation is proportional 
to sin? 0 cos ¢ and this gives a two-lobed pattern with maxima along the 1 axis and 
a null on the 23 plane; the two lobes give an opposite sense of displacement to the 
medium and so impart a couple. 


4.3 The moment tensor and source radiation 


For an explosion, with an isotropic moment tensor Mj, = Modjx, (4.50) reduces 
to 


Arpui(R, t) = yi{(a?R2)~'Mo(t — R/a) 
+R) Molt — R/a)}. (4.52) 


This is a spherically symmetric, purely radial, P disturbance with no S wave part. 
For a double couple without moment, simulating slip on a fault plane, Mj, = 
Molnivj + njviJ, the displacement at the receiver point R is given by 


R/B 
ds sMo(t — s) 
R/a 


+(4Qi — 2T;)(&?R?) T Molt — R/ax) 

—(3Q; — 37;)(B7R*)~'Mo(t — R/B) 

+Q; (oR) Molt — R/x) 

+Ti(B R) Molt — R/8), (4.53) 


4npui(R, t) = (9Q1 — oT )R*| 


where 


Qi = 2yilVjVj) (VENK), Ti = nilyjvj) + vilyxnk) — Qi. (4.54) 


We note that Q which specifies the far-field P wave radiation is purely radial, lying 
in the direction of R. Further Q.T = 0, so that the far-field S wave radiation which 
depends on T is purely transverse. 

For both the explosion and the double couple, the radiation for the whole field 
may be expressed in terms of the far-field factors. 

It is interesting to compare the radiation pattern for a double couple with that for 
a single couple with moment. If we take n in the 3 direction and v in the 1 direction 
then 


Qi=2yiviy3, Ti = v16i3 + Y3ði1 — 2viv173- (4.55) 
The far-field P wave radiation pattern is given by 

IQ|31 = 2y173 = sin20cos ¢, (4.56) 
and the far-field S radiation depends on 

IT|31 = (yi + We — Ayty3)'/7 = (cos? 20 cos? hb + cos? 0 sin? p). (4.57) 


The P wave radiation pattern for the double couple is just twice that for either of 
the constituent couples, so that there are still nodes in the pattern on the fault plane 
(12) and the auxiliary plane (23). The S wave radiation is now four lobed rather 
than two lobed and the net torque vanishes. 
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4.3.3 Influences on radiation patterns 


The classical method of source characterisation, the fault-plane solution, relies on 
the assumption that the radiation leaving the source is indeed that for the same 
source in a uniform medium. Observations of P-wave polarity at distant stations are 
projected back onto the surface of a notional focal sphere surrounding the source, 
with allowance for the main effects of the Earth’s structure using ray theory. The 
method requires that we can recognise the nodal planes separating dilatations and 
compressions, which should correspond to the fault plane and auxiliary plane. For 
a small source for which the localised moment tensor model is appropriate, the 
radiation pattern itself is not sufficient to distinguish the fault plane and other, 
usually geological, criteria have to be used. 

A number of factors can conspire to modify the radiation pattern in the real 
Earth. The standard correction tables for the angle of emergence of rays from the 
focal sphere are based on an assumed mantle P wave velocity at the source. For 
crustal events, at short periods, the standard approach leads to apparent nodal planes 
which are not orthogonal. This however can be normally rectified by correcting the 
velocity at the source to a crustal P velocity. 

When a source occurs in a region of velocity gradient, the radiation patterns 
will be modified by the presence of the structure. This effect will be frequency 
dependent - at low frequencies the radiation pattern will be as in a locally uniform 
medium, as the frequency increases the departures from the simple theory given 
above can become significant. 

In addition many small earthquakes occur within regions which are under strain 
before a major earthquake. Such a prestrain has a number of effects (Walton 1974). 
The presence of the prestrain will lead to anisotropy due to modification of existing 
crack systems in the rock, in addition to weak anisotropy associated with the strain 
itself. These combined effects will modify the radiation pattern, in particular in 
the neighbourhood of the crossing of the nodal planes. The anisotropy will lead 
to splitting of the S wave degeneracy, two quasi-S waves will exist with different 
velocity. Observations of such S wave splitting in an active earthquake zone have 
been reported by Crampin et al (1980). 

All these influences will make it difficult to get reliable fault-plane solutions 
for frequencies such that the P wavelengths are of the same size as the source 
dimensions. In addition it proves to be easier to read the first motions on teleseismic 
long-period records and so good results for fault-plane solutions can be obtained 
(Sykes 1967). For studies of small local events good results can be obtained at quite 
high frequencies. 

The radiation patterns we have calculated depend on the assumption of an 
unbounded medium. As pointed out by Burridge, Lapwood & Knopoff (1964), 
the presence of a free surface close to the source significantly modifies the 
radiation pattern. If we insist on using an unbounded medium Green’s tensor we 
cannot use the usual moment tensor representation (4.31). For sources which are 
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shallow compared with the recorded wavelength, interference of P with the surface 
reflections pP, sP will modify the apparent first motion and give records which 
resemble those seen near nodal planes. Such effects can be assessed quantitatively 
by modelling the waveform generated by the source in a stratified half space (see 
Chapter 9). 


4.4 The source as a stress-displacement vector discontinuity 


When we wish to consider a source in a stratified medium we need to bring together 
our representations of the source in terms of equivalent forces or moment tensor and 
the wave propagation techniques based on the use of the stress-displacement vector 
we have introduced in chapter 2. 

We will work with the cartesian components of the force system relative to a 
coordinate system with the origin at the epicentre. We take the & axis to the North, 
¥ axis to the East, and Z axis vertically downwards. The azimuthal angle ¢ to the x 
axis in our cylindrical coordinate system then follows the geographical convention. 

For small sources we will use the point source representation in terms of a force 
E and moment tensor M;,, for which the equivalent force system is 


f; = €55(x = Xs) = OK{Mjx5(x = Xs)}. (4.58) 


It is this system of forces which will now appear in the equations of motion 
and ultimately determine the forcing terms in the differential equations for the 
stress-displacement vector b, (2.24)-(2.25). For larger source regions we may 
simulate the radiation characteristics by the superposition of a number of point 
source contributions separated in space and time to handle propagation effects. 
Alternatively we can perform a volume integral over the source region, in which 
case each volume element d*n has an associated force ed*n and moment tensor 
miydn. 

In each case we have the problem of finding the coefficients Fz, Fy, Fy in a 
vector harmonic expansion (cf. 2.55) 


1 oO 7 (oe) 
f=— | dw Sa dkk ` [FRE + FySE + FHTKY. (4.59) 
2n —co (0) m 


If we choose the z axis of our cylindrical coordinate system to pass through the 
source point Xs, the cartesian components of the point source fx, fy, fz will all be 
singular at the origin in the horizontal plane z = zs. The coefficients Fz, Fy, Fy 
will only appear at the source depth zs and may be evaluated by making use of the 
orthonormality of the vector harmonics, so that, e.g., 


1 [00] $ co 2r 
—_ | atei | arr] do [S™)*.£. (4.60) 
0 0 


To evaluate the integrals over the horizontal plane we have to make use of the 
expansion of Jm(kr)e'™® near the origin, and it is often more convenient to work 
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in cartesian coordinates. The integrations leading to Fz, Fy, Fy will leave the 
z dependence of the source terms unaffected. Thus we anticipate that the force 
components Ex, Ey, Ez and the moment tensor elements describing doublets in the 
horizontal plane (Myx, Mxy, Myx, Myy) will have a 5(z — zs) dependence. The 
remaining moment tensor elements (Mxz, Mzx, Myz, Mzy, Mzz) will appear with 
a (z — zs) term. 

The total forcing term F in (2.26), for each angular order m, will therefore have 
a z dependence, 


F(k, m,z, w) = Fy(k, m, w)8(z — zs) + Fo(k, m, w)8/(z — zs), (4.61) 


which is of just the form (2.98) we have discussed in Section 2.2.2. Thus when 
we solve for the stress-displacement vector b in the presence of the general point 
source excitation, there will be a discontinuity in b across the source plane z = zs 


b(k, m, Zs+, w) a b(k, M,Zs—, w) = S(k, m, Zs, w) 
= F, F wA (p, zs)F2. (4.62) 


The presence of the 8’(z—zs) term means that although the forcing terms F appear 
only in the equations for the stress elements in (2.24)-(2.25), the discontinuity in 
the b vector extends also to the displacement terms because of coupling via the A 
matrix. 

The jump in the components of the stress-displacement vector b across zs 
depends strongly on angular order: 


WE =Mzlpot), m=0, 
Vit = 4[+Mxz — iMyl (pB ', m=, (4.63) 
Wit = Muz — iMxl (pB T), m = +1, 
and 
PJE = —w'E,, m=0 
= $pli(Mzy — Myz) + (Mxz—- Ma), m=, 
SIE = $p(Mix + Myy) — PMzz(1 — 287/07) m = 0, 
-> 2o CEE teu), | m= +1, don 
= 3P[IMyy — Mxx) £i(Mxy + Myx)], m= +2, 
ITI} = $p(May — Myx), m=0, 
JwT (iE + Ey), m=, 
= Jplti(Mxx — Myy) + (May + Myx)], m = 2, 


For our point equivalent source (4.58), the vector harmonic expansion (2.55) for 
the displacement will be restricted to azimuthal orders |m| < 2. These results 
for a general moment tensor generalise Hudson’s (1969a) analysis of an arbitrarily 
oriented dislocation. 

We recall that for an indigeneous source the moment tensor is symmetric and 
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thus has only six independent components, and further € will then vanish. This 
leads to a significant simplification of these results. In particular, for a point source 
the stress variable P will always be continuous, excitation for m = +1 is confined 
to the horizontal displacement terms and T will only have a jump for m = +2. 


We have already noted that the only azimuthal dependence in the displacement 
and traction quantities U, V, W, P, S, T arise from the azimuthal behaviour of 
the source, in an isotropic medium. For an indigenous source we can therefore 
associate the azimuthal behaviour of the displacement field in the stratification with 
certain combinations of the moment tensor elements. 

(a) No variation with azimuth: 

For the P-SV wavefield this is controlled by the diagonal elements (Mx + Myy), 
M zz and is completely absent for SH waves. 

(b) cos Q, sin Ọọ dependence: 

This angular behaviour arises from the presence of the vertical couples M,z, Myz. 
The term Mx, leads to cos @ dependence for P-SV and sin ọ for SH, whilst Myz 
gives sin ọ behaviour for P-SV and cos ọ for SH. 

(c) cos 2, sin 2 dependence: 

This behaviour is controlled by the horizontal dipoles and couples Mxx, Myy, 
Mxy. The difference (Mx — Myy) leads to cos 2 behaviour for P-SV and sin 2 
for SH. The couple My gives sin 2d dependence for P-SV and cos 2 for SH. 

These azimuthal dependences do not rest on any assumptions about the nature 
of the propagation path through the medium and so hold for both body waves and 
surface waves. 


4.5 Wavevector representation of a source 


We have so far represented the action of sources within the stratification in terms of 
a discontinuity 8 in the stress-displacement vector b at the level of the source. An 
alternative approach is to regard the source as giving rise to a discontinuity in the 
wavevector v. Such an approach has been used by Haskell (1964) and Harkrider 
(1964) to specify their sources. 

Consider a source in a locally uniform region about the source plane zs, we may 
then convert the stress-displacement vectors b(zs—), b(zs+) immediately above 
and below the source plane into their up and downgoing wave parts by the operation 
of the inverse eigenvector matrix D~'(zs). The corresponding wavevectors v will 
suffer a discontinuity Ł across the source plane zs, consequent upon the jump in b. 
Thus 


vík, m, Zs+, w) ‘ss v(k, M,Zs—, w) = BK m, Zs, w) (4.65) 
= D`! (p, zs)S(k, m, Zs, w). 
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We may represent this jump vector ÈŁ in terms of upgoing and downgoing parts 
as in (3.17) 


£=|-Eu,Zpl', (4.66) 


The choice of sign is taken to facilitate physical interpretation. The structure of 
the relation (4.66) may be seen by partitioning S into its displacement and traction 
jumps and then making use of the partitioned forms of D7! (zs) (3.40), 


—z nb. —mb.] TS 
| j =] = | | ae (4.67) 
Xp Tus Mus] | St 
The elements Ly, Xp have rather similar forms 


Lu=ilmh;St—nbsSwl, Lp = ilm{sSt — nýsSwl. (4.68) 


The significance of these terms is most readily seen if we consider a source 
embedded in an unbounded medium. Above such a source we would expect only 
upgoing waves and below only downgoing waves, so that the wavevector will be of 
the form 


v(z) = [vulz), ol, Z< ZS) 
=[0, vp(z)l',  z>zs, (4.69) 


with a jump È across Zs of 
Z = [-vulzs), vo(zs)]". (4.70) 


Comparison of the two expressions (4.66) and (4.70) for S shows that a source will 
radiate Ly upwards and Xp downwards into an unbounded medium. 

For a source in a vertically inhomogeneous region we may still use the jump 
vector S if we split the medium at the source level zs and consider each of the 
two halves of the stratification to be extended by uniform half spaces with the 
properties at zs. This procedure will correspond to our treatment of reflection 
and transmission problems and the radiation components Ly, Xp will enter with 
reflection matrices into a compact physical description of the seismic wavefield. 
We lose no generality by our assumption of an infinitesimal uniform region at zs 
since we will construct the correct Green’s tensors for the stratified regions above 
and below the source. 


Chapter 5 
Reflection and Transmission | 


Nearly all recording of seismic waves is performed at the Earth’s surface and most 
seismic sources are fairly shallow. We are therefore, of necessity, interested in 
waves reflected back by the Earth’s internal structure. In seismic prospecting we 
are particularly interested in P waves reflected at near-vertical incidence. For longer 
range explosion seismology wide-angle reflections from the crust-mantle boundary 
are often some of the most significant features on the records. At teleseismic 
distances the main P and S arrivals have been reflected by the continuously varying 
wavespeed profile in the Earth’s mantle. For deep sources we are also interested in 
the transmission of seismic waves to the surface. 

In this chapter we consider the reflection of cylindrical waves by portions of a 
stratified medium and show how reflection coefficients for the different wave types 
can be constructed using the stress-displacement fields introduced in chapter 3. We 
define such reflection and transmission coefficients by the relation between up and 
downgoing wave amplitudes at the limits of the region of interest. 

An exact decomposition of the seismic wavefield into up and downgoing parts 
can only be made in a uniform medium. Thus, in order to give a unique and 
unambiguous definition of the reflection and transmission coefficients for the region 
ZA < Z < Zp, we adopt the following stratagem. We isolate this region from the 
rest of the stratification by introducing hypothetical half spaces in z < za, Z > Zp 
with properties equal to those at z = za, z = Zp respectively. We can now visualise 
up and downgoing waves in these half spaces and then define reflection coefficients 
by relating the wavevectors in the upper and lower half spaces. The continuity 
of the seismic properties at za and zp ensures that the reflection properties are 
controlled entirely by the structure within (ZA, Zp). 


5.1 Reflection and transmission at an interface 


We may isolate an interface across which there is a change in the elastic properties 
of the material by embedding it between two half spaces with the properties just 
at the two sides of the interface. With the assumption of welded contact at the 
interface, z = zy say, we will have continuity of the stress-displacement vector b 
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across zy. Any such vector will, however, have a different representation in terms 
of up and downgoing wave components on the two sides of the interface. 
In medium ‘—’, z < zy 


b(z1—) = D_(z1—)v_(z1-), (5.1) 
and in medium ‘+’, z > zy; 
b(z}+) =D4(z1+)v+(z1+). (5.2) 


These two expressions represent the same stresses and displacements and so we 
can connect the wavevectors in the upper and lower half spaces, 


v_(z—) = D! (z;—)D4(zy+)v4(zr+), 
= Q(z1-, z1+)v4+(zi+). (5.3) 


This relation enables us to extract reflection and transmission coefficients for 
the interface. We illustrate the procedure for scalar SH waves and then extend 
the treatment to coupled P-SV waves with the introduction of reflection and 
transmission matrices. 


5.1.1 SH waves 

We prescribe the slowness p to be the same in both half spaces and so automatically 
satisfy Snell’s law at the interface. The inclination of the waves to the vertical 
depends on the vertical slownesses 


qg- = (B? -ph day = (BF — 7)", (5.4) 
with, e.g., an angle of inclination 
jes paip]: (5.5) 
On substituting the explicit forms for v (3.16) and D (3.25) we may write (5.3) as 
pee IL aonad] e9 
Hp- BB+ [H-dp——i] [-iu+q4g+in+qg+| [HD+ 


in terms of the shear moduli u—, u+. The normalisation €eg—/B— = (2u_qg Ws 
and thus all the entries in the matrix Q depend on the products uqg; 


ka _ L a g- + H+qg+ H-dp—— H+ | Ha l 
M_dp— — H+qg+ H-dp— + uU+qgB+ 


Hpo-| 2(p-u+qg-qg+)!/ 


The combination uqg plays the role of an impedance for the obliquely travelling 
SH waves. 

Consider an incident downgoing wave from medium ‘—’. This will give a 
reflected upgoing wave in z < Zy and a transmitted downgoing wave in z > Zy. 
There will be no upcoming wave in medium ‘+’ and so we require Hu+ to vanish. 


5.1 Reflection and transmission at an interface 


We define the reflection coefficient for downward propagation R to connect the 
wave elements in medium ‘—’, 


Hu- =RpHp-, (5.8) 


and a transmission coefficient T connecting wave components across the 
interface, 


Hp+ < THp. (5.9) 
For the incident downgoing wave (5.5) has the form 
Hu- Quu ad | 0 | 
= ; 5.10 
ES Ee Qpp} |Hp+ (3-10) 
and so 
RD = Qup(Qpp)', TD = (Qpp)™'. (5.11) 


In terms of the SH wave impedances the reflection and transmission coefficients 
are 


Rb = (u-qg- — u+qg+)/(u-qp- + H+46+), 
TH = 2(u-u+qg-qg+)"/(u-qg- + H+ag+). 


For propagating waves in a perfectly elastic medium the columns of D are 
normalised to unit energy flux in the z direction. The coefficients RL, TL are 
therefore measures of the reflected and transmitted energy in such propagating 
waves. 

The structure of (5.12) is not affected if the half spaces are weakly dissipative 
so that we use complex S wavespeeds, or if the slowness p is such that we are 
considering evanescent waves, provided we take a consistent choice of branch cut 
(3.8) for the radicals qg_, qg+. We will therefore refer to (5.12) as the reflection 
and transmission coefficients for any slowness p. 

As the contrast in properties across the interface becomes very small 


Rp > 3A(uag)/(uas), Tb 1, (5.13) 


where A(\1qg) is the contrast in the impedance across the interface. 

For this scalar case the reflection and transmission coefficients for upward 
incidence from medium ‘+’ are most easily obtained by exchanging the suffices 
— and +, so that 


RI =-RL, TI =T, 1-(R})? = (Th). (5.14) 


(5.12) 


5.1.2 Coupled P and SV waves 


Although P and SV waves propagate independently in a uniform medium, once 
they impinge on a horizontal interface there will be conversion to the other wave 
type in both reflection and transmission. By working with fixed slowness p we 
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require the same horizontal phase behaviour for all the waves and so satisfy Snell’s 
law both above and below the interface (figure 5.1). 

The coupling between P and SV waves may be treated conveniently by using 
matrix methods. We split the wavevectors, on each side of the interface, into their 
up and downgoing parts (3.17) and partition the coupling matrix 


Q(z\—, z1+) = DI! (z;—)D+(z1+) (5.15) 
into 2 x 2 submatrices Q;j; so that (5.2) becomes 
* Vu+ 
fe | = ie oe Ut | (5.16) 
vp- Qpu Qpvp] |vD+ 


We have already established partitioned forms of the eigenvector matrix D and 
its inverse (3.36), (3.40) and now evaluate the partitions of Q in terms of the 
displacement and stress transformation matrices Mu—, Nnu- etc: 


T T 
n m m m 
D— D U+ HD+ 
Q(zi—, z+) =i] 7 + (5.17) 
Ny My Nu+ NAD+ 
T T T T 
a Mp_Nu+ —Ny Mu+ Mp Np+ — Np _Mp+ 
= T T T T 
Ny-Mu+ — My, Nu+ Ny Mp+ — My Np+ 


The partitions of (5.17) may now be recognised as having the form of the matrix 
propagation invariants in (2.68); since, for example, ny gives the stress elements 
corresponding to the displacements my. 

Our relation (5.16) connecting the up and downgoing wave components on the 
two sides of the interface can therefore be written as 


a ? | <Mp_,My4> “<M, Hed he 


=i (5.18) 
<Mp_,Mp+> ~<mMmu-, MD+> 


VD+ 


Although we have introduced (5.18) in the context of P-SV wave propagation, this 
form is quite general and if we use the SH wave forms for my, nu etc., (3.100), 
we will recover (5.7). For full anisotropic propagation we would use 3 x 3 matrices 
My, Mp. 

Consider a downgoing wave system, comprising both P and SV waves, in 


(3 > 


medium ‘—’. When this interacts with the interface we get reflected P and SV 
waves in medium ‘—’ and transmitted downgoing waves in medium ‘+’ (figure 
5.1). No upward travelling waves will be generated in medium ‘+’ and so vy, = 
0. We now define a reflection matrix Rb for downward incidence, whose entries 


are reflection coefficients, by 


Pu RPP RPS] [Pp- 
_ pl : u — D D D 
relating the up and downgoing wave elements in medium ‘—’. Similarly connecting 
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Figure 5.1. The configuration of reflected and transmitted waves at an elastic interface for 
slowness p = 0.1. 


the downgoing wave components across the interface we introduce a transmission 
a pI 
matrix Tp by 


; Poy TPP TPS] [Pp 
vp+ = Tvp- i.e. a = 7 15l | (5.20) 


We have chosen the convention for the conversion coefficients RE etc. so that the 
indexing of the reflection and transmission matrices follows the standard matrix 
pattern, which is very useful for manipulation. 

For these incident downgoing waves the wave elements are related by 


vue} _ Quu Qup 0 (5.21) 
VD— Qpbu Qpp VD+ i l 


and so, the reflection and transmission matrices can be found in terms of the 
partitions of Q as 


Tb =(Qpp) |, Rb = Qup(Qpp)', (5.22) 


cf. (5.11) for SH waves. With the explicit forms for the partitions of Q (5.17), 
(5.18) we have 
TL =i<mu_, mp i>7!, 
p u D+ E (5.23) 
Rp = —-<Mp_,Mp+><My_,Mp+> . 
The angle bracket symbol acts as a dissimilarity operator, and it is the mismatch 
between Mp_ and Mp, which determines the reflection matrix RL. 
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An incident upcoming wave system in medium ‘+’ will give reflected waves 


in medium ‘+’ and transmitted waves in medium ‘“—’. No downgoing waves in 
medium ‘—’ will be generated, so that vp_ = 0, and now we have 
vu- Quu Qup | | vu+ 
= (5.24) 
0 Qpu Qpvp | | vD+ 


We define the reflection and transmission matrices for these upward incident waves 
as 


VD+ = Rivus, Vu- = Tivus, (5.25) 


and from (5.24) we may construct RI, T}, from the partitions of Q as 


RU, =—(Qpp) 'Qpu, 


5.26 
TH = Quu— Qup(Qpp)~'Qpu. (5.26) 


For this single interface we would, of course, obtain the same results by 
interchanging the suffices + and — in the expressions for RL, TK; but as we shall 
see the present method may be easily extended to more complex cases. 

From the expressions for the reflection and transmission matrices in terms of the 
partitions of Q (5.21), (5.26) we can reconstruct the interface matrix itself as 


Q(z1—, 21+) = D7! (z1—)D4 (z1+), (5.27) 
Ti- R(T) RI, R(T! (5.28) 
—(TL)'RI, (TB)! l 


The eigenvector matrices depend only on the slowness p and so Q is frequency 
independent. All the interface coefficients share this property. 

The upward reflection and transmission matrices can be expressed in terms of 
the propagation invariants at the interface as 


RI =-<ML_-_, Mp+>!<mu_, Mu+>, (5.29) 
Ti, =—i<mp4,mu_>7! = (TH). 


We may now construct the reflection and transmission matrices for the P- 
SV wave case by using the expressions (3.37) for the displacement and stress 
transformation matrices My, Ny etc. All the interface coefficient matrices depend 
on <my_,mp +>! and so the factor det<my_,Mmp+> will appear in the 
denominator of every reflection and transmission coefficient. The transmission 
coefficients are individual elements of Q divided by this determinant, but the 
reflection coefficients take the form of ratios of second order minors of Q. 
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The denominator 
det<my_, Mp+> = 
Ex—Ex+EB—EB+ 
{2p Auqa- — qat) + (P—dat + P+qa-)] (5.30) 
x[2p7Au(qg- — dg+) + (P-qg+ + p+qg-)] 
+p°RAulqa-ag+ +p?) — Apll2Aulqg-da+ +p?) — Apl}, 


where we have introduced the contrasts in shear modulus and density across the 
interface Au = pu- — u4, Ap = p_ — p+. It was pointed out by Stoneley 
(1924) that if this determinant vanishes we have the possibility of free interface 
waves with evanescent decay away from the interface into the media on either 
side. These Stoneley waves have a rather restricted range of existence, for most 
reasonable density contrasts the shear velocities p— and B+ must be nearly equal 
for (5.30) to be zero. The slowness of the Stoneley wave is always greater than 
fmin(B_,6+))~". 

The expressions we have just derived for the reflection and transmission 
matrices may alternatively be derived directly by making use of the propagation 
invariants. Consider, for example, a system of incident downgoing waves with 
displacements given by the matrix mp—. When we equate the incident and 


reflected displacements in medium ‘—’ to the transmitted displacement in medium 
‘+ we have 
mp- +mu-Rb = mp,Th, (5.31) 


and there is a corresponding equation for the tractions 

np- +nu-R5 = np Th (5.32) 
We may now eliminate RL by premultiplying (5.31) by n], _ and (5.32) by mi 
and then subtracting to give 

(ml np- — ni mp-) = (ml np+ — n} mp+)TL. (5.33) 
The invariant on the left hand side of (5.33) is just i times the unit matrix and so we 
recover our previous result (5.23) for the transmission matrix 

TL =i<my_,mp,> 1. (5.34) 


The reflection matrix RL may be similarly found by elimination from (5.31), 
(5.32). The expressions (5.29) for Ri, T may be found by constructing the 
equivalent equations to (5.31)-(5.32) for an incident upcoming wave. 


5.1.3 The variation of reflection coefficients with slowness 


As an illustration of the interface coefficients we have been discussing, we display 
in figure 5.2 the amplitude and phase behaviour of the downward reflection 
coefficients for a plane wave at the interface appearing in figure 5.1. We have 
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p/(s/km] 


Figure 5.2. The amplitude and phase behaviour of the interfacial reflection coefficient for 
the model of figure 5.1 as a function of slowness: A , A critical slownesses for P waves 
(a7! ), S waves (BF! ); * onset of evanescence for P. 


chosen to represent the coefficients as a function of slowness, rather than the 
conventional angle of incidence, because we can use a common reference for P 
and S waves and so display many of the characteristics more clearly. 

The behaviour of the reflection coefficients is governed by the relative sizes of 
the waveslownesses for P and S in the media on the two sides of the interface. 
When p > az! (here 0.125 s/km) all the reflection coefficients are real. At vertical 
incidence the amplitudes of the S wave coefficients IRB. |, REA are equal and there 
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mot 
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Figure 5.3. The behaviour of a reflected SV pulse at an interface as a function of slowness. 


is no conversion from P to S waves. The behaviour of RÈ and RHH as slowness 
increases is very different: the SH wave coefficient is fairly simple, but the SV wave 
coefficient is profoundly influenced by the P wave behaviour. 

At p = ae P waves are travelling horizontally in the lower medium and we 
have reached the critical slowness for P waves. For a! <p< a_', P waves are 
reflected at the interface and give rise to only evanescent waves in the lower half 
space. Once p > vani all the reflection coefficients for the P-SV system become 
complex. The phase of RPP and RPS change fairly rapidly with slowness, but RÈ 
has slower change. 

For p > a! (here 0.166 s/km ) P waves become evanescent in the upper 
medium, but we can still define reflection coefficients for these evanescent incident 
waves. The amplitude of RES drops to zero at p = xZ! and then recovers before 
falling to zero again at p = mage The amplitude of RP has an inflexion at p = a! 
and the character of the phase variation changes at this slowness. 

The critical slowness for S waves is p7! and for p greater than this value both 
SV and SH waves are totally reflected. The phase for the SV wave coefficient for 
this interface varies more rapidly with slowness than that for SH waves. 

When the reflection coefficients are real, an incident plane wave pulse with 
slowness p is merely scaled in amplitude on reflection. Once the coefficients 
become complex, the shape of the reflected pulse is modified (see, e.g., Hudson, 
1962). The real part of the coefficient gives a scaled version of the original pulse 
and the imaginary part introduces a scaling of the Hilbert transform of the pulse, 
which for an impulse has precursory effects. The consequent pulse distortion is 
illustrated in figure 5.3 for the reflected SV wave pulse from an incident SV wave 
impulse, as a function of slowness. For p < az! the pulse shape is unchanged, but 
once p > Oe and Re becomes complex the pulse shape is modified. The large 
amplitude of the reflection at and beyond the critical slowness for S waves is clearly 
seen and the steady phase change for p > Ba continues to modify the shape of 
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the reflected pulse. Once the incident S wave becomes evanescent (p > BZ!), the 
reflection coefficient is real and the original pulse shape is restored. 


5.2 A stratified region 


We now look at the reflection and transmission response of a portion (Za, Zc) of a 
stratified medium by embedding this region between uniform half spaces in z < za, 
z > Zc with continuity of elastic properties at za and Zc. In the uniform half spaces 
we can represent a stress-displacement field in terms of up and downgoing waves 
by means of the eigenvector matrix D introduced in Section 3.1. 


5.2.1 The wave-propagator 


The stress-displacement vectors at za and zc are connected by the propagator for 
the intervening region 


b(za) = P(za, zc)b(zc). (5.35) 


In the two uniform half spaces we make a decomposition of the stress-displacement 
field into up and downgoing P and S waves and using the continuity of the b vector 
we write, 
b(za) = D(za)v(za—), 
(za) = D(za)v(za—) (5.36) 
b(zc) = D(zc)v(zc+), 


since we have continuity of elastic properties at za,zc. The wavevectors v in the 
upper and lower uniform half spaces are therefore related by 


v(za—) =D! (za)P(za, Zc)D(zc)v(zct), (5.37) 
when we combine (5.35) and (5.36). In terms of a single matrix Q(za, Zc) 
v(za—) = Q(Za, Zc) v(Zct), (5.38) 


and by analogy with (5.35) we call Q the wave-propagator. 
The wave-propagator has similar properties to the  stress-displacement 
propagator P. From the chain rule (2.89) 


Q(za, zc) = D7" (za)P(Za, zg)P(zg, zc)D(zc), (5.39) 
= D7! (za)P(za, zg)D(zg)D™' (zg)P(zg, Zc)D(zc). 

By using the decomposition of the unit matrix into the product of D(zg) and its 

inverse, we have in effect introduced an infinitesimal uniform region at zg. This 


is sufficient for us to recognise the wave-propagators for the regions (za, zp), 
(Zp, Zc) and so give a chain rule 


Q(za, Zc) = Q(za, ZB)Q(ZB, Zc). (5.40) 


5.2 A stratified region 


A consequence of (5.40) is that we have a simple expression for the inverse of the 
wave-propagator 


Q(za, zc) = Q7! (zc, za). (5.41) 


Although P(za, &) will be continuous across a plane z = č, the wave-propagator 
will not be unless the elastic parameters are continuous across & Thus we must 
choose which side of an interface we wish to be on when we split the stratification 
for the chain rule (5.40). 

Our expression (5.38) relating the wavevector in the bounding half spaces via the 
wave-propagator Q(z,, Zc) has the same form as (5.3) for the interface problem. 
Indeed we may identify Q(z]—,z1+) as the wave-propagator for the interface. 
We have therefore already established the formal basis for the construction of 
the reflection and transmission coefficients for our stratified region in the previous 
section. 

We split the wavevectors in the uniform half spaces into their up and downgoing 
wave parts and partition Q(z, Zc) so that (5.38) becomes 


rel = ee se nee: 


: (5.42) 
vplza—) Qpu Qpp | | volzc+) 


which has just the same structure as (5.16). Thus for incident downgoing waves 
from the half space z < za the reflected and transmission matrices have the 
representation (5.22) in terms of the partitions of the wave-propagator Q(za, Zc): 


TAS = Tolza, zc) = (Qpp)™! 


5.43 
RAS = Rp(za, zc) = Qup(Qpp)!. S 


With incident upgoing waves in z > Zc the transmission and reflection matrices 
are given by 


TAS = Quu — Qup(Qpp) 'Qpu, 


5.44 
RÂS = —(Qpp)'Qpu- = 


For a single interface, at fixed slowness p, Q(zj—,z1+) is independent of 
frequency, but for a stratified region Q(z, Zc) includes the frequency dependent 
propagator term P(za, zc) and so TAS, RAC etc. depend on the frequency w. 

The expressions (5.43), (5.44) can be recast to express the partitions of 
Q(za, zc) in terms of the reflection and transmission matrices for both upward 
and downward incident waves. The wave-propagator takes the form 


TAS _ RAS TAS) RAG RASTA) 


_ = (5.45) 
—(T2S) IRAC (TAS 1 


Q(za, zc) = 
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When we choose to look at the stratified region from below, we prefer to work 
with Q(zc, za) and from (5.41) this can be found by constructing the inverse of 
the partitioned matrix (5.45), so that 


eee —(TAC) TRACT 


z S (5.46) 
RAC(TAS) 1 TAC — RAC(TAS) TRAC 


Q(zc, za) = 


If we exchange the subscripts U and D and reflect the matrix (5.38) blockwise about 
the diagonal, we recover the matrix (5.37). This structure arises because upward 
reflection and transmission matrices are in fact the downward matrices when the 
stratified region is inverted. 

Our definitions of the reflection and transmission matrices presuppose that 
Zc > za. When we wish to represent a wave-propagator Q(zg, zf) in terms of the 
reflection and transmission properties of (zg, zf) we use the form (5.45) if zg > Zr, 
but if zg is less than zf we will employ the representation (5.46). 

The stress-displacement propagator P(zą,zc) can be recovered from the 
wave-propagator Q(za, Zc) as 


P(za, Zc) = D(za)Q(za, zc)D7! (zc). (5.47) 


This relation gives some insight into the physical nature of the propagator. The 
action of D7! (zc) is to break the stress and displacement field at zc into its up 
and downgoing parts. The corresponding up and downgoing waves at za are 
generated by the action of the wave-propagator Q which requires a knowledge of 
the propagation characteristics in both directions through the stratification. The 
eigenvector matrix D(z,a) then reconstructs the displacements and tractions at za 
from the wave components. 

A particularly simple case of the wave-propagator is provided by a uniform 
medium for which 


Qunl(Za, Zc) = exp{iw(za — zc)A} 


_ |e 0 (5.48) 
o| o E897 hy” i 


where is the phase income matrix for downward propagation from z, to zc 
here EX is the ph trix for d d propagation fi t 
introduced in (3.45). Since the off-diagonal partitions of Qun are null, both RAC 
and RAS vanish, as would be expected. We may also identify the transmission 
matrices 


Th =E8S, TS = ESS, (5.49) 


for such a uniform zone. 


5.2 A stratified region 


5.2.2 Displacement matrix representations 


We now introduce a fundamental stress-displacement matrix By whose columns 
are the b vectors corresponding to up and downgoing waves at some level in the 
stratification. We will be particularly interested in the displacement and traction 
matrix partitions of By and will use these to generalise the concept of reflection 
and transmission matrices. 

At a plane z = zg within the stratification we construct the displacements which 
would be produced by unit amplitude P and S waves in a uniform medium with the 
elastic properties at zg: 


Wuc = mG, (5.50) 


where mug is a displacement partition of the eigenvector matrix D(zc). The 
corresponding traction components are given by the matrix 


Tuc = NUG. (5.51) 


In a similar way we can construct displacement and traction matrices for unit 
amplitude downgoing P and S waves 


Wpc=Mpc, Tope =Npe. (5.52) 


We have here, in effect, introduced an infinitesimal uniform region at zg in which 
we can define up and downgoing waves in just the same way as in the derivation of 
the chain rule for the wave-propagator. 

From the displacement and traction matrices introduced in (5.50)-(5.52) we 
construct a fundamental stress-displacement matrix 


(5.53) 
and at zg this matrix reduces to D(zg). Away from the level zg we may construct 
B\vG by using the propagator matrix for the stratified medium operating on D(ze), 

Byo(zy) = P(zy, zG)D(Ze). (5.54) 


The propagator P(zj,zG) may be represented in terms of the wave-propagator 
Q(zy, zc) by (5.47) and so 


Bye(zy) = D(zy)Q(zy, Zc). (5.55) 


The explicit forms of the displacement matrices Wpg¢(zy), Wuce(zy) depend on 
the relative location of zy and zg. 

If zy lies above zg we construct Byg(zy) from the partitioned representations, 
(5.45) for the wave-propagator and (3.36) for the eigenvector matrix D(zy) with 
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entries mpz, Muy etc. The displacement matrices Wuc, Wpg are then given in 
terms of the reflection and transmission matrices for (zy, zg) by 


Wuc(zy) = muT)P — (mp; + muRI (TIF) RIP, 


(5.56) 
Woe(zy) = (mp; + MmuRIȘ) (TF). 


The traction matrices Tug, T pg have a comparable form with nuz, npy replacing 
muj, Mpz. From (5.56) we see that 


Wue(zy) + Woe(z)RIP = mu TIP, (5.57) 


the field on the left hand side of the equation can be recognised as that produced 
by an incident upcoming wave system on the the region (zg, zy) which at zy will 
consist of just transmitted waves. 

When zy lies below zg we use (5.38) for the wave-propagator and now the 
displacement matrices Wyuc, Wpe are given by 


Wue(zy) = (muy + mp RE) (TE), 


(5.58) 
Woe(zy) = MpjTe) — (muy + mp RG (T) RI, 


where the reflection and transmission matrices are for a region below the level zg. 
In this case 


Woe(zy) + Wuclz) RI = mp TË, (5.59) 


corresponding to an incident downward wave system on the region (zg, zy). 
For the displacement fields Wuc, Wpg the matrix <Wyc,Wpe> will be 
independent of depth and may be conveniently evaluated at zg itself 


<Wuc, Woc> = <Muc, Mpc> = il. (5.60) 


We have just seen that the displacement matrices Wuc, Wpe are closely related 
to the reflection and transmission properties of the stratification. In fact if we 
can construct the fundamental matrices Bya and Byc for two different starting 
levels za and zc, we can find the reflection and transmission matrices for the zone 
(Za; Ze). 

Consider an incident downgoing field at za, on the region za < z < Zc, this will 
give rise to a reflected contribution specified by RÂS. The resultant displacement 
field may be represented as 


Walz) = Woalz) + Wualz)RBS, (5.61) 


and we see from (5.59) that at zc this displacement field takes the form MpcTAs, 
with a comparable form for traction components. We recall that Wpc(z) is the 
displacement field arising from displacement Mpc and traction npc at Zc and so 
we have an alternative representation for Wp(z) : 


Wrz) = WocT“°. (5.62) 


5.2 A stratified region 


At any level in (za, Zc) we must be able to equate these displacement and traction 
representations based on viewpoints at za and Zc so that 


Woalz) + Wual(ZJRAS = Woclz) TAS, 


(5.63) 
Tpalz) + Tua(zZ)RAS = Tocl(z) TAS. 


A special case of these equations has appeared in the interface problem 
(5.31)-(5.32) and our method of solution parallels that case. We make use of the 
properties of the matrix invariants in Section 2.2 to eliminate variables between 
the displacement and traction equations (5.63), and solve for RAS fee If we 
eliminate RAS we have 


<Wua, Wpa> = <Wua, Woc> TBS, (5.64) 
and from (5.60) we may simplify the solution for To to give 

TAS =i<Wua,Woc>!. (5.65) 
There are two equivalent forms for RAC. Firstly in terms of TAS we have 

<Wpa, Wua>RĜE = —iRÂE = <Wpa, Woc> TA (5.66) 
so that 

RÂS = —<W pa, Woc><Wua, Wpc>!. (5.67) 
Alternatively we may eliminate TAS between the equations (5.63) to give 

<Wpc, Wpa> + <Wpc, Wua>RÂE = 0, (5.68) 
and so 

RAS = -<W pc, Wua> !<Wpc, Wpa>. (5.69) 


Under transposition, 
<Wpc, Wua>! = —<Wua, Woc>, (5.70) 


with the result that the second form for RAS may be recognised as the transpose of 
the first. The downward reflection matrix is therefore symmetric 


RÂS = (RÂS). (5.71) 


For an incident upcoming field at zc, we have displacement and traction equations 
involving upward reflection and transmission matrices 


Wuclz) + WpcRAS = Wua lz TAS, 


(5.72) 
Tuc(z) + TpcRÂC = Tua (z)TÃS. 
The upward transmission matrix is given by 
TOC = —i<Wpc, Wua>™! = (TAS)!. (5.73) 
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The upward reflection matrix 


RAS = —<Wua, Woc>! <Wua,; Wuc>, 


1 


(5.74) 
= —<Wuc, Wua><Wpc, Wua>` , 


and like the downward matrix, RA“, is symmetric. 

If we can construct the displacements and tractions within the stratified region 
(Za, Zc) corresponding to the displacements and tractions generated by upward and 
downward travelling waves in uniform half spaces with the properties at za and Zc, 
we are able to form all the reflection and transmission matrices for the region. The 
expressions we have derived for the reflection and transmission properties do not 
depend on any assumptions about the nature of the parameter distribution within 
(Za,Zc). For an arbitrary attenuative region we have therefore established the 
symmetry relations 


RBS =(R59)", RAS =(RẸO', TS = (TAO. (5.75) 


These relations have previously been demonstrated by Kennett, Kerry & 
Woodhouse (1978) with a rather different approach. When the medium is perfectly 
elastic we can make further use of invariants to derive unitarity relations for the 
reflection and transmission matrices and this is considered in the appendix to this 
chapter. 


5.2.3 Generalisation of reflection matrices 


With the aid of the displacement fields Wyc, Wpg we are able to extend the 
concept of reflection matrices to accommodate general linear boundary conditions 
on the seismic wavefield. 

As an example we consider the free-surface condition of vanishing traction at 
z = 0. We construct a linear superposition of Wugc, Woe: 


Wie(z) = Wue(z) + Woe(Z)RiP, (5.76) 


and choose the free-surface reflection matrix Rie so that the associated traction 
vanishes at z = 0, i.e. 


Ti¢(0) = Tug(0) + Toc (0)RUP = 0. (5.77) 
Thus we have a symmetric reflection matrix 
RiP = —[Tpe (0)! 'Tuc(0), (5.78) 


and the traction matrices can alternatively be represented as partitions of the 
product of the propagator from the surface to zg and the eigenvector matrix at 
zc: [P(0,zG)D(zeG)]. We may regard Wjc¢(z) as the resultant displacement field 
due to an incident upcoming wave system at zg from a uniform half space with 
the properties at zg. A useful associated quantity is the surface displacement 
matrix W ¢(0) due to the incident upward wave which we shall denote as wis. 


5.2 A stratified region 


%:6.0 Bo: 3.3 x 


Amplitude 


p!/ [s/km] 


Figure 5.4. The amplitude of the free-surface reflection coefficients Re, Ree as a function 
of slowness. 


This matrix shares some of the attributes of a transmission matrix and has the 
representation 
Wit =-i[Tpg (0), (5.79) 


which may be found by eliminating Rie between the surface displacement and 
traction equations. 

If we move the level zg up to just below the surface i.e. zg = 0+, the resulting 
free-surface reflection matrix 


R; = RË? = -np fnuo, (5.80) 
is frequency independent at fixed slowness p. For SH waves, from (3.38), 
RHH = 1, (5.81) 


and for P-SV waves, from (3.37), 


[Rin RS = 1 4p7qa0dgo — v? 4ipv(qaodgo) '/7 (5.82) 
RPP RP} 4p2qaodgo + v2 [4ipv(qaodpo)'/* 4p2qa0dp0 — v7 | ’ 
where 

v = (2p? — Bo”). (5.83) 


With our choice of normalisation Rẹ is a symmetric matrix, and we note 


REP = RSs (5.84) 
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These surface coefficients become singular at a slowness pr such that the 
denominator vanishes i.e. 


(2pk — Bo)? + 4PRIa04g0 = 9; Ox) 


and this is just the condition for the existence of free Rayleigh surface waves on 
a uniform half space with the surface properties (cf., Section 11.2). In a Rayleigh 
wave both P and S waves are evanescent throughout the half space and so pr > 
Bo. For a Poisson solid (x = 38) pr = 1.087685". 

The free-surface reflection elements Re, RES are shown in figure 5.4 as a 
function of slowness p, for % = 6.0 km/s, Bo = 3.33 km/s. 

At vertical incidence (p = 0) RÈS is unity and falls to a minimum just before the 
P waves go evanescent at p = 0.167 s/km. For larger slowness Re has modulus 
unity until S waves becomes evanescent at p = 0.3 s/km. The RES coefficient is 
zero at vertical incidence, but the efficiency of conversion increases with slowness 
until p = ag! at which there is a null. For larger slowness there is a rapid increase 
to a value greater than unity when propagating S waves and evanescent P waves are 
coupled at the surface. Re drops once again to zero when p = Be /V2. 

At the free surface, the displacement matrix due to an incident upgoing wave is 


WE = (Muo + MpoR-). (5.86) 
For SH waves we have a simple scalar multiplication 

wit 2, (5.87) 
but for P-SV waves the matrix W+ has a more complex form 

Mee eee.” Sane) 638) 


in which the elements of Muo are modified by the presence of the conversion 
factors from infinite medium to free-surface displacements 


Cy = 265° (2p? — Bo*)/{4p7q.00dg0 + V7}, 
C2 = 4857 d00dp0/{4P7q00d 0 + V7}. 


These conversion factors are appropriate to both propagating and evanescent waves. 
To satisfy the boundary condition at the base of the stratification, for example, 
we would construct a displacement field 


We(z) = Woe(z) + Wuc(z)RSF, (5.90) 


(5.89) 


where REL is chosen so that a specified linear combination of displacement and 
traction vanishes at some depth. If the stratification is underlain by a uniform half 
space for z > zņ we would choose RSL in the usual way so that no upgoing waves 
are present in this region; the boundary condition here would be 


Mp T26(ZL) — NH, W26(ZL) = <Wb1, W2c> = 0. (5.91) 


5.2 A stratified region 


For wavespeed distributions which increase steadily with depth below zy we would 
now choose RSI so that W2 tends to zero as z — oo. 


5.2.4 Reflection matrices for spherical stratification 


For spherically stratified media we may once again specify the reflection and 
transmission properties of a spherical shell by surrounding this region by uniform 
media with continuity of properties at the internal and external radii. 

In a uniform medium we can separate P and SV wave contributions for which the 
displacement solutions in the (l, m, w) transform domain have a radial dependence 
in terms of spherical Bessel functions. There is now the added complication 
that the character of the solution for each wave type switches from oscillatory to 
exponential across a ‘turning radius’ which for P waves is 


Ry = Pa = (l+ 5)a/w. (5.92) 


Above this level R we take solutions depending on h” (wR/ «) for upgoing P 


waves and he (wR/ax) for downgoing P waves. Below Rq we switch to solutions 
which give a better representation of the evanescent character: j,(wR/a) which 
decays away from R« and y1(wR/a) which grows exponentially. The nature of the 
turning level Rq is best seen from a physical ray picture. In a uniform medium a 
P ray path is a straight line and for angular slowness p the closest approach to the 
origin is at a radius Rx. 

For a particular wave type we will designate as ‘downgoing’, the actual 
downgoing waves above the turning level and the evanescently decaying solution 
below this level. Similarly, we will use ‘upgoing’ to mean upward travelling waves 
above the turning level and the exponentially growing solution below. In this way 
we achieve the same specification as was possible in horizontal stratification by our 
choice of physical Riemann sheet (3.8). 

We may now set up a fundamental B matrix at a radius R in a uniform medium 
with a character determined by the relative location of R and the turning levels 
Ra, Rg. The reflection and transmission matrices for a spherical shell or interface 
may then be found by following the development of Section 5.1 with D(za) etc. 
replaced by the appropriate fundamental matrices. 

For models composed of uniform shells it is worthwhile to follow Chapman & 
Phinney (1972) and extract from the fundamental matrices a diagonal term which 
represents the main dependence on R. This procedure allows the propagator for a 
uniform layer to be written as 


P(R1, R2) = F(R1)E(R1, R2)F | (R2), (5.93) 


where the radial phase behaviour is concentrated in a ratio of spherical Bessel 
functions in E(R4, R2). 
The propagation invariants (2.36), (2.68) carry over to the spherical case and so 
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for the region (Rc, Ra) we can find, for example, the reflection and transmission 
matrices for downward incidence at Ra as, 


TAS = <Wua, Woc>!<Wua, Wpa>, 


94 
RAS = —<Wpc, Wua>!<Woc, Wua>- Oe) 


Here Wua, Wpa are displacement matrices with upgoing and downgoing 
character respectively at Ra. For a zone including the centre of the sphere we use 
(5.94) with Wpc replaced by a displacement matrix whose columns are regular at 
the origin. 


Appendix: Unitary relations for reflection and transmission 


In the course of this chapter we have made extensive use of the matrix invariant 
<W, W2> for two displacement fields. This form is appropriate for attenuative media, 
but when the material properties are perfectly elastic we can introduce a further invariant 


WFT — TW: = {Wj, Wo}. (5a.1) 


We introduce the quantities jæ, jg which specify whether P and S waves are propagating 
or evanescent; we take, e.g., 
jx = |1 P propagating , 

Jæ propagating (5a.2) 
=0 P evanescent, 


so that j& acts as a projection operator onto propagating P waves. It is also convenient to 
consider 1 — j& which projects onto evanescent P waves, so we write 


ja =1—jg. (5a.3) 


The elastic invariants for the partitions of the eigenvector matrix for P-SV waves are 


{mu, mu} =—{Mp, Mp} =i i 1 =ijJ, (5a.4) 

and 
T 0 bs 
{mu, mp} = {mp, My} = E | =). (5a.5) 
We construct a fundamental stress-displacement matrix 
W, w2 

B(z) = | ia T> ) (5a.6) 
and choose 

Wi(z) = Wpa (z) + Wua(z)RA8 = Wps (z)TA8, (5a.7) 


W2(z) = Wua(z) TA? = Wues (z) + Wop (z)ROEB, 


in terms of the displacement matrices Wp a etc. introduced in Section 5.2. The symmetry 
of the governing equations (2.40) requires that B™NB will be independent of depth; with 
partitioned form 


{W1,Wi} (Wi, W2} 


B™*NB = 
{W2,Wi} {W2, W2} 


(5a.8) 


5.a Unitary relations for reflection and transmission 


If we evaluate (5a.8) at z = za and make use of the results (5a.4)-(5a.5) we find 
| —iJa + (Rĝ?) "iJa RS” 7 PAB AB) Ts; ap | 
a z Ti + (R JaT 
B™NB = +(RA°) "Ja —JaRS® Mature + (Ro) UAT | (5a.9) 
[egea + (TAP) "iJa RS” (TH?) Ja TA? 


We get a comparable form for B™NB at z = zg with the roles of up and downgoing waves 
interchanged, and equating the two expressions for B™NB we have 


is Sees alee aa | i 


1 =] 
(TAE) (RABID 0 Jg TAE RAP 0 Jg 


+ pa E i k = B 3l Be ae =0 (5a.10) 
(rae) (RAB) ™ 0 Jg 0 Jg TAR RAP F 
If we now introduce the matrices 
RAB TAB Ja 0 _ 
R= | 7 u $ yl k J=1-J, (5a.11) 
TAB RAB 0 Je 
we can express (5a.10) as 
RJR — iJ + [R*] — RJ] = 0; (5a.12) 


an equation previously derived by a rather different approach by Kennett, Kerry & Wood- 
house (1978). 

The matrix J has the role of a projection operator onto any travelling waves at the top and 
bottom of the region (ZA, Zg), and J projects onto evanescent waves. The joint operators 
JJ, JJ vanish. 

When we apply the projector J to (S5a.12) we obtain 


(IRI) ™ (IRI) =J, (5a.13) 


which shows that the portion of the overall reflection and transmsission matrix R corre- 
sponding to travelling waves is unitary and this reflects the conservation of energy amongst 
the travelling waves. Using the J projector we may also show that 


(JRJ)™ (IRJ) = 21m {IRI}, 
(IRI) ™ (IRI) = i(IRI)*. 


The set of relations (5a.12)—(Sa.14) enable us to establish a number of important interrela- 
tions between the reflection and transmission coefficients for perfectly elastic stratification, 
and we shall present those which will be useful in subsequent discussions. 

(a) Propagating waves 

If the radicals qx, qg are real at the top and bottom of the stratification, all P and S waves 
have propagating form and so J = I, J = 0 and thus 


R*R=I. (5a.15) 


(5a.14) 


The overall reflection and transmission matrix is therefore unitary and from (5.75) is also 
symmetric. 

(b) Evanescent waves 

When both za and Zp lie in the evanescent regime for both P and S waves J = 0, J=I 
and 


R=R", (5a.16) 
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and since R is also symmetric, R must be real i.e. all reflection and transmission coeffi- 
cients will be real. 

(c) Turning points for both P and S waves 

When P and S waves propagate at the level z = za: Ja =I, Ja = 0. With evanescent 
behaviour for both P and S at zg: Jg = 0, Jg =I. In this case we see from (5a.10) that 


(RB®) *(RB®) =1, (5a.17) 


the downward reflection matrix is therefore unitary and symmetric. This unitary property 
requires that 
IRD} =IRE IRD? + IRD? = IRB? + IRB? = 1, (5a.18) 
where Rf? etc. are the components of RÂ}; also 
arg RPS = ir + t(argRB +argRP), (5.19) 
det RAP = exp{i(arg REP + arg Ree i 


(d) Turning point for S, Evanescent P 
If only S waves are propagating at za and all wave types are evanescent at zg, J = 
diag{0, 1,0, 0} and J = diag{1, 0, 1, 1}. Now (5a.12) reduces to 


IRB | =1 (5a.20) 
and from (5a.14) 

REP = 2ImRPP, 

arg RPS = in + SR’, (5a.21) 

det RAB = RS (RPP )*. 


The results we have presented in this appendix have been derived for a portion of the 
stratification bounded by two uniform half spaces. They may however be extended to, for 
example, free-surface reflections. 


Chapter 6 
Reflection and Transmission Il 


In the last chapter we showed how to define reflection and transmission matrices for 
portions of a stratified medium bordered by uniform half spaces or a free surface. 

We now demonstrate how the reflection and transmission properties of two or 
more such regions can be combined to give the overall reflection and transmission 
matrices for a composite region. These addition rules form the basis of efficient 
recursive construction schemes for the reflection matrices. These recursive schemes 
may be developed for stacks of uniform layers or for piecewise smooth structures 
with gradient zones separated by discontinuities in the elastic parameters or their 
gradients. 


6.1 Reflection and transmission matrices for composite regions 


When a stratified region consists of two or more types of structural elements, 
we will often wish to calculate the reflection and transmission matrices for these 
elements separately and then to combine these results to give the reflection 
matrices for the entire region. We use a set of addition rules for the reflection 
and transmission properties which can be derived from the chain rule for the 
wave-propagator or from the use of displacement matrices. 


6.1.1 Superimposed stratification 


We consider, as before, the region (za, Zc) bounded by uniform half spaces with 
continuity of elastic parameters at za and zc. This region is then divided by 
splitting the stratification at a level zg between zą and zc. We envisage the 
introduction of an infinitesimal uniform region at zp, as in the derivation of the 
chain rule (5.38) for the wave-propagator 


Q(za, Zc) = Q(za, ZB)Q(ZB, Zc). (6.1) 


Since za < zg < Zc we can adopt the representation (5.45) for each of the 
wave-propagators in (6.1). The left hand side of (6.1) consists of partitions of 
Q(Za, Zc) represented in terms of the overall matrices RÂS, TAS etc, and these 
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are to be equated to partitioned matrices involving products of RAP. RBC and the 
other reflection matrices for the upper region ‘AB’ and the lower region ‘BC’. Thus 


(TAC)-! = (TAB) — RABREC](TBC)|, 

RACTAS) Z = TAPREC (TES)! L RAB(TAP)— (I ci RAPRBC] (TBC) , 

(TAS) RAS — (TAE) Rae rE 0 (TABH (I = RAPRBC] (TBS)! REC, 
(6.2) 


There is a rather more involved expression for the remaining partition of Q(za, Zc). 
With the aid of the expression for ( TAC hr! we can recover the overall reflection 
and transmission matrices. The downward matrices are 


TAC = TEST — RAPRECJ-'TAP, 


zz (6.3) 
RAC = RAP + TAPRECT — RGPRBC) ITAP; 
and the upward matrices have a similar structure 
TAC = TAPI — RBORAPI TRS, on 


AC _ RBC BCRAB BCRABJ]—IpBC 

R =R} +TE RG M-RE RU) TE. 

These addition rules for reflection and transmission matrices enable us to build up 
the response of a stratified medium a segment at a time (see Section 6.2). 


6.1.2 Generalisation of addition rules 
In Section 5.2 we have shown the interrelation of reflection and transmission 
matrices and the fundamental stress-displacement matrix Byc whose columns 
correspond to up and downgoing waves at the level zc. We now exploit this relation 
to extend the addition rules to general reflection matrices. 

At the level za we may construct Byc(za) as 


Byc(za) = P(za, zc)D(zc), 
= P(za, zB)P(zg, zc)D(zc), (6.5) 
using the propagator chain rule (2.89). We may now rewrite (6.5) in terms of the 
wave-propagator between Zg and zç, using (5.47), as 
Byc(za) = P(za, zp)D(zp)Q(Zp, Zc), 
= Bya(za)Q(zp, Zc), (6.6) 


where we recognise the fundamental matrix Byg corresponding to up and 
downgoing waves at zp. In partitioned form we see that the two fundamental 
matrices are connected by the reflection and transmission properties of the region 
(Zp, Zc) appearing in Q(zp, Zc). Thus 
B B BC)—IpB 
Wuclza) = Wup(za)TES — (Wo (za) + Wuelza)RE HTB) RES, 


Woc(za) = {Wps(za) + Wup(za)RB HTB), (6.7) 
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with corresponding forms for traction components. 
Consider now imposing a free-surface boundary condition at z = za, from (5.63) 
the upward reflection matrix between zc at the free surface is 


Rip = —Toelza)Tuclza), (6.8) 


in terms of the traction components of Byc. If we now substitute for Byc in terms 
of Bwg and the ‘BC’ reflection and transmission matrices, we have 


Rit =TB (Toa(za) + Tue(za) RE) 'Tue(za)TËS + RES, (6.9) 
so that from (6.8) 
Rit = REC + TECRIPTE — RECRIP) ITEC, (6.10) 


This addition relation has just the same form as our previous relation for upward 
matrices (6.4). The structure of the addition relations for reflection will be the same 
for all boundary conditions on the seismic field such that a linear combination 
of displacement and traction vanishes at some depth. The calculation of the 
corresponding reflection matrices requires the evaluation of an expression like (6.8) 
with T replaced by some other combination of displacement and traction. Since the 
same linear operator will be applied to both sides of (6.7) we see that we will always 
extract a reverberation operator from the expression in braces (cf. 6.10). 

When we require the free-surface traction to vanish we get a further 
generalisation of the addition rule for transmission, since the surface displacement 
wit may be represented as 


wit = wibit — RECRIB) ITEC, (6.11) 
when we use (2.68), and this has the same form as (6.4) for upward transmission. 


A particularly useful form for this displacement operator is obtained if we bring 
Zp to lie just beneath the free surface (z = 0) 


wit = WE — R&R) TOS, (6.12) 


where We = Muo + MpoRy, in terms of the partitions of D(0+). This 
displacement operator plays an important role in the expressions for the response 
of a half space to excitation by a buried source, as we shall see in Section 7.3. 


6.1.3 Interpretation of addition rules 


The addition rules (6.3), (6.4) enable us to construct the overall reflection and 
transmission matrices for a region ‘AC’ but we have yet to give any physical 
interpretation to the way in which the properties of the regions ‘AB’ and ‘BC’ 
are combined. 

As an illustration we take the downward matrices 


TAE = TERRE] ITAP, 


(6.13) 
RÂS = RSP + TAPRE I — RAPRECI TAY; 
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Ry“ Ç: 


— OO 
Rp4? + Ty^? R72 Th- + To Rp?C R; Rp2 1,7? +.. 


T° T + TS R^ Rp?C T +... 


Tpí C 


Figure 6.1. Schematic representation of the first few terms of the expansion of the addition 
rules for reflection and transmission matrices: showing the interactions with the regions 
‘AB’ and ‘BC’. 


where the properties of the upper and lower regions are coupled through the action 
of the matrix inverse [I — Re PRE), 
For SH waves RABREC is just a product of reflection coefficients 


RÂPRBE = (RHH) (REM), (6.14) 


where for simplicity we have dropped the superscripts AB, BC. For P-SV waves 
the matrix product generates 


ABpBC 
Rp Rp -( 


and each of the components represents a physically feasible combination of 
reflection elements. 

When we make a direct evaluation of the inverse [I — RAERE S|: in terms of 
the determinant and the matrix adjugate we run into difficulties in all coupled wave 
cases. For example in the expansion of the determinant for P-SV waves we generate 
the reflection combinations 


RURD +RERB RPPRES + — eyes 


SPp PP SSRSP SPRPS SSRSS 
Rù Rp air Ri RÐ Rù Rp a RU Ri 


RÈ RERPRe. REPREPROPR?:, (6.16) 


which because of the switch in wavetype cannot be acheived by any physical 
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process (Cisternas, Betancourt & Leiva, 1973). The difficulty may be resolved 
if instead we make a series expansion of the matrix inverse as 


I — R{PRE I! =1+RUPRE + RGPRERUPRES + ..., (6.17) 


for which all the combinations of interactions are physically feasible. With the 
expansion of this inverse, the downward reflection and transmission matrices have 
the representation 


RIS = RAP + TAPRE TS? + TAPRECRAPRE TAP +... 


TAC = TRCTAS + TECRASRECTAB 4... en 
and higher terms in these series involve further powers of RABREC. 

The sequences (6.18) are illustrated schematically in figure 6.1 where we have 
envisaged some incident downward travelling wave at za giving rise to both 
reflection and transmission terms. The physical content of each of the terms in 
(6.17) can be found by reading it from right to left. 

For the reflection series, RAP is just the reflection matrix for the region ‘AB’ 
in isolation. The second term TAPRECTAP represents waves which have been 
transmitted through the upper region and then been reflected by the region ‘BC’ 
and finally transmitted back through the upper zone. In TAPRECRAPRECTAB we 
have the same set of interactions as in the previous term but in addition we include 
waves reflected down from the upper region to Zp and then reflected back from the 
region ‘BC’ before passage to za. The higher terms in the series include further 
internal interactions between the zones ‘AB’ and ‘BC’. The total response (6.3) 
includes all these internal reverberations so that we refer to [I — RABREC|I as the 
reverberation operator for the region ‘AC’. 

A similar pattern can be seen in the transmission series (6.18). The first term 
TECTAP corresponds to direct transmission down through the entire region ‘AC’. 
The second and higher terms in the series include successive internal reverberations 
represented by the powers of RABREC. 

With this interpretation of the reverberation operator we see that if we truncate 
the expansion of [I — REPRE to M + 1 terms, we will include M internal 
reverberations in our approximations (6.18) for RAC: TAC. If these reflection and 
transmission quantities are themselves used in a further application of the addition 
rule, the possible internal reverberations are cumulative and a maximum of nM 
such legs can occur,where n is the number of times RAC or Te appears in a full 
expansion of the response. 

Truncated expansions have been used to study multiple reflections and to limit 
attention to portions of the seismic wave field by Kennett (1975,1979a) and Stephen 
(1977). For studies of complex multiples it is particularly convenient to suppress 
all internal reverberations in a region by using the approximation 


ORAC — RAB + TABRBCPAB (6.19) 


107 


108 


Reflection and Transmission II 


With only a single internal reverberation allowed we have 

ROS = ROP + TÒPRE I + RYPRG ITS’, (6.20) 
and when the full reverberation sequence is included with the matrix inverse 

RAC = RAP + PAPRECT — RAPREC TAs. (6.21) 


The same combination of terms appear in (6.20),(6.21) and for P-SV waves we 
have only a 2 x 2 matrix inverse to calculate. When more than a single internal 
interaction within ‘AC’ is desired, it is therefore more convenient, and efficient, to 
compute the full response (6.21). 

In the discussion above we have allowed for the possibility of conversion 
between P and SV waves during reflection from the regions ‘AB’ and ‘BC’. If 
such reflections are negligible, the reverberation operator essentially factors into 
separate operators for P and SV waves: 


[1 -RARI 0 


I — RABRBO L! x f 
Lae 0M RÄPRBCIJ 


(6.22) 
The situation is more complex if conversion is likely in only the region ‘AB’, 
since there will now be partial coupling between P and SV internal multiples. The 
reverberation sequence for each wave type will be modified by the presence of 
contributions arising from converted multiples of the type: REeRS RT PRE 


6.2 Reflection from a stack of uniform layers 


The absence of reflections from within any uniform layer means that the reflection 
matrix for a stack of uniform matrix depends heavily on the interface coefficients. 
Transmission through the layers gives phase terms which modulate the interface 
effects. For a stack of uniform layers the addition rules introduced in the previous 
section may be used to construct the reflection and transmission matrices in a 
two-stage recursive process. The phase delays through a layer and the interface 
terms are introduced alternately. 


6.2.1 Recursive construction scheme 


Consider a uniform layer in zı < z < z2 overlying a pile of such layers in z2 < 
z < z3. We suppose the reflection and transmission matrices at z2— just into the 
layer are known and write e.g. 


Rp(z2—) = Rp(z2-, z3+) (6.23) 


6.2 Reflection from a stack of uniform layers 


We may then add in the phase terms corresponding to transmission through the 
uniform layer using the addition rule and (5.49), to calculate the reflection and 
transmission matrices just below the interface at z;+. Thus 


Rp(z1+) = ERRp(z2—)EB 
Tp(zit) = To(z2—-JEG (6.24) 


Tu(zit) = EBTu(z2—-) 


where ES is the phase income for downward propagation through the layer (3.45). 
A further application of the addition rules allows us to include the reflection and 
transmission matrices for the interface z1, e.g., 


RL =Rp(z1-, 214). (6.25) 


The downward reflection and transmission matrices just above the zı interface 
depend on the interface terms and the previously calculated downward quantities 


Rp(zi—) = Rb + TY Ro(21+) [1 — RI Rp(zı+)] TH, 


(6.26) 
Tp(zı—) = Tp(zı+)[1 — R} Rp(zı+)]'TĻ, 


The upward matrices take a less simple form since we are in effect adding on a 
layer at the most complex level of the wave propagation system 


Ru(zi—) = Ru(z2—) + To(zı+) R} [0 — Ro(zı+)R}] 'Tu(zi4), 


(6.27) 
Tu(zi—) = T],0 — Ro(zı1+)R}]-'Tu(zı+). 


If desired, truncated reverberation sequences can be substituted for the matrix 
inverses to give restricted, approximate results. 

These two applications of the addition rule may be used recursively to calculate 
the overall reflection and transmission matrices. We start at the base of the layering 
at z3 and calculate the interfacial matrices e.g. RÈ which will also be Rp(z3—). 
We use (6.24) to step the stack reflection and transmission matrices to the top of the 
lowest layer in the stack. Then we use the interfacial addition relations (6.26)-(6.27) 
to bring the stack matrices to the upper side of this interface. The cycle (6.24) 
followed by (6.26)-(6.27) allows us to work up the stack, a layer at a time, for an 
arbitrary number of layers. 

For the downward matrices Rp, Tp (6.24), (6.26) require only downward stack 
matrices to be held during the calculation. When upward matrices are needed it is 
often more convenient to calculate them separately starting at the top of the layering 
and working down a layer at a time. The resulting construction scheme has a similar 
structure to (6.24), (6.26) and is easily adapted to free-surface reflection matrices 
by starting with free-surface coefficients rather than those for an interface. 

At fixed slowness p all the interfacial matrices Rİ, Ti; etc. are frequency 
independent so that at each layer step frequency dependence enters via the phase 
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term EX. If the interfacial coefficients are stored, calculations may be performed 
rapidly at many frequencies for one slowness p. 

When waves go evanescent in any layer our choice of branch cut for the vertical 
slowness qœ, qg mean that the terms in ES are such that 


exp{iwd «(Zz — Z1)} = exp{—w]|q ql(Z2 — Z1)} (6.28) 


when q2 < 0. We always have zz > zı and so no exponential terms which grow 
with frequency will appear. This means that the recursive scheme is numerically 
stable even at high frequencies. 

The scalar versions of the recursive forms for downward reflection and 
transmission coefficients have been known for a long time and are widely used in 
acoustics and physical optics. The extension to coupled waves seems first to have 
been used in plasma studies (e.g., Altman & Cory, 1969) and was independently 
derived for the seismic case by Kennett (1974). 


6.2.2 Comparison between recursive and propagator methods 


For a stack of uniform layers we may also use the analytic form of the 
stress-displacement propagator (3.42) in each layer and then find the reflection 
and transmission coefficients for the entire stack from the overall wave-propagator 
(5.11). The elements of the propagator depend on, for example, C = cos wqah. 
When all wave types are propagating throughout the stack the propagator approach 
is very effective and for perfectly elastic media offers the advantage of working 
with real quantities. 

Once waves become evanescent in any part of the layering the direct propagator 
approach is less effective. In the recursive scheme we can avoid any exponentially 
growing terms and so these must be absent in any representation of the reflection 
coefficients. However for evanescent P waves, for example, C, = cosh w|qalh 
and the growing exponentials must cancel in the final calculation of the reflection 
coefficients. With finite accuracy computations the cancellation is not complete 
since the growing exponentials swamp the significant part of the calculation. 
Compared with this problem the complex arithmetic needed for the recursive 
scheme seems a small handicap. 

The difficulty with the propagator method can be removed by working directly 
with the minors which appear in the reflection coefficients (Molotkov, 1961; 
Dunkin, 1965). Unfortunately for transmission coefficients some difficulties still 
arise since individual matrix elements are needed as well as a minor (Fuchs, 
1968; Cerveny, 1974). An efficient computational procedure for the minor matrix 
method has been given by Kind (1976). An alternative development which aims to 
minimize the computational effort depending on the character of the solution has 
been given by Abo-Zena (1979). 

Comparable numerical instability problems associated with growing solutions 
of the differential equations occur in the construction of propagator matrices by 
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Figure 6.2. Division of a piecewise smooth medium into gradient zones za < Z < ZB-, 
Zp+ < z < Zc bordered by uniform media and an interface at zg between uniform media. 


direct numerical integration of the governing equations (2.26). Once again these 
difficulties can be cured by working directly in terms of minors (Gilbert & Backus, 
1966; Takeuchi & Saito, 1972). However, since ratios of minors are really the 
quantities of interest, Abramovici (1968) has worked with the non-linear Ricatti 
differential equations for these ratios and found the same benefits as with the 
recursive approach to reflection matrix calculation. 

For a fully anisotropic medium the propagator matrix itself is a 6 x 6 matrix and 
suffers from the same numerical difficulties as in the isotropic case. Once again it 
is possible to work with minor matrices but now we have a 27 x 27 matrix of 3 x 3 
minors to be manipulated, which is rather inconvenient. The recursive method, on 
the other hand, involves only products and inverses of 3 x 3 matrices and proves to 
be very effective for this anisotropic case (Booth & Crampin, 1981). 


6.3 Reflection matrices for piecewise smooth models. 


We have just seen how we can make a recursive development for the reflection 
and transmission properties of a stack of uniform layers. For much of the earth 
a more appropriate representation of the wavespeed distribution is to take regions 
of smoothly varying properties interrupted by only a few major discontinuities. 
Such a model can be approximated by a fine cascade of uniform layers but then 
the process of continuous refraction by parameter gradients is represented by high 
order multiple reflections within the uniform layers. With a large number of such 
layers the computational cost can be very high. 

Fortunately we can adopt a more direct approach by using a model composed of 
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gradient zones (figure 6.2). Following Kennett & Illingworth (1981) we split the 
stratification into interfaces at which there is a discontinuity in elastic parameter 
or parameter gradients and zones of parameter gradients sandwiched between 
uniform media. We once again make a two-stage recursion, with alternate interface 
and propagation cycles, but now the transmission delays for a uniform layer are 
replaced by the reflection and transmission effects of a gradient zone. 


6.3.1 Reflection from a gradient zone 


We consider a region (za, Zp) in which the wavespeeds increase uniformly with 
depth. In order to construct reflection and transmission matrices for this zone we 
weld on uniform half spaces at za and zp. Although we have continuity in the 
elastic parameters at za and Zp, there will normally be a discontinuity in parameter 
gradient at these boundaries. 

We now build the wave-propagator for (za, Zp) from the fundamental matrix By 
we constructed for a smoothly varying medium in Section 3.3.2, so that 


Q(za, zg) = D`! (z,)By(za)By | (zp)D(zp) (6.29) 


In order to emphasise the asymptotic relation of By to up and downgoing waves we 
combine the representations (3.102), (3.107) and (3.110) and then 


Q(za, zg) =D" (za)D(za) 
E(za)L(za3zr)L (zp; 2rJE7 | (zg) 
D`! (zg)D(zg). (6.30) 


The wave-propagator Q may be factored into the terms governing the entry and 
exit of plane waves from the gradient zone D~!(z,)D(za), D7! (zg)D(zg) and the 
matrix 


F(za, zg) =E(za)L(za, zg; 2rJE (zp), (6.31) 


which represents all the propagation characteristics within the gradient zone. The 
phase terms arise from the Airy function terms in E(zą) and E(zg) and the 
interaction sequence for the entire gradient zone 


L(ZA, ZB; Zr) = L(ZA; Zr)L7! (zg; Zr). (6.32) 


Here z, is the reference level from which the arguments of the Airy functions are 
calculated. L can, in principle, be found from the interaction series (3.96) to any 
required order of interaction with (za, zg). E(za) and E(zp) are diagonal matrices 
which for P-SV waves are organised into blocks by wave type. The interaction 
series for L begins with the unit matrix and if all subsequent contributions are 
neglected, P and S waves appear to propagate independently within the gradient 
zone (cf. 3.101). Once the higher terms in the interaction series are included, 
the P and SV wave components with slowness p are coupled together. When the 
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wavespeeds vary slowly with depth, this coupling is weak at moderate frequencies 
(Richards, 1974). 

At the limits of the gradient zone we have introduced discontinuities in 
wavespeed gradient, and D~'(zq)D(za) depends on the difference between the 
generalized slownesses for the gradient zone nu,alw, p, Za) and the corresponding 
radicals in the uniform region. For SH waves, 


— + Neu 4p — Nga 
D~'(za)D(za) = Ga(z = pep |46 pu : 6.33 
(za)D(za) elza) = peg pee ne ere ie (6.33) 
For P-SV waves we have to take account of the differing organisation of D and D; 
we have arranged D by wave type and D by up and downgoing wave character. 
Thus 


Gx 0 


) 6.34 
eo (6.34) 


Dp (za)Dp(za) == 


where = is the matrix introduced in (3.118), to connect fundamental B matrices 
organised by wave type or asymptotic character. We see from (6.34) that the 
interface terms do not couple P and SV waves. 

The wave-propagator Q may be expressed in terms of the interface matrices G 
as 


Q(za, zB) = EG(za)F (za, zg)G7! (zp )E. (6.35) 


for SH waves we take = to be the unit matrix. The matrices G, F are organised by 
wave type but under similarity transformation =FE= takes the form 


(6.36) 


and in the asymptotic regime far from turning points, at least, the new partitions 
connect up and downgoing elements rather than a single wave type. Since = is its 
own inverse, we can recast (6.35) into the form 


Q(za, Zp) = EG(za)Z.2F (za, zg)2.2G—! (zp)E, 
= G(za)F(za,zn)G | (zp), (6.37) 


and each of the factors in (6.37) have a strong resemblance to wave-propagators. 
For each of these matrices we introduce a set of generalized reflection and 
transmission matrices rg, tg etc. such that 
: ti —rgltg) re egg) 
G(za) = i (6.38) 


—(t$) rS (tẸ)T! 


The generalized elements for a matrix product GF can be determined by an 
extension of the addition rules (6.3), (6.4), for example 


ro rS + teh =- rS S. (6.39) 
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The reflection and transmission matrices RAB, TAR etc. for the whole gradient 
zone (ZA, Zg) can therefore be built up from the rg, tą matrices for the factors of 
the wave-propagator. 

For the interface matrix G, the generalized elements r$, rG have a simple form: 
for SH waves 


rSlun = (qg —nga)/(qg +nga), 
rely = (ngu — qg)/(dg +nga), (6.40) 
tStSluH = 2qg(ngu +nga)/(qg +nga)?. 


The individual transmission terms are not symmetric because D is not normalised in 
the same way as D. Since G does not couple P and SV waves, the SS elements of rg 
etc. are equal to the HH elements and the PP elements are obtained by exchanging 
« for B. The reflection terms depend on the off-diagonal parts of Gx, Gg. We recall 
that Ngu,a depend on the wavespeed distribution within the gradient zone and so 
the reflections should not be envisaged as just occurring at za. 

In order to give a good approximation for the phase matrix E it is convenient 
to extrapolate the wavespeed distribution outside the gradient zone until turning 
points are reached and then to calculate the phase delays T& and Tg from the P and 
S wave turning levels. When these turning points lie well outside the gradient zone 
(za, Zp), the generalized vertical slownesses Ngu,q tend asymptotically to qg and 
so Gg tends to a diagonal matrix. In this asymptotic regime there will therefore 
be no reflection associated with the discontinuities in wavespeed gradient. When 
turning levels lie close to za or Zp, the differences (ngu,a— qg) become significant 
and noticeable reflected waves can occur as in the work of Doornbos (1981). 

The nature of the generalized reflection and transmission terms r}, t associated 
with the propagation matrix within the gradient zone F(zA, zg) depends strongly 
on the locations of P and S wave turning points relative to the gradient zone. 


(a) Above all turning points: 

For slownesses p such that both P and S wave turning points lie below zp, we 
use the propagating forms Ej, Fj for the Airy function entries at both za and 
zp. We split E(za) and E(zg) into the parts which asymptotically have upgoing 
wave character (eÂ, eB) and downgoing character (e4, eB). The eu,ąa matrices are 
diagonal and the total propagation term F(z,, zp) may be expressed in partitioned 


form as 


2 [ 0 


I + Luu Lua 
F(za, ZB) = A 
0 ei 


Lau I+Laa 


e 0 


0 (eB)! 


| j (6.41) 


with a reordered interaction term L. The relatively simple structure of (6.32) 
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means that we can relate the r}, ti terms directly to those derived solely from 
the interaction series L: (x5, th). Thus 


ti = (e8)ti(e2) 7, th = (ee itel 


F A)pLl(pA)—1 F B),-L(oB)—1 (6.42) 
rg=(eprgleq), ra= (egruleu) 


When the interaction matrix L departs significantly from the unit matrix, it is 
preferable to construct ri t directly, rather than first calculate L. Kennett & 
Illingworth (1981) have shown how ri, th can be calculated by numerical solution 
of a coupled set of matrix Ricatti equations. This problem has good numerical 
stability and is simpler than calculating many terms in the interaction series. 

If the contributions Luu, Lua etc. are small, the generalized reflection and 
transmission elements are given to first order by 


tS =I1-Laa, t; =I + Luu, 


(6.43) 
ri = Lia, ro = —Lau. 


We will illustrate these relations for the SH wave case, by making use of our 
previous expressions (3.98)-(3.100) for the kernel in the interaction series (3.95). 
From (3.98) we see that Luu has the opposite sign to Lag, so that the transmission 
terms have the same character. In the asymptotic regime far above the S wave 
turning point 


Zi 


tiln ~ 1, thno], 
B l 
deynloe EN, 
ZA 


rijn ~ | 
ZB 


rola ~ | dO yu (etre (0, 


ZA 


(6.44) 


When we add in the phase terms at za, zp via the eÂ, eB matrices to construct fh; 
t etc. we can recognise (6.44) as corresponding to first order reflections from the 
parameter gradients. For a thin slab of thickness Az, the approximate SH reflection 
coefficient will have magnitude y}Az. 

For P-SV waves the matrices Luu, Lau, Lua, Lag lead to coupling between P and 
S waves. The SS elements have the same structure as (6.44) with yy replaced by 
Ys; the PP elements have yp in place of yy and also the P wave phase delay Tx 
must be used. To this same first order asymptotic approximation 


ZB f 
tilps > -f dZyr(Zeiv's (Ta (2) 

a i (6.45) 
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The upgoing elements have the opposite phase. These terms lead to a transfer 
between P and S waves, of the same slowness p, as they traverse the gradient zone. 
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These first order asymptotic results are equivalent to those discussed by 
Chapman (1974a) and Richards & Frasier (1976) based on the use of the 
WKBJ approximation. For moderate gradients the latter authors have shown that 
significant conversion of wave types can be generated by the coupling terms (6.45). 

When the asymptotic limit is not appropriate, the first order approximation may 
still be used but the expressions for rs tt have a more complex form in terms of 
the Airy function entries Ej, Fj. 

Once we have constructed r}, ti the reflection and transmission matrices RAE, 
TA? for the whole gradient zone can be found by successive applications of the 
addition rules (6.3), (6.4) for the rg, tą matrices. We start by adding the matrices 
corresponding to F(z,, zg) to those for G7! (zg) and then the effect of G(za) is 
added to these composite matrices. 


(b) Below all turning points: 

When the turning points for both P and S waves lie above za, we adopt the 
phase terms E in terms of the Airy functions entries Bj, Aj. At the interfaces the 
generalized slownesses u,a will now appear. The analysis for the propagation 
effects parallels the purely propagating results, but in the asymptotic results 
exp(iwT) is replaced by exp(—w|t|). Direct calculation of rh for strong gradients 
avoids numerical stability problems due to growing exponential terms. 


(c) Turning points: 

When the slowness p is such that turning points for either P or S waves occur 
within the zone (za, Zp), we have to take account of the differences in the nature 
of the wavefield at the top and bottom of the gradient zone. At za we would wish 
to use the propagating elements for the wave type which has the turning point. 
Whilst at zp a better description is provided by using the evanescent forms. 

We therefore split the gradient zone at the turning level z+}. We use the terms for 
propagating waves in the fundamental B matrix above zy. In the region below zy 
we take the fundamental matrix B with the appropriate terms for evanescence. The 
wave-propagator can then be built up using the chain rule as 


Q(za,zp) = D7! (z,a)B(za)B'(z,)B(z,)B | (zp)D(z), 
=D"!(zq)B(za)HB!(zp)D(zp). (6.46) 


The coupling matrix H arises from the differing functional forms of B, B. The 
particular form of H depends, as we shall see, on the character of the turning point. 

With the split representation within the gradient zone we will use different forms 
for the interface matrices G(za), G(zp) at the top and bottom of the zone. Taking 
zy as the reference level for Airy function arguments, the propagation effects within 
the gradient zone are represented by 


F(za, zp) =Elza)L(zasz,JHE"(zp;z JE | (2), (6.47) 
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and now the principal contribution to reflection from the zone will come from the 
presence of the coupling matrix H. 

The simplest situation is provided by a turning point for SH waves. The coupling 
matrix has the explicit form 


h = Eg! (zr) Cy (2r)Cu(zrJEg(zr), (6.48) 


in terms of the full phase matrices (3.75), (3.81). There is continuity of material 
properties at zy and so 


imt/4 ,—i7/4 
eN |. (6.49) 


h = Eg (2r)Eg(zr) = 2-7 En ein/4 


If we neglect all gradient contributions by comparison with the coupling term h 
(i.e. take L and Î to be unit matrices) we have the approximate propagation matrix 


Fo(za, Zp) = Eg(za)hE,’ (zp). (6.50) 


The matrix h accounts for total internal reflection at the turning point. The 
generalized reflection and transmission elements for Fo are then 


rP lun = Big(zaleo”/7[Fig(za)l— 

t? IHH = V2Aje(zaet”Fjg(za)l— |, 
rio lHH = Ajg(zp)e”/7[Bjg(ze)]- |, 

t? IHn = V2Ejg(za)e™/*Big(zp)]71. 


All these elements are well behaved numerically since the only exponentially 
increasing term Bj, appears as an inverse. 

When the limits of the gradient zone lie well away from the turning point we may 
make an asymptotic approximation to the Airy functions. We obtain the “full-wave’ 
approximation to the reflection (see, e.g., Budden, 1961) 


(6.51) 


Z 


rP [uH ~ expf2iw | dé qg(č) — i7t/2}. (6.52) 
ZA 

This corresponds to complete reflection with a phase shift of 7/2 compared with 
the phase delay for propagation down to the turning level and back. This simple 
result forms the basis of much further work which seeks to extend ray theory (e.g., 
Richards, 1973; Chapman, 1978). The approximation will be most effective at 
high frequencies; and, for neglect of the interaction terms, requires only slight 
wavespeed gradients throughout (zqa,zp). The corresponding approximation in 
transmission is 


Z 


" dCaal2) — in/A}exp(—-w | "aClaa(2)I, (653) 
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illustrating the damping of SH waves below the turning level. 
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For the P-SV wave system the situation is more complicated since we now have 
the possibility of both P and S wave turning levels. 

With just a P wave turning point at z+, we would choose to build the phase matrix 
above z, from the propagating forms E, and Eg. Below zy we would take fx and 
Eg, with the result that the coupling matrix H is given by 


et E 0 | E 0 
= —1 

0 Eg 0 Eg 

where h was introduced in (6.40). The reflection and transmission elements for the 


propagation matrix F will be determined by the character of 


EL(za; zr)HÎ (zg; zr)Z, (6.55) 


h 0 
0 I 


; (6.54) 


which includes total reflection of P waves at z, and coupling between P and S 
waves away from the turning level. When the wavespeed gradients are weak the 
coupling matrix H will dominate and we will have almost independent propagation 
of P and SV waves. The PP reflection and transmission elements will therefore 
have the form (6.51) with B replaced by «. The SS coefficient will have the form 
discussed above for propagating waves. 

When the turning point for P waves lies above za we have evanescent character 
for P throughout (za, zg). The character of the S wave phase terms will now need 
to be modified across the S wave turning level at z}. The corresponding coupling 
matrix is 


—1 
n Ey o0 |fês o]_ 
o E| |0 Ês 


In these circumstances there is normally only a very small reflection or transmission 
contribution from the evanescent P waves and coupling between P and SV waves is 
negligible. The SS coefficients will therefore match the HH coefficients in (6.51). 

When both P and S wave turning points occur within the same gradient zone we 
split the calculation at both turning levels, but then we have to be rather careful 
about the nature of the coupling terms (Kennett & Illingworth, 1981). For realistic 
earth models the P and S wave turning levels are widely separated and so the 
dominant contributions will correspond to isolated turning levels. 

In this discussion we have assumed that both P and S wavespeeds increase with 
depth, so that s and sg are positive. If either wavespeed is actually smoothly 
decreasing with depth we have a similar development with the roles of up and 
downgoing waves interchanged for that wave type. 

The approach we have used in this section has been based on a high frequency 
approximation to the seismic wavefield in terms of Airy functions with arguments 
determined by the delay times t in the model. A comparable development may 
be made for spherical stratification (Richards, 1976; Woodhouse, 1978) and the 
leading order approximation will be essentially the same since the flattening 


I 0 


) 6.56 
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transformation (1.29) preserves delay times. To this level of approximation, it 
therefore makes no real difference whether we work with spherical stratification 
or a flattened wavespeed distribution. The structure of the correction terms in L 
will differ between the two cases, since there is additional frequency dependence 
in the spherical case, and there appears to be no density transformation which is 
optimum for both P and SV waves (Chapman, 1973). 


6.3.2 Recursive construction scheme 


For a model composed of smooth gradient zones interrupted by discontinuities in 
the elastic parameters or their gradients, we can build up the overall reflection and 
transmission matrices by a recursive application of the addition rules. 

We suppose that the model is ultimately underlain by a uniform half space in z > 
Zc with continuity of elastic properties at zc (figure 6.2). We start the calculation 
from this level and consider the overlying gradient zone in (zg+,Zc), extended 
above by a uniform half space with the properties at zg +, just below the next higher 
interface. For this region we construct the downward reflection and transmission 
matrices RP E TË £ by successive applications of the addition rules for the rą, ta 
matrices introduced in the previous section. R ʻi TË € can then be recognised 
as the reflection and transmission matrices as seen from a uniform half space at 
zg+: Ro(zg+), To(zg+). 

The effect of the interface can then be introduced, as in the uniform layer scheme, 
by adding in the interface matrices RB, TË etc. for an interface between two 
uniform media. This yields the reflection and transmission matrices as seen at zg— 
so that, for example, 


Rp(zg—) = RË + TËRp(zg+) I — RËRp(zg+)] 'T8. (6.57) 


The calculation can then be incremented to the top of the next gradient zone 
za by introducing the reflection and transmission effects of the region (ZA, zg—). 
These may be calculated, as before, by an inner recursion over the rg, tq matrices 
for the gradient factors. Whereas in the uniform layer case only phase delays 
were involved, for a gradient zone all the matrices RA® ; RiP ; TAE ; TAP 
are needed. 

The reflection and transmission matrices for the region below za will then be 
derived from the matrices Rp(zp—), Tp(zp—) as 


Rp(za) = RÔP- + TAP Ro(zs—) I — RQ? Ro(ze—-)] TRE 


(6.58) 
Tp(za) = Tp(zg—)[I — RAP Ro(ze—)] T3”. 


If there is a further interface at za we once again add in the interface matrices via 
the addition rule, and then continue the calculation through the next gradient zone. 

Over the main structural elements we have a two-stage recursion over interfaces 
and gradient zones to build the overall reflection and transmission matrices. The 
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reflection elements for the gradients are themselves found by recursive application 
of the same addition rules on the generalized coefficients. 

A useful property of this approach to calculating the reflection properties is that 
we can separate the effect of an interface from the structure surrounding it. 

At a discontinuity in parameter gradients, the elastic parameters are continuous 
and so the interface reflection matrices will vanish and the transmission matrices 
will just be the unit matrix. In the overall reflection matrix the effect of 
the discontinuity will appear from the contributions of D7! (zg—)D(zg) and 
D~'(zg)D(zpg+) to the reflection properties of the regions above and below the 
interface. We construct the discontinuity in gradient by superimposing the effect 
of the transition from the gradients on either side of the interface into a uniform 
medium. The procedure may be visualised by shrinking the jump in properties 
across Zp in figure 6.2 to zero. 

An alternative development to the one we have just described may be obtained 
by forming the wave-propagator for the entire region, for example for figure 6.2. 


Q(za, zc) =D (za)D(za) 
F(za,zp—)D'(zp—)D(zp+)F (z+, Zc) 
D`! (z¢)D(zc). (6.59) 


The overall reflection and transmission matrices can be constructed by using the 
addition rule to bring in alternately the effects of interfaces and propagation using 
the generalized matrices. At zp the generalized interface coefficients are found 
from 


=D~!(zp—)D(z, JE (6.60) 


and depend on frequency w as well as slowness p. Such generalized coefficients 
have been used by Richards (1976), Cormier & Richards (1977) and Choy (1977), 
when allowing for gradients near the core-mantle boundary. 

Computationally there is little to choose between recursive schemes based on 
(6.57) and (6.58), and a comparable development from (6.59). The first scheme has 
the merit that the intermediate results at each stage are themselves reflection and 
transmission matrices. 


6.3.3 Gradient zone calculations 


The calculation scheme for the reflection and transmission matrices which we have 
described is based on building a fundamental matrix from Airy functions which 
provide a uniform asymptotic approximation across a single turning point. 

When there are two close turning points we no longer have a uniform 
approximation to the full response. This situation will occur in the presence 
of a wavespeed inversion. For a slowness p lying within the range of values 
corresponding to the inversion there will be three turning levels at which, e.g., 
p = B |(z). The shallowest will depend on the structure outside the inversion. 


6.3 Reflection matrices for piecewise smooth models. 


As the slowness increases to the maximum in the inversion, the two deeper turning 
levels tend towards coalescence. For our purposes the nearness of turning points 
depends on the size of the Airy function arguments, and so problems are more 
severe at low frequencies. For perfectly elastic models the unitarity relations 
for reflection and transmission coefficients, discussed in the appendix to Chapter 
5, provide a check on the accuracy of any approximation. Numerical studies 
by Kennett & Illingworth (1981) have shown that for a very narrow band of 
slownesses, corresponding to the minimum wavespeeds in the inversion, there can 
be significant error with the Airy function treatment. 

Within such an inversion a uniform asymptotic treatment can be achieved by 
building the phase matrix E from parabolic cylinder function entries (Woodhouse, 
1978). When an inversion is the dominant feature of the model, as in the oceanic 
sound speed profile, the more accurate treatment is essential (Ahluwahlia & Keller, 
1977). 

Even when we only need to consider a single turning point at a time we 
can economise on computational effort by choosing the reference level for the 
calculation of the phase matrices E to match the physical character of the solution. 
It is for this reason that it is a good idea to extrapolate the wavespeed distribution 
from a region with, say, a linear gradient to create turning points if they are not 
present in the region. Any deficiences in our choice for E will mean that further 
terms are needed in the interaction series. 

Chapman (1981) has proposed a similar development to the one we have 
discussed but for reflected waves he suggests that the reference level for Airy 
function arguments should be taken at the reflection level. Unless this reflection 
level is close to a turning point the phase matrix E will not have the character of the 
actual fields. 

The calculation of the reflection and transmission effects of a gradient zone are 
greatly simplified if the interaction terms can be neglected. With a good choice of 
phase matrix the contributions to L will be small for weak gradients in the elastic 
parameter. Kennett & Illingworth (1981) have shown that an upper bound on the 
interaction series contribution to r} for a region (Za, Zp) can be found as, e.g., 


ralpp < Ceolzg — za), (6.61) 


where C is a constant of order unity and €ọ is an upper bound on the elements 
of j (3.93). The combination €ọ(zg — za) is thus a measure of the change in the 
parameter gradient terms across the zone. 

Although this contribution may be small, in the absence of turning points it is 
the sole reflection return from within a gradient zone. It can only be neglected 
if the dominant features of the response of the whole model under consideration 
arise from turning points and discontinuities in elastic parameters with a weaker 
contribution from discontinuities in parameter gradient. 

In order to try to meet these conditions Kennett & Illingworth restricted their 
gradient zones so that the relative change in elastic parameters was no more than 


121 


122 


Reflection and Transmission II 


10 per cent. For a large portion of a model this may mean breaking the structure 
into portions with separate interpolation of the wavespeed distribution in each part. 
At each break a weak change in parameter gradients will be introduced and the 
contribution from these features helps to compensate for the lack of interaction 
terms. 


When the interaction contributions are neglected, wave types propagate 
independently within gradients. The only coupling of P and SV waves occurs 
at discontinuities in elastic parameters. Good results can be achieved with this 
approximation, provided that care is taken to satisfy the conditions for its validity. 


Combining the numerical results of Kennett & Nolet (1979) and Kennett & 
Illingworth (1981), we can estimate the frequencies necessary to get only slow 
change in a wavelength and thus have minimal reflection return from the structure. 
For the relatively gently varying lower mantle the frequency should be greater than 
0.02 Hz, but in the upper mantle the more rapid structural variation means that 
away from upper mantle discontinuities we need frequencies above 0.06 Hz. 


For moderate gradient zones, and at low frequencies, an improved approximation 
may be made by retaining the first term in the interaction series. Richards & Frasier 
(1976) have made a comparable development with the WKBJ solution and shown 
the importance of conversion when the wavespeeds change rapidly with depth. If 
attention is concentrated on the reflection return at small angles of incidence (as in 
prospecting situations) then once again at least the first order term in L should be 
retained. 


When a very sharp change in elastic parameters occurs across a gradient zone, 
a direct numerical solution for the elements ry th would be needed. Commonly 
such zones are approximated by a cascade of fine uniform layers or a combination 
of interfaces and gradients. Calculations by Kennett & Illingworth (1981) show 
that for the upper mantle discontinuities several per cent error in the reflection 
coefficients can be produced by neglect of conversions in a model with only closely 
spaced changes in wavespeed gradient. With a good starting approximation the 
variational method of Lapwood & Hudson (1975) can be used to improve the results 
for this strong gradient case. 


One region in which there are known to be strong positive gradients in elastic 
parameters with depth, is in the uppermost part of the sediments on the ocean 
bottom. The coupling of P and S waves by the gradients in this region has been 
discussed by Fryer (1981), who has simulated the gradient zone by a sequence of 
thin uniform layers, and investigated the consequence of neglect of all PS coupling 
at the minor jumps in parameters introduced by the approximation scheme. For 
these sediments with low shear wavespeed, the coupling process was most efficient 
in converting S waves generated at the ocean bottom back to P waves, and was 
most important below 1 Hz. For higher frequencies the partial reflections from the 
gradients for any individual wave type can be significant up to about 7 Hz. However 
these effects are most important for small offsets from the source and cause very 
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Figure 6.3. Crustal model used for reflection calculations. 


little error for medium and long-range propagation (> 20 km range for a 5 km deep 
ocean). 


6.4 The time dependence of reflections from a stratified region 


As an illustration of the techniques we have discussed in this chapter we consider 
the reflection response of a simple stratified crustal model (figure 6.3). 

For each slowness p we construct a complex reflection matrix Rp(p, w) for a 
suite of frequencies w. This arrangement is convenient because we can exploit 
the frequency independence of the reflection and transmission coefficients at a 
discontinuity in the elastic parameters. We use the recursive construction schemes 
we have just described and build up the reflection matrix Rp by starting from the 
base of the model. 

Since it is rather difficult to give an informative display of the phase behaviour 
of Rp(p, w), we have constructed a temporal reflection response Rp(p,t) by 
inverting the Fourier transform over frequency. The elements of Rp(p, t) represent 
the seismograms which would be obtained by illuminating the stratification from 
above with a plane wave of horizontal slowness p. Ideally we would have a delta 
function in time for the plane wave form, but our computations are, of necessity, 
band limited and so resolution is slightly reduced. 

The model which has been used is shown in figure 6.3. It consists of a uniform 
layer 2 km thick underlain by a gradient zone to 10 km depth at which there is a 
small jump in elastic wavespeeds. A further linear gradient zone lies beneath this 
discontinuity and extends to the Moho at 30 km depth. There is a slight wavespeed 
gradient below the Moho and the model is terminated by a uniform half space. The 
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Figure 6.4. a) Intercept time-slowness plot for PP reflections; b) Projective display of tem- 
poral response. 


main features of the response of the model are reflections from the discontinuities 
and continuous refraction through the gradient zones. 

In figure 6.4a we illustrate the geometrical ray characteristics of the PP 
reflections for this model. We have plotted the intercept time t(p) for various 


6.4 The time dependence of reflections from a stratified region 


reflections and refractions against slowness. t(p) is the integrated phase delay 
from the surface to the depth Z, at which a ray is turned back, by reflection or 
continuous refraction. For a P ray, without any conversions, 


Zp 


tlp) = af dz qa&lz). (6.62) 


The t(p) relation in figure 6.4a is shown as a solid line for the continuous 
refraction in the velocity gradients. Reflections from the discontinuities at 10 km 
and 30 km are indicated by chain dotted lines and from the velocity gradient jumps 
at 2 km and 40 km by dashed lines. The depth of reflection is indicated in each 
case. The critical points of 0.1786 s/km for the 10 km discontinuity and 0.125 s/km 
for the Moho are indicated by stars. 

In figure 6.4b we give a projective display of the temporal response for the PP 
reflection coefficient from the crustal structure, for a zero phase wavelet with a pass 
band from 0-4 Hz. 

For slowness less than 0.122 s/km the dominant features are the precritical 
reflections from the discontinuities. When we compare the ray times in figure 6.4a 
with the amplitude display in figure 6.4b we see the rapid increase in amplitude 
of the Moho reflection as the critical point (0.125 s/km) is approached. The large 
amplitude at the critical point is associated with the existence of head waves along 
the Moho interfae and is reinforced by the confluence of the continuous refraction 
in the gradient beneath the Moho. The consequent ‘interference head wave’ is 
represented by a single negative excursion at slowness 0.123 s/km in figure 6.4b. 
From 0.125 s/km to 0.145 s/km we have postcritical reflection from the Moho with 
a progressive change of phase in the waveform and a slight change in amplitude. 
For the precritical reflection we have a band-passed delta function time dependence, 
but in the post critical range we have major positive and negative excursions in the 
waveform. 

The onset of continuous refraction at 0.145 s/km is marked by a stabilisation 
of the phase until the critical point for the 10 km discontinuity at 0.164 s/km. A 
significant precritical reflection from this interface is seen at small slowness and 
once again there is a rapid increase in amplitude just before the critical point (cf. 
figure 5.2). Post critical reflections occupy the slowness range from 0.167 s/km to 
0.1786 s/km and then we get continuous refraction in the gradient zone from 2-10 
km up to 0.2 s/km. 

There are no obvious reflections from the velocity gradient change at 2 km 
but a small amplitude internal multiple generated by reflection, from below, at 
this interface can be discerned at 10s for slowness 0.125 s/km. The T values 
corresponding to this multiple and that generated at the 10 km interface are 
indicated by a dotted line in figure 6.4a. 

The PP reflection behaviour is not strongly influenced by conversion but a small 
reflected phase converted from P to S at the Moho and then transmitted through the 
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discontinuities at 10 km and 30 km and we have indicated the depths of conversion 
and reflection in figure 6.5a. 

A projective plot of the converted behaviour is given in figure 6.5b, and we see 
a number of features associated with the conversion at 10 km depth. In addition 
to PS reflection from the interface we see a mirror of the PP behaviour associated 
with waves which are transmitted downwards through the interface as P and then 
after reflection are converted to S on upward transmission. There is also an S wave 
reflection from the Moho arising from conversion at 10 km. For slowness greater 
than 0.179 s/km most of the P wave energy is turned back by the velocity gradient 
above the 10 km discontinuity, but a small amount of the P waves tunnel through 
the evanescent region to convert into propagating S waves at 10 km. This portion 
of the PS reflection is indicated by dots in figure 6.5a and since lower frequencies 
decay less rapidly in the evanescent region these dominant in the amplitude plot in 
this region. 

The PS reflection at the Moho which appeared weakly in figure 6.4b is now very 
much stronger and we can see the change in character associated with the P wave 
critical slowness (0.125 s/km) for the sub-Moho region. 

The temporal-slowness plots we have just presented enable us to relate the 
features of the reflection response directly to the nature of the velocity distribution. 
If we calculate the displacements associated with an incident P wave we will bring 
together the features we have seen on the PP and PS reflections modulated by the 
transformation matrix Mp. 

As we shall see in Section 7.3.2 the slowness-time plane plays an important 
note in the slowness method of seismogram construction. For large ranges 
theoretical seismograms are formed by integrating along linear trajectories through 
the slowness-time map. 


Appendix: Mixed solid and fluid stratification 


We have hitherto confined our attention to wave propagation in stratified solids but we 
also need to be able to allow for fluid zones within, or bounding the stratification. This is 
necessary for oceanic regions and for the earth’s core which may be taken to behave as a 
fluid. 

Within the fluid regions we have no shear strength and only P waves propagate but at 
solid-fluid boundaries we have the possibility of conversion to SV waves in the solid. No 
SH wave propagation is possible within a fluid and so solid/liquid interfaces behave like a 
free surface since shear stress vanishes. 

For P-SV waves we can use reflection and transmission matrices throughout the stratifi- 
cation, with care as to the treatment when shear waves are absent. The simplest consistent 
formalism is to maintain a 2 x 2 matrix system throughout the stratification, and in fluid 
regions just have a single non-zero entry, e.g., 


Rp’ 4 . (6a.1) 


Ro livia = | 0 0 
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If the inverse of such a reflection on transmission matrix is required it should be interpreted 
as a matrix with a single inverse entry, e.g., 


PP)—1 
Te ie k 4 : (6a.2) 

Within fluid stratification these reflection and transmission matrices used in the 2 x 
2 matrix addition rules (6.3), (6.4) will yield the correct behaviour. When a solid-fluid 
boundary is encountered, e.g., in the recursive schemes described in Sections 6.2 and 6.3, 
then the interfacial reflection and transmission coefficients used must be those appropriate 
to such a boundary. These forms may be obtained by a careful limiting process from the 
solid-solid coefficients discussed in Section 5.1, by forcing the shear wavespeed in one of 
the media to zero. With these coefficient the upward and downward transmission matrices 
for the interface will have only a single non-zero row or column and link the reflection 
matrices in the fluid (6.51) directly to the 2 x 2 forms in the solid. 


Chapter 7 
The Response of a Stratified Half Space 


We now bring together the results we have established in previous chapters to 
generate the displacement field in a stratified half space (z > 0), due to excitation 
by a source at a level zs. We suppose that we have a free surface at z = 0 at which 
the traction vanishes; and ultimately the stratification is underlain by a uniform 
half space in z > zy with continuity of properties at zņ. In this uniform region we 
impose a radiation condition that the wavefield should consist of either downward 
propagating waves or evanescent waves which decay with depth, the character 
depending on the slowness. As we shall see this lower boundary condition is not at 
all restrictive, and it is easy to modify the response to suit other conditions if these 
are more appropriate. 

A formal solution for the displacement field can be found by starting with the 
radiation conditions and then projecting the displacement and traction to the surface 
using a propagator matrix. The jumps in displacement and traction across the 
source plane are also projected to the surface and then the displacement field is 
constructed so that there is no net surface traction. The physical character of 
this solution is seen more clearly when the response is expressed in terms of the 
reflection matrix for the entire stratification below the free surface. For a deep 
source a more convenient representation may be obtained in terms of the reflection 
and transmission matrices for the regions above and below the source. 


7.1 The equivalent surface source representation 


We consider the half space illustrated in figure 7.1 with a source at the level 
zs and a uniform half space beneath zy. At the free surface the traction must 
vanish and so, for any angular order m, frequency w and slowness p, the surface 
stress-displacement vector must satisfy 


b(0) = [Wo, 0]". (7.1) 


We adopt a point source representation, as discussed in Chapter 4, and so from 
(4.62) there will be a jump in the stress-displacement vector across the source plane 


b(zs+) — b(zs—) = S(zs). (7.2) 
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Figure 7.1. Configuration of elastic half space with a source at depth zs and a receiver at 
depth zę. Beneath zy the medium has uniform properties so that a radiation condition has 
to be applied at this level. The conventions for up and downgoing waves are also indicated. 


At the base of the stratification we can set up the radiation condition by making use 
of the eigenvector decomposition of the seismic field in z > zņ. Thus to exclude 
upgoing waves we take 


b(z1) = D(z1)[0, epl" (1.3) 


in terms of a vector of downgoing wave elements Cp which will be subsequently 
specified in terms of the nature of the source and the properties of the half space. 
The choice of branch cut (3.8) for the radicals appearing in D(z) ensures that (7.3) 
has the correct character. 

Starting with the form (7.3) we may now construct the stress-displacement vector 
b(zs+) just below the source using the propagator matrix P(Zs, z1), 


b(zs+) = P(zs, z)b(z1). (7.4) 
With the jump in the b vector across zs we find that just above the source. 
b(zs—) = P(zs, z1 )b(z1) — S(zs). (7.5) 


We may now use the propagator P(0, zs) acting on b(zs—) to construct the surface 
displacement via 
b(0) = P(0, zs){P(Zs, 2.) b(zL) — S(zs)}, 
= P(0, z1 )b(z1) — P(0, zs)S(zs), (7.6) 


7.1 The equivalent surface source representation 


where we have used the propagator chain rule (2.89). The vector 
S(0) = P(0,zs)S(zs) = [Swo, Stol', (7.7) 


represents an equivalent source at the surface which produces the same radiation in 
the half space as the original source, represented by the jump S(zs), at depth. 

The surface displacement may now be expressed in terms of the downgoing 
wavefield at zņ as 


[Wo, 0]' = P(0, z1)D(z1)[0, cpl" — S(0). (7.8) 


Thus, whatever the depth of the source, the relation between Wo and Cp is 
controlled by 


By(0) = P(0, z1)D(z1), (7.9) 


which we may recognise to be a fundamental stress-displacement matrix whose 
columns correspond to up and downgoing waves in the underlying half space. In 
terms of the partitions of By. (0) we write (7.8) as 


Wo} — | Wurl0) Turl0)| | 0 |} | Swo (7.10) 
0 Wo1l0) Tpr(0) | | ep Sr |’ 
and from the surface conditions of vanishing traction the wavefield below zņ is 
specified by 


ep = [Tp1(0)}"' Sto. (7.11) 


We may think of the source as equivalent to tractions Sto which are neutralized by 
the reaction of the displacement field in order to satisfy the surface condition. The 
surface displacement 


Wo = Wp1(0)[T pr (0) Sto — Swo, (7.12) 


provided that the secular function for the half space, det{T pr (0)}, does not vanish. 
The partitions Wp (0), Tpr(0) are the displacement and traction components 
of the ‘downgoing’ vectors in the fundamental matrix Bvr. The combination of 
partitions Wp; (0)[Tpr(0)]~! in (7.12) is analogous to those we have encountered 
in reflection problems (cf. 5.43). The elements of this matrix product for the P-SV 
wave case are therefore composed of ratios of 2 x 2 minors of the matrix By, (0). 

The condition det{T pı (0)} = 0, corresponds to the existence of a displacement 
field which satisfies both the free surface and the radiation conditions; this will only 
occur when |p| > BTS so that both P and S waves are evanescent in the underlying 
half space. In the p, w domain these waves are associated with simple poles in 
the surface response (7.12). The poles with largest slowness will give rise to the 
surface wavetrain when the transforms are inverted (see Chapter 11). 

The only other singularities in the full surface response Wo (7.12) are branch 
points at |p| = Op pl = Be’ where «œg, Pr are the elastic wavespeeds in the 
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underlying half space. These branch points arise from the presence of D(z) in the 
fundamental matrix By,, and the branch cuts will be specified by the choice (3.8) 


Im(wqar) > 0, Im(wagr) > 0. (7.13) 


There are no branch points associated with the propagator matrices P(0, zı), 
P(0,zs). For a uniform layer P(z;_1,z;) is symmetric in qgj, qgj and so a 
continued product of propagators has no branch points. This property transfers 
to the continuous limit. The source vector S(zs), (4.62), has no singularities. 

Once we have found the surface displacement, the b vector at any other level 
may be found from 


b(z) = P(z,0)[wo, Oo}, Z< ZS) 
= P(z,z,)D(z,)[0,ep]', z>zs. (7.14) 


The propagator solution enables us to get a complete formal specification of the 
seismic wavefield, but it is difficult to make any physical interpretation of the 
results. 

If, however, we recall the representation of the displacement and traction 
matrices Wp (0), Tp (0) in terms of the reflection and transmission matrices 
RO. To (5.56), we have 


Wo1(0) = (mpo + Muo Re (Tee, 


D (7.15) 
To(0) = (npo + Nuo R?H (TH) i 


These expressions involve only the downward reflection and transmission matrices 
for the entire stratification beneath the free surface. 

With the substitutions (7.15) the surface displacement (7.12) can be recast into 
the form 


We have already seen that Ro may be constructed without any numerical precision 
problems associated with growing exponential terms in evanescent regions, and so 
(7.16) provides a numerically stable representation of the half space response to 
surface sources. If the original form for the surface displacement (7.12) is used 
and the elements of Wp ;(0), Tpr(0) are constructed via the propagator matrix, 
dramatic loss of precision problems occur at large slownesses for even moderate 
frequencies. An alternative procedure to the use of (7.16) is to set up the solution ab 
initio in terms of minors of the propagator and eigenvector matrices. Such schemes 
lead to very efficient computational algorithms (Woodhouse, 1981) but the physical 
content is suppressed. 
From (7.16) the secular function for the half space is 


det{T pi (0)} = det(npo + nuo RÆ )/ det TÆ, (7.17) 


and this expression may be readily calculated by a single pass through the layering. 


7.2 A source at depth 


As it stands (7.16) still contains a propagator term P(0, zs) in the definition of 
the surface source vector S(0). This causes very little difficulty for shallow sources, 
as for example in prospecting applications (Kennett, 1979a). For deep sources it 
is preferable to recast the entire response in terms of reflection and transmission 
matrices and this procedure is discussed in the following section. 

At the free surface, the form of the upward reflection matrices arises from 
satisfying the condition of vanishing traction: 


Re = —NpoNuo- (7.18) 


Thus, by extracting a factor of Npo from the matrix inverse in (7.16) we may 
generate an alternative form for the surface displacement response 


Wo = (mpo + MoR) I — R RH]! noj Sto — Swo. (7.19) 


The half space reverberation operator [I — R+ RH! between the free surface and 
the stratification is now clearly displayed, and we can begin to see how the total 
surface displacement effects are generated. 


7.2 A source at depth 


We have just seen how the response of a half space can be found from an equivalent 
surface source and a displacement field which satisfies just the radiation condition 
at z = Zt. 

An alternative scheme suggested by Kennett (1981) is to build the entire 
displacement field in the half space from elements which behave like up and 
downgoing waves at the source level - the displacement and traction partitions 
Wus, Wps and Tus, Tps of the fundamental matrix Bys. 

Across the source plane we have discontinuities in displacement and traction 
(4.62) 


W(zs+) — W(zs—) = Swizs), 
T(zs+) —T(zs—) = St(zs). 
At the free surface z = 0 we require that there should be no traction, and at z = zr 
we wish to have only downgoing waves. We now construct displacement fields 
inz < zs and z > zs which satisfy the upper and lower boundary conditions 


respectively, but which have constant vector multipliers. These factors are then 
determined by imposing the source condition (7.20). 


(7.20) 


7.2.1 Treatment via free-surface reflection matrices 
From our definition of the free-surface reflection matrix Ri? (5.76)-(5.78) the 
displacement matrix 


Wis(z) = Wus(z) + Wos(z)RU, (7.21) 
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has no associated traction at z = 0. In the region z > zs, above the source, we can 
satisfy the free-surface boundary condition by taking a displacement field 


W(z) =Wis(z)v1, Z< Zs, (7.22) 


where vı is a constant vector. For the region below the source the displacement 
matrix 


Ws(z) = Wos(z) + WusR È} (7.23) 


will, from (5.90), satisfy the radiation condition; and so we choose a displacement 
field 


W(z) =Wos(z)v2, 2 > Zs, (7.24) 


where v2 is a further constant vector. When we insert the representations (7.22) 

and (7.24) for the displacements above and below the source level into the source 

conditions (7.20), we obtain the following simultaneous equations in vı and v2 
Ws(Zs)v2 — Wjs(Zs)v1 = Swlzs), 


(7.25) 
T2s(Zs)v2 — T1s(Zs}v1 = St(Zs). 


We may now eliminate variables between the displacement and traction equations 
by making use of the properties of matrix invariants, as in our treatment of reflection 
and transmission in (5.63)-(5.69). Thus we find 


vı = <Wis, W25>7![W5.(zs) St(Zs) — T35(Zs) Swlzs)], 


(7.26) 
v2 = <Wis, W2s> "| [Wi s(zs) St(zs) — Tis(zs) Swlzs)], 

since from (2.72) 
<Wis, Wis> = <W2s, W2s> = 0. (7.27) 


The displacement field satisfying the source and boundary conditions is therefore: 
in Zz < Zs 


W(z) = Wis(z)<Wis, Wos>7'[W35(zs) St(zs) — T3s(zs) Sw(Zs)], (7.28) 
and for z > Zs 
W(z) = W2s(z)<Wis, W2s> [WI s(zs) St (zs) — Tis(zs) Sw(zs)], (7.29) 


and with our expressions for W1s, W2s we can express (7.28) in terms of the 
reflection properties of the regions above and below the source. 

We can calculate the invariant <W s,W s> most easily at the source level. 
From the definitions (7.21), (7.23) 


<Wis, W2s> = RÍ] <Wps, Wos> + <Wus, Wps>RÈ 
+<Wus, Wps> + RË] <Wps, Wus>Re, (7.30) 


7.2 A source at depth 


The terms which are linear in the reflection matrices vanish identically, and from 
(5.60) <Wus, Wps> = il. Since the reflection matrices are symmetric we find 


<Wis, W2s> = ill — RRP] (7.31) 


and so the inverse invariant <Wjs5,W2s5>~! appearing in the displacement 


solution (7.28) is the reverberation operator for the whole half space, including 
the effect of free-surface reflections. 
The surface displacement can therefore be represented as 


Wo = —iWis(0) [IT — RRP) |[W35(zs)St(zs) — T3s(zs)Swzs)], (7.32) 


where Ws is a displacement matrix satisfying the free-surface condition and W2s5 

satisfies the lower boundary condition. The expression (7.32) will prove to be very 

convenient when we come to discuss modal summation techniques in Chapter 11. 
The contribution at the source level 


W3¢(zs)St(zs) — T3s(zs) Sw(zs) (7.33) 
= {mpsSt — NpsSw} + RO {MusSt — NisSw 
and the expressions in braces are just multiples of the quantities 2p(zs), Lu(Zs) 


introduced in Section 4.5, to describe the upward and downward radiation from a 
source. Thus 


W3s(zs)St(Zs) — T3s(zs) Sw(zs) = —i[Zu(zs) + REXp(zs)I, 


T T . fS an 
Wisl(zs)St(zs)— T15(Zs) Sw(zs) = —ilZp(zs) + RipLulZs)]. 


When we bring together the results (7.31), (7.34) we obtain a compact and useful 
representation of the displacement field at an arbitrary receiver level zr: 
for ZR < Zs, 


W(zr) = (Wus(Zr)+Wos(zr)RPIU-RER YP) Zulzs) +R% Xp (zs)],(7-35) 
and for Zp > Zs, 
W(zr) = [Wos(zr)+Wus(zr)RQIE-RURD) | Zp(zs)+RELZu(zs)].(7.36) 


This displacement representation separates into three contributions which we shall 
illustrate by considering a receiver above the source (cf. figure 7.2). 
Firstly we have the source contribution 


Lu(zs) + RZ Ep(zs), (7.37) 


which corresponds to the entire upward radiation associated with the source at 
the level z = zs. This is produced in part by direct upward radiation {Ly(zs)} 
and in part by waves which initially departed downwards, but which have been 
reflected back beneath the level of the source {R$ Ip (zs)}. This excitation vector, 
for an isotropic medium, will depend on azimuthal order m, whereas the reflection 
matrices are independent of m. 
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Figure 7.2. Schematic representation of the propagation elements for the response of 
buried source recorded at a buried receiver: a) formation of vu (zs); b) the receiver dis- 
placement W(zp) in terms of vy (Zs). 


The second contribution arises from the inverse invariant <W1s5, W2s>~! and 
is just a reverberation operator 


I -— RIR]! (7.38) 
coupling the upper part of the half space, including the effect of free-surface 
reflections, to the lower part at the source level. The secular function for the half 
space is 

det{I — RẸ R$] = 0. (7.39) 
The pole singularities in (7.35), which arise when (7.39) is satisfied, correspond to 
the existence of displacement fields which satisfy both upper and lower boundary 


conditions. For propagating waves we can make a series expansion of the 
reverberation operator as in (6.17) 


I -— RÖR]! = I + RIR + RERPRERG +... (7.40) 
We may then recognise that the combined action of 


I — RRP [Zulzs) + RẸED(zs)] = vulzs), (1.41) 


7.2 A source at depth 


is to produce at the source level a sequence of upgoing wave groups corresponding 
to radiation from the source subjected to successively higher order multiple 
reverberations within the half space. This is represented schematically in figure 
7.2a. 

The portion of the response corresponding to the receiver location 


Wus(zr) + Wps(zr) Rf? (7.42) 


needs to be recast in terms of reflection and transmission terms before its physical 
significance can be appreciated. We write the displacement matrices Wys(Zr), 
Wps(Zr) in terms of up and downgoing fields at zp, and the properties of the 
region ‘RS’ as in (6.7), and make use of the addition rule for free-surface reflections 
(6.10) to give 


Wus(zr) + Wos(zr)Rip (7.43) 
=MyprT + [mpr + MyRRP IRE — RR) TY. 


This expression simplifies to the rather more compact form 


Wus(zr) + Wos(zr)RIP (7.44) 
= {Mur + Mpr RRI —RERR ITE, 


which has a structure similar to (6.11). 
When we construct the displacement at the receiver from (7.45) and (7.41) we 
have, for ZR < Zs 


W(zr) = {mur + mpr RÍÐI — REPRE 'Ti vu(zs), (7.45) 


which was first presented by Kennett & Kerry (1979) with a rather different 
derivation. Each of the wave groups in vy(Zs) is projected to the receiver level 
by the action of the transmission matrix TR? (figure 7.2b). Reverberations near 
the receiver in the zone between the source and the surface are represented by 
the operator [I — RERIRA, The displacements are finally generated by adding 
the effect of the upgoing waves to the downgoing waves which have previously 
been reflected at the free surface, using the appropriate transformation matrices: 
{Mug + MpRRu: 

Not only do we have a ready physical interpretation for the contributions to 
(7.35), but also they may all be represented in terms of reflection and transmission 
matrices which can be constructed without loss-of-precision problems. The 
representation (7.35) is therefore numerically stable for deep sources at high 
frequencies if we make use of (7.45) for the receiver term. 

For a surface receiver (7.45) reduces to wi and so the surface displacement can 
be found from 


Wo = Wel — ROR] TYP — RÈ RGI '[Zulzs) + RÈ Ep(zs)] (7.46) 
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where, as in (5.86), the surface amplification factor We = (Mijo + MpoRp). This 
expression proves to be very convenient for the construction of the surface 
displacement from an arbitrary source at depth in the half space. 

When the receiver lies beneath the source, the expression 


vp(zs) = E — REPRE [Ep(zs) + RPLu(zs)], (7.47) 


gives the net downward radiation from the source after reverberation through the 
whole half space. The receiver contribution can be evaluated in a similar way to 
that described above to give the displacement field for zp > zs as 


Wize) = {mpg + Mug RERI — RERR ITRS vp(zs), (7.48) 


which now allows for transmission and reverberation effects in the region below 
the source. 

If we specialise to a surface source with a receiver just below the surface, then 
we can combine (7.47) and (7.48) to give 


W(0+) = (Mpo + MuR IE — RRA [Zp (0) + R 2u (0)]. (1.49) 
We recall that Rp = -npu so that we may write 
W(0+) = (MmpotMmuoR®) (npotnuoR A) MpoXp(0)—MyoLu(0)],(7-50) 


and from the definition of the up and downgoing source components (4.68) we can 
recognise [NpoXp(0) — NyoLy(0)] as the traction components S-o of the source 
vector S(0). The displacement at the surface includes the displacement components 
of S(0) and so 


Wo = W(0+) — Swo. (7.51) 


The surface displacement given by (7.50) and (7.51) has just the form (7.16) and 
so we see the equivalence of the initial value techniques used in Section 7.1 and the 
two-point boundary value method developed in this section. 

The method we have just discussed for the construction of the displacement 
field is quite general and is not restricted to free-surface and downward radiation 
conditions (Kennett, 1981). More general cases can be constructed by replacing 
RP by R, a reflection matrix appropriate to the new upper boundary condition 
at z = 0, and RSL by R$ corresponding to the new lower boundary condition at 
z = zı. The inverse invariant <W1s,W2s5>~! will appear in the displacement 
solutions, and in general 


<Wis,W2s5> | = —i [I — R?R3]!. (7.52) 


Thus the secular function for a particular problem can be represented as det[I — 
R>R3] in terms of the appropriate reflection matrices R?, R3. With different source 
depths we obtain secular functions which differ only by a factor and have the 
same zeroes. The vanishing of the secular determinant represents a constructive 


7.2 A source at depth 


interference condition for waves successively reflected above and below the level 
Zs. 

For wave propagation in spherical stratification we can use the foregoing results 
to find the displacement field W/(l,m,R,w). In this case we would choose 
the displacement matrix Ws to satisfy the free-surface boundary condition at 
R = Te, and Ws to satisfy a regularity condition at the origin. The expressions 
(7.28) for the displacement field can be used directly, once we recall that z and R 
increase in opposite directions. We may also use the representation for the surface 
displacement in terms of reflection matrices (7.46) for the spherical case, provided 
we interpret Rey as being the reflection matrix for the region R < Rs with a 
regularity condition at the origin (cf. Section 5.2.4). The physical interpretation 
of the results is otherwise as for horizontal stratification and so approximations to 
the full response will run in parallel for the two cases. 


7.2.2 Explicit representation of free-surface reflections 


In the preceding treatment we chose to work in terms of displacement matrices 
which satisfied the upper and lower boundary conditions. If, however, we construct 


W3s(z) = Wus(z) + Wps(z)Re?, (7.53) 


this corresponds to a radiation boundary condition at z = 0. In order to satisfy the 
actual free-surface condition we choose a linear combination of the displacement 
matrices W3s5, Ws in z < Zs 


W(z) = W3s(z)u3 + W2s(z)u, (7.54) 


and determine the relation between u and u3 by requiring vanishing traction at 
z=0 


T3s5(0)u3 + T2s(0)u = 0. (7.55) 
Below the source we take 
W(z) = W2s(z)u2, (7.56) 


which satisfies the lower boundary condition. The source condition (7.20) now 
leads to simultaneous equations in (u2 — u1) and ug: 


Ws(Zs) (uz — u1) — W35(Zs)u3 = Sw/(Zs), 


(7.57) 
T25(Zs) (uz — u1) — T35(zs)u3 = St(zs). 
Since we will wish to concentrate on surface displacement we solve for u3, 
uz = <W3s, Wos>'[W}<(zs)St(zs) — T3s(zs) Swlzs)]. (7.58) 


The inverse invariant may be found by analogy with (7.31) and we have previously 
evaluated the source term in (7.34), so that 


uz = I — REPRO) | Lulzs) + REX (zs). (7.59) 
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The displacement in the zone above the source is then given by 

W(z) = {W3s(z) — W2s(z)T5¢ (0)T35(0) jus, (7.60) 
which has a particularly simple form at z = 0. At the surface by (5.57), 

W35(0) = MoT, T35(0) = NyoT?. (7.61) 


The displacement and traction matrices satisfying the lower boundary condition 
have a more complex form 


W2s(0) = (mpo + M pR% (T$)! (I — ROPRPL) 


(7.62) 
T25(0) = (npo + NypRO) (TY) | (1 — ROPRPL) 
but Ws(0)T55 (0) is somewhat simpler 
W2s(0)T 39 (0) = (Mpo + MuR) (npo + NyoRB) 1. (7.63) 


This combination of terms has already appeared in our surface source 
representation (7.16). 
The surface displacement now takes the form 


Wo = {Myo — (Mpo + MUR) (Mp0 + NuoRD) 'Nuolo(Zs), (7.64) 
where we have introduced the upgoing wavevector 
o(zs) = TY — RÈ RUI | Lulzs) + R5Zvlzs)). (7.65) 


The vector o includes all interactions of the source with the stratified structure 
above and below the source, but unlike (7.41) does not allow for reflections 
generated at the free surface. In (7.64) such reflections are contained within the 
term in braces. This dependence may be emphasised by writing (7.64) in terms of 
the free-surface reflection matrix Rẹ and rearranging to give 


Wo = (Muo + MpoR;) E — RR, o(zs), (7.66) 


so that the reverberation operator for the half space is clearly displayed. When 
the source, is just at the surface o(zs) takes a particularly simple form, since TO 
becomes the unit matrix and Re vanishes, so that 


o(0+) = [Zyu(O+) + RPXp(04+)]. (7.67) 


7.3 Recovery of the response in space and time 


We have just seen how we can construct the response of a stratified half space to 
excitation by a buried or surface source in the transform domain, as a function 
of frequency w and slowness p. To get actual seismograms we must still invert 


7.3 Recovery of the response in space and time 


the transforms. For the P-SV wave part of the seismograms we have the vector 
harmonic expansion (2.55), 


up(r, , 0, t) = z] dw Pe dkk $ [URE + VSP". (7.68) 
—co (0) më 


We may recast this integral in terms of slowness p and the surface displacement 
vector Wo, by introducing the tensor field 


Tin(wpr) = RZ, ST, (7.69) 


so that (7.68) may be expressed as 


we(r,,0,t) = 5-| dwe ar, dpp > w9(p,m, w)Tm(wpr). 
m 


—oo 
(7.70) 
We have a similar form for the SH response uş: 
1 OO ; OO 
uH(T, ġ,0,t) = — | dw eot | dpp a Wi (p, m, w)Tm(wpr). 
2m —oo (0) mi 
(7.71) 


in terms of the harmonic T;* which we have rewritten in a form designed to display 
the dependence on frequency and slowness. The vector harmonics Rj", Sy" and TẸ 
(2.56) can be cast entirely in terms of Bessel function entries by using the derivative 


property 
Jm) = Jm- (x) — MJ m(x)/x. (7.72) 


In terms of the orthogonal coordinate vectors ez, €r, €ġ we have explicit forms for 
the harmonics. 


Ry(wpr) = eJm(wprei™?, 
Sm(wpr) = lerJm—1(wpr) — (er —ieg)MJm(wpr)/wprle'™, (7.73) 
Tm(wpr) = [-e@Jm—1(wpr) + (eg + ier) MJm(wpr)/wprle™?, 


These forms are most convenient for m > 0, but the values for m < 0 are easily 
obtained from 


J mlx) = (1) Im (x). (7.74) 


It is only on the horizontal components, for |m| > O that we get ‘near-field’ 
components depending on mJ,,(wpr)/wpr which decay more rapidly than the 
contributions oriented along the coordinate vectors. These ‘near-field’ terms couple 
the radial and tangential components of motion so that there is no clear separation 
by component of SV and SH motion at small distances from the source. 

When we represent an actual source by an equivalent point source consisting 
of force and dipole components, the azimuthal summation is restricted to angular 
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orders |m| < 2. This sum presents no significant complication once the integrals 
over frequency and slowness have been performed for each m. 

For the double integral (7.70) we have to choose the order in which the frequency 
and slowness integrals are undertaken. If the slowness integral is calculated first 
then the intermediate result is the complex frequency spectrum u(r, b,0, w) at 
a particular location. This approach may therefore be designated the spectral 
method and has been used in most attempts to calculate theoretical seismograms 
by numerical integration of the complete medium response (Kind, 1978; Kennett, 
1980; Wang & Herrmann, 1980). When, alternatively, the frequency integral 
is evaluated first the intermediate result is a time response for each slowness p, 
corresponding to the illumination of the medium by a single slowness component. 
The final result is obtained by an integral over slowness and we follow Chapman 
(1978) by calling this approach the slowness method. Although this integral 
scheme can be used for the full response, most applications to date have been for 
approximate methods where the response is split up into generalized rays, e.g., 
Cagniard’s method (Helmberger, 1968; Wiggins & Helmberger, 1974; Vered & 
BenMenahem, 1974), and a method due to Chapman suitable for smoothly stratified 
media (Dey-Sarkar & Chapman, 1978). 


7.3.1 The spectral method 


We construct the spectrum of the mth azimuthal contribution to a seismogram as a 
slowness integral, 


a(r,m,0,w) = w? | dp pw) (p, m, w)Tm(wpr). (1.75) 


The transform vector Wo(p, m, w) depends on the azimuthal order m through the 
source jump term S(zs) (4.62), and a different slowness dependence is introduced 
for each order. The result is that Wo(p, m, w) is an odd function of p if m is even, 
and an even function of p if m is odd. We now recall that the elements of Tm(wpr) 
depend on Jm(wpr)ei™® and so we may make a decomposition of this ’standing 
wave’ form into a travelling wave representation in terms of the Hankel functions 
Ho) (wpr), H? (wpr). We write e.g. TH (wpr) for the harmonics corresponding 
to outgoing waves from the origin. Now 


Jm(wpr) = StH) (wpr) + HR (wpr)] 
1 
2 


HU (wpr) — eH) (—wpr)] (7.76) 


and so when we use the symmetry properties of Wo, we can express (7.75) as an 
integral along the entire slowness axis 


a(r,m,0,w) = jolo | dp pw (p,m, w)TO)(wpr), (7.77) 


—oo 
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Branch 
cuts 


Rep 


Figure 7.3. The singularities, branch cuts and integration contours for the full response of 
a half space. 


where the contour of integration in the p plane is taken above the branch point for 
H (wpr) at the origin. This form shows explicitly that we are only interested in 
waves which diverge from the source. 

For large values of the argument, HY) (wpr) may be replaced by its asymptotic 
form 


HM (wpr) 2 (2/nwpr)! Z etepr era (7.78) 


and to the same approximation the vector harmonics take on the character of fields 
directed along the orthogonal coordinate vectors ez, €r, €ġ. Thus the tensor field 
TH (wpr) is approximated by 


TO N lez, ie]! (2/nwpr)!Zetoprmil2m+)7/4 (7.79) 


and the tangential (SH) harmonic 
TU (wpr) ce ~ieg(2/nwpr)/eberr emt n/a), (7.80) 


In this asymptotic limit we are faced with the same slowness and distance 
dependence in the integrand of (7.77) for all three components of displacement. 

The symmetry properties we have described will be shared by approximations 
to the complete response Wo and so we will always have the possibility of using a 
standing wave expression (7.75), or a travelling wave representation (7.77). 

In the slowness plane, for the full surface response Wo we have branch points at 
pve oa; for the P-SV case and p = +B! in all cases. For both P-SV and SH 
wave contributions we have a sequence of poles in the region Be <p< Bale 
where B min is the smallest shear wavespeed anywhere in the half space - this is 
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normally attained at the surface. Over this slowness interval for SH waves, we have 
higher mode Love wave poles, which for a perfectly elastic medium lie on the real 
p axis. For P-SV waves we have higher mode Rayleigh poles whose locations are 
close to, but not identical to, the Love poles. In addition we have in |p| > pak. 
the fundamental Rayleigh mode which couples the evanescent P and SV waves in 
the half space; the limit point for this mode is pro, the Rayleigh waveslowness 
on a uniform half space with elastic properties at the surface. The distribution of 
poles depends strongly on frequency; at low frequency only a few poles occur in 
lp| > BT! whilst at high frequencies there are a great many (see Section 11.3). 

The set of singularities for the P-SV wave case is sketched in figure 7.3, the 
contour of integration for w > 0 runs just below the singularities for p > 0 and just 
above for p < 0. This contour may be justified by allowing for slight attenuation of 
seismic waves within the half space (which we may well want on physical grounds) 
in which case the poles move into the first and third quadrants of the complex p 
plane. The line of the branch cuts from ATT BT! is not critical provided that the 
conditions 


Im(wqat) > 0, Im(wqgı) = 0, (7.81) 


are maintained on the real p axis. We therefore follow Lamb (1904) by taking cuts 
parallel to the imaginary p axis. 

The most direct approach to the evaluation of (7.75) or (7.77) is to perform a 
direct numerical integration along the real p axis, but for a perfectly elastic medium 
the presence of the poles on the contour is a major obstacle to such an approach. 

However, if we deform the contour of integration in (7.77) into the upper half 
plane to D, we can pick up the polar residue contributions from all the poles to the 
right of Be Convergence at infinity is ensured by the properties of HM (wpr). 
With this deformation the displacement spectrum is given as a sum of a contour 
integral and a residue series e.g. 


ap(r,m,0,w) = joolalt| dp pwh (p,m, w)T(wpr)} 


N(w) 
+niw? X pjRes;lwoTh)]. (7.82) 
j=0 


At even moderate frequencies the number N(w) of modal residue contributions 
becomes very large indeed (cf., figure 11.3), and locating all the poles is a 
major computational problem. The poles with largest slowness give the major 
contribution to what would generally be regarded as the surface wavetrain, with 
relatively low group velocities. The summation of modes with smaller slownesses 
just synthesises S body wave phases by modal interference. With only a residue 
sum taken over a portion of the real p axis, good results can be obtained for the S 
wave coda (Kerry, 1981), and by forcing «1, Br to be very large even P waves can 
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be synthesised (Harvey, 1981). We will consider such modal summation methods 
in more detail in Chapter 11. 

The contour integration in (7.82) consists of a real axis slowness integral from 
—oo up to Bis and then a line segment off into the first quadrant where HY) (wpr) 
is a decaying function of complex p. For large ranges r the contribution from 
negative slownesses is very small and has often been neglected. 

This approach has been used by Wang & Herrmann (1980) who have deformed 
the contour D further to lie along the two sides of the branch cuts, taken along 
the imaginary p axis and along the real p axis to BT! They have used different 
numerical integration schemes along the real and imaginary axes. 

An alternative to the contour deformation procedure we have just described is 
to arrange to move the poles in the response off the contour of integration. For an 
attenuative medium the poles will lie in the first and third quadrants away from the 
real p axis although their influence is strongly felt on the contour of integration. In 
most applications we anticipate that at least some loss will occur in seismic wave 
propagation and so introducing small loss factors is very reasonable. 

Kind (1978) constructed the full response of an attenuative medium to excitation 
by a vertical point force, but has taken the asymptotic form of the Hankel function 
in (7.77) and thus excluded near-field effects; he also restricted his numerical 
integration over p to a band of positive slowness covering the main body and 
surface wave phases of interest. 

At the origin the Jm(wpr) Bessel functions remain well behaved and so when 
an attempt is made to calculate the complete response of the half space there are 
advantages in using the standing wave expression (7.75). If a fairly broad band 
of frequencies is required, for the shortest ranges and lowest frequencies wpr 
can be quite small and so it is desirable to use a high accuracy approximation to 
Jm(x) over the whole range of arguments, e.g., via Chebyshev polynomials as in 
Kennett (1980). For a broad-band signal the effects of velocity dispersion due to 
attenuation (1.19), (1.25) can become significant and should strictly be included 
when the response of the medium is calculated. When the loss factors are small 
(Oz: Qz’ < 0.03) and propagation distances are less than 500 km, the pulse 
distortion associated with neglect of dispersion is very slight; this is in agreement 
with the results of O’ Neill & Hill (1979) who have shown that significant change 
in pulse form can occur for propagation of 600 km through a region with Q7! > 
0.01. 

With our reflection matrix representation (7.46), the construction of the 
theoretical seismograms for a general point source at z = zg proceeds in three 
stages. For a surface receiver we construct the matrix operator 


Z(p, w) = WË — RÌ RT! (7.83) 
for the P-SV and SH parts of the response. Z(p, w) is independent of angular order 


m and source type and so needs to be formed only once for any source depth. The 
reflection matrix RA (p, w) for a stack of uniform layers or a piecewise smooth 
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structure, can be constructed recursively by working up from zņ to the source level 
as discussed in Chapter 6. In a similar way the displacement matrix wie and 
free-surface reflection matrix Rf can be calculated by working down from the free 
surface to the level zs. 

The calculation is simplified if we are able to assume that all elements in the 
source moment tensor Mj; have the same time dependence M(t). We may then 
extract the corresponding spectrum M(w) from the source terms; at fixed slowness 
p, the source radiation terms Ly and Xp are then independent of frequency but 
depend on azimuthal order m through the character of the source. For each 
angular order m we may now construct the transform vector Wo at slowness p 
and frequency w as 


Wo(p, m, w) = Z(p, w) IRE p, wW)Zp(p, m) + Lu(p, m)|M(w). (7.84) 


The change of variables from horizontal wavenumber k to slowness p gives an 
effective source spectrum of w*M(w). We recall that the far-field displacement in 
an unbounded medium is controlled by the derivative of the moment time function 
and so it is often advantageous to specify the moment rate spectrum iwM(w). 
For excitation by a point force with time function E(t), we replace the moment 
spectrum in (7.84) by (iw) E(w). 

For each azimuthal component we now have to perform a numerical integration 
over p to produce the spectrum of the three components of displacement at a range 
r. For a source specified by a general moment tensor we need five azimuthal 
orders and so we have 15 slowness integrations for each range when near-field 
terms are included by using the original forms of the vector harmonics (2.56). A 
final summation over the angular terms gives the three component seismograms 
for a given azimuth from the source. If the asymptotic forms of the harmonics 
(7.79) can be used we need perform only one integration for each displacement. 
Unfortunately, the circumstances in which it is appropriate to attempt to calculate 
complete synthetic seismograms, i.e. at moderate ranges so that the time separation 
between the fastest body waves and slowest surface waves is not too large, are just 
those in which the asymptotic approximation is barely adequate. 

The slowness integrals in (7.75) have an infinite upper limit, but truncation is 
required for numerical integration. For frequencies around 2 Hz, Kennett (1980) 
integrated from the origin to a slowness ( 0.85 Bo) ~', for surface shear wavespeed 
Bo. This slowness is well beyond ppro the high frequency asymptotic for the 
fundamental Rayleigh mode. At lower frequencies it is advantageous to extend 
the calculation to somewhat larger slownesses. 

The integrand in (7.75) has a relatively unpleasant character. The vector 
harmonics are oscillatory through the presence of Jm(wpr): Wo(p, m, w) is by no 
means smooth, particularly where the integration path passes over the shoulders of 
the poles displaced from the real axis by the inclusion of attenuation. The simplest 
approach to the numerical integration is to divide the slowness integral into sections 
and to use a trapezium rule in each section with panel spacing chosen to suit the 


7.3 Recovery of the response in space and time 


character of the integrand; e.g., a finer sampling would be used for p > per An 
alternative is to modify Filon’s (1928) method to Bessel function integrands and 
attempt a polynomial fit to Wo(p, m, w) over each integration panel. The integral 
is then evaluated as a sum of contributions of the form J dx xPJm(kx) over the 
panels. 


For large wpr rather fine sampling in slowness is needed to give a good 
representation of the integrand. Without excessive computation, there is therefore 
an effective upper limit in frequency at given range, and a maximum range with a 
given frequency band when we seek to maintain a given accuracy. 


At very low frequencies the fundamental Rayleigh mode is barely affected by the 
loss factors of the stratification and so very fine spacing in slowness is needed to 
cope with a near pole on the integration path. It is probably worthwhile to modify 
the contour of integration to pick up the fundamental Rayleigh mode pole explicitly. 
If we use (7.75) this would require two additional line segments starting to the left 
of the pole: one into the upper half p plane with H (wpr) dependence and the 
other into the lower half plane depending on HË (wpr). 


Cormier (1980) has used an equivalent representation to (7.77) with a piecewise 
smooth model. By deforming the contour of integration he has isolated the residue 
contribution from the fundamental Rayleigh mode and also taken a path into the 
upper half p plane to exclude very small slownesses and so avoid the singularity at 
the origin. 


When the standing wave expression (7.75) is used we know that the entire 
response can be represented in terms of outgoing functions, the size of any 
apparently incoming waves provides a very useful check on the accuracy of any 
numerical integration. 


It is desirable to construct the P-SV and SH wave parts of the seismogram at 
the same time, because the near-field contributions to the horizontal component 
seismograms can then be correctly calculated. Wang & Herrman (1980) have 
shown that neglect of the near-field terms from either P-SV or SH waves gives 
non-causal, non-propagating arrivals which cancel when both contributions are 
included. For long-period waves the near-field contributions can have a significant 
effect on the calculated waveform at moderate ranges. For example, with a simple 
crustal model, the surface wavetrains from a full calculation and one including only 
far-field terms, show visible differences out to 80 km range. 


After the slowness integration and azimuthal summation we are left with a 
spectrum of the seismogram at a receiver location. The final integration to the 
time domain is commonly performed by using the Fast Fourier transform (Cooley 
& Tukey 1965) over a set of discrete frequencies. The finite bandwidth of practical 
recording equipment sets an upper limit on frequency, and this has to be taken 
below the Nyquist frequency for the transform. The time series obtained after 
transformation is of fixed length and is cyclic in nature. There is therefore the 
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possibility of time ‘aliasing’, energy which would arrive after the end of the allotted 
time interval is wrapped back over the early part of the seismogram. 

For complete seismograms we have a long duration of signal out to the end of the 
surface wavetrain; to generate such a long time interval we need very fine frequency 
spacing. In order to follow arrivals at varying ranges with a fixed time interval 
it is convenient to calculate u(r, t — Prear) by multiplying the spectrum at r by 
exp(—iWPreqr) (Fuchs & Müller 1971). The reduction slowness Prea is chosen 
to confine the arrivals most conveniently. Thus, if at each frequency the slowness 
integral is split into a number of parts, a different reduction slowness may be used to 
compute a time series for each part. The final seismograms may then be obtained 
by superposition of the time series for the sections with appropriate time delays 
(Kennett 1980). 


7.3.2 The slowness method 


We now consider carrying out the integration over frequency for a particular 
combination of slowness p and range r. For the mth azimuthal component 


pif? ; 
up(p,r,m,t) = | dw e itz wl (p,m, W)Tin(wpr) (7.85) 
—0O 
and this transform of a product can be expressed as a convolution 
up(p,T, m, t) = —dee{Wo(p, m, t) * (1/pr)Tn(t/pr)} (7.86) 


where ~“ indicates the inverse Fourier transform with respect to frequency. For the 
SH motion 


un(p,T, m, t) = —dte{Wo(p, m, t) * (1/pr)T m(t/pr)}. (7.87) 


From (7.73) we see that the inverse transforms of the vector harmonics depend 
on being able to find the time transform of Ji,(wpr). We start with the integral 
representation 


1 ™ TE . 
Jm(x) = —| dO e!*°°S 8 cos mO, (7.88) 
T Jo 
and now change variable to t = cos O to obtain 
—m pl 
t 
Jin(x) = — | dt et Tmt) ; (7.89) 
T Ja 1— t? 
where Tm(t) is a Chebyshev polynomial of the first kind with the property 
Tm(cos 8) = cos mO (7.90) 


so that To(x) = 1, Tı(x) = x, To(x) = 2x? — 1. Since (7.89) is in the form of a 
Fourier transform we can recognise the inverse transform of Jm as 
y i Tilt) 
t) = H(t+1)—H(t-1 7.91 
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which has integrable, square root, singularities at t = +1. 
We can find a comparable form for the near-field contributions, since 
Im—1(%) — Sin(x) = MJ m(x)/x, (7.92) 
jm) pe 
ae? | dd e'*°° ® sin mO sin 0, (7.93) 
0 


and with the substitution t = cos 0, as before 


1 
| dte™tUm (t) V1 — t2. (1.94) 
—] 


Here U,,—1(t) is now a Chebyshev polynomial of the second kind 


j-(m-1) 


Lmlx) = MJm(x)/x = 


] in md 
Um_1(cos 0) = —T' (cos 0) = oe , (7.95) 

m sin O 
and so Uo(x) = 1, U1 (x) = 2x. The inverse transform of the near-field term Lm is 
thus 


;—(m—1) 
» i 

Lmlt) = = Um_i1(t) V1 — t2{H(t + 1) — H(t — 1}, (7.96) 
and here only the derivative is singular at t = +1. 


The forms of the inverse transforms we have derived are only appropriate for 
m > 0, but once again we can derive the results for m < 0 from the symmetry 
relation 


J ™t) = (-1) Smt). (7.97) 


With these results for the Bessel function transforms, we can find the time 
transforms of the vector harmonics which appear in (7.86). For m = 0 we have 
only far-field terms: 


m(1/pr)Ro(t/pr) = ezB(t, pr)(p*r? — t3)", 


n(1/pr)So(t/pr) = —e,B(t, pr)(t/pr) (pr? — t?) “17, (7.98) 
n(1/pr)To(t/pr) = epB(t, pr)(t/pr) (pr? — t?) “1, 

where 
B(t, pr) = {H(t + pr) — H(t — pr)}. (7.99) 


For m > 0, we also include near-field effects 
n(1/pr)Řm(t/pr) = i ™B(t, pr)ezTm(t/pr) (pr — t) eime, 
n(1/pr)Šm(t/pr) =i" B(t, pr) (pr? — t?) eime 


{erTm—1(t/pr) — emie Un atp = parh 


n(1/pr)Ým(t/pr) = i0 IB{t, pr)(pr? eye 


{—epTm-1lt/pr) + (ep + ier)Um—1(t/pr)(1 — t?/p?r?)}. 
(7.100) 
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When we perform the convolutions in (7.86),(7.87) to calculate u(p, r,t), the 
far-field and near-field terms give rise to very different contributions to the final 
waveform. Near the singularities at t = +pr, m(t) behaves like the time derivative 
of Čm(t). The major contribution to Wo(p, m, t) * (1/pr)Tm(t/pr) will arise 
from the neighbourhood of these singularities, and so the far-field contribution 
will closely resemble the derivative of the near-field part. This behaviour, for 
a general stratified medium, is similar to our previous results for an unbounded 
medium (Section 4.3.2) where the far-field term had a time dependence which was 
the derivative of the nearer contributions. 

The expressions we have just established for the time functions corresponding to 
the vector harmonics are valid for all slownesses. However, the inverse transform 
for the response vector 


(oe) 

Wo(p,m,t) = =| dweitwo(p,m, w), (7.101) 
depends strongly on slowness p. 

Since we are interested in sources which start at t = 0, Wo(p, m, w) is analytic 
in the upper half plane Im w > 0. The exponential term e~'“* enables us to deform 
the contour, if necessary, into the lower half plane for t > 0. 

The quantity wo(p,m,t) can be thought of as the time response of the half 
space to irradiation by a single slowness component. In two dimensions this 
would correspond to a ‘plane wave’ seismogram. In the full half-space response 
fr 0 < p < Bes there are no pole singularities in Wo(p, m, w) as a function 
of w, since we have the possibility of radiation loss into the underlying uniform 
half space. There will be a branch point at w = 0, and the branch cut can be 
conveniently taken along the negative imaginary w axis. In this slowness range we 
get individual pulse-like arrivals corresponding to the major phases with a shape 
determined by the source time function (cf. figure 6.4) The pattern of arrivals across 
the band of slowness gets repeated in time with delays associated with multiple 
surface reflections. Because there is radiation leakage of S waves, at least, into 
the underlying uniform medium, each successive surface multiple set will be of 
smaller amplitude and this decay will be enhanced by the presence of attenuation 
in the medium. Nevertheless a long time series is needed to include all surface 
multiples and this can create difficulties when one tries to compute Wolp, m, t) 
numerically. 

When p > Bes both P and S waves are evanescent in the underlying half space 
and we have poles in Wo(p, m, w) which for perfectly elastic media lie on the real 
w axis; the closest pole to the origin corresponds to fundamental mode surface 
waves. For an attenuative structure the poles move off the real axis into the lower 
half plane. Just at the branch point at BE! we get the maximum density of poles 
along the w axis (see figure 11.3) and the spacing expands as p increases to bee 
For p > Benes we have only one pole for the P-SV case corresponding to the 
fundamental Rayleigh mode. Since the poles in w are symmetrically disposed 
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about the imaginary axis, the residue contribution to Wolp, m,t) takes the form 
—1 


Re 2 e 1% tRes. fw (p, m, wl} : (7.102) 


k=0 


which can often prove convenient in surface wave studies. There will in addition 
be a continuous spectrum contribution from the sides of the branch cut along the 
negative imaginary w axis. 

Once we have found the inverse transform of the medium response and 
performed the convolution (7.86) we need to carry out the slowness integral and 
summation over angular order 


oO 
up(T, @, 0, t) =| dp up(p,r, m, t), (7.103) 
mO 
to generate the seismograms for a particular range. We illustrate the procedure 
by considering the mth azimuthal contribution to the radial component of motion 
(7.70): 


(oe) 
urolr, m, t) = | dp pu;(p,r, m, t). (7.104) 
0 


When only the low frequency part of the seismic field is of interest it is probably 
most effective to calculate seismograms from (7.103) having previously evaluated 
the integral (7.86) by direct numerical integration. 

The far-field contribution to (7.104) may be found from (7.88) and (7.101) 


1 S pE ae Vo(p,m,t — s) 

= —— j ~=m-1) LOP Th LES, 

furo(T, m, t) a môt I dp p ie dsi Tm-1 (s/pr) (p2r2 J s2) 1/2 
(7.105) 


using the explicit form for the convolution. The near-field contribution mixes both 
P-SV and SH elements 


1 o0 pr 
ntnolT, m, t) = -Eou | dp | dsi MPU — 1(s/pr) 
TY 0 —pr 


x{Vo(p, m, r — s) —iWo(p, m, t — s)}(p2r? — s*1/706) 


and, as we have noted in discussing the spectral method, both Vo and Wo need to 
be present in (7.106) or non-causal arrivals are generated. The same combination 
{Vo — iWo} will also appear on the tangential component. 

The total seismograms are now to be constructed by performing the summation 
over angular order 


UrolT, t) = > {nurro(r, m, t) EE furolT, m, t)}eime (7.107) 


m 
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When pr is small we need to employ the expressions (7.105), (7.106) as they 
stand since the singularities at s = +pr will be very close together. However, 
for large pr, the singularities become widely separated and so we may make an 
approximate development in terms of isolated singularities (Chapman 1978) 


B(t, pr)Tm(t/pr) ea af eon) 


~ \/ (pr — t) /(pr +t) 


(p2r2 — 2) 1/2 (2pr) "72 


, (7.108) 


since 
Tm(1) =1,  Tm(-1) = (-1)™. (7.109) 


We note that the contribution from t = pr has a functional form with respect to t 
which is the Hilbert transform of that from t = —pr. 
With this approximation the far-field displacement (7.105) becomes 


1 i 1/2;—(m—1) 
fUyo(T, m, t) = ~ aan) 72 ott | dp p po 
ere, H(pr—s) H(pr +s) 
x ds Vo(p,m,t—s) + (—1)™ 
IE y (pr -= s) V(prt+s) 
(7.110) 


and by separating the singularities we lose the finite interval of integration. The 
integration domains for the two separated singularities stretch in opposite directions 
with respect to the time variable s. We can force a common time convolution 
operator for the two singularities when we make use of the properties of a 
convolution 


E (7.111) 


where ^ denotes a Hilbert transform. We transfer the Hilbert transform from the 
s = pr singularity term to the response term, so that the s integral becomes 


| ds{Vo(p, m, t — pr — s) + (-1)™Vo(p, m,t + pr—s) ae (7.112) 


—co 


When all the source elements have a common time dependence M(t), the 
response terms can be written as a convolution 


In terms of this representation the double integral for the displacement may be 
written as 
1 
furolr, m, t) = Sa |. ame, 


2r 
of dpe E EE spn} C114) 
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where we have introduced an ‘effective’ source function M(t) (Chapman 1978) 


M(t) = [ aamun- Lite. (7.115) 


This convolution with H(t)/t!/* may be well approximated by a finite length 
recursive operator (Wiggins, 1976) which facilitates numerical evaluation of the 
effective source. We chose to work with 0;M, since this will correspond to the 
far-field displacement time function and so may often be well estimated from 
observations. 

In general, the main contribution to the far-field displacement (7.114) comes 
from Vo(p,m,t — pr) which corresponds to outgoing waves, and the incoming 
part Vo(p, m, t + pr) can be neglected. The process of separating the singularities 
(7.108) and then retaining only outgoing waves is equivalent to taking the 
asymptotic form (7.79) for the Hankel function and then restricting attention to 
positive slownesses. As we shall see in Chapter 10, the representation (7.114) 
becomes particularly convenient when Vo(p,m,w) is represented as a sum of 
contributions for which the inversion to the time domain can be performed 
analytically. However, such “generalized-ray’ representations are not very suitable 
for synthesising surface wavetrains. 

In general we may construct dolp, m, t) by numerical inversion of a Fourier 
transform (Fryer, 1980). The Hilbert transform corresponds to a multiplier 
of —isgnw in the frequency domain, and differentiation with respect to time 
to a further factor of —iw. Thus we take the inverse Fourier transform of 
—|w|wo(p,m,w) to construct the quantities we need. This transform can be 
performed numerically on the full half space response with a fast Fourier transform 
and a very long time series for p < BI.. For larger slownesses it will be more 
effective to use a residue summation as in (7.102), over the frequency band of 
interest. 

Once we have constructed the slowness-time response (cf., figures 6.4, 6.5) we 
can perform the p-integration along linear trajectories in p, t depending on range r 
to form 


Pmax 
volr, m, t) -| dp p'/0o(p, m, t — pr). (7.116) 
(0) 


The convolution with the effective source can then be performed at leisure to give 


1 CO 
turlr, m, t) = an l ds M(t — s)volr,m, s), (7.117) 


for the far-field radial displacement at range r. 
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Figure 7.4. Crustal structure used in calculations of complete theoretical seismograms. 
The three focal depths illustrated in figure 7.5 are indicated A - 2.5 km, B - 10 km, C - 20 
km. A 45° dip-slip event is used in all cases, recorded along an azimuth of 10° 


7.3.3 Examples of complete theoretical seismograms 


As an illustration of the variety of seismic wave phenomena which can occur 
when we calculate the full seismic wavetrain, we consider a source with a fixed 
mechanism at different focal depths in a simple model. 

The calculations were carried out using the spectral approach described in 
Section 7.3.1, for a simple attenuative crustal model (figure 7.4) with Q9! = 0.001, 
OF = 0.002. The source was chosen to be a 45° dip-slip dislocation source with 
a moment tensor 


Mi = M(t)diag[1, 0, —1]. (7.118) 


This particular type of source excites only the angular orders m = 0,+2. For 
sources at 2.5 km, 10 km and 20 km depth we present record sections of the three 
components of displacement as a function of range, along an azimuth of 10° in 
figure 7.5. The moment rate function was a delta function (corresponding to M(t) 
being a step function), and the calculation was performed for a frequency band 
from 0.04 to 4.0 Hz with a simple half-cycle sinusoidal filter response. 

The displays in figures 7.5a,b,c consist of composite record sections for all three 
displacement components. For each distance we present a triad of seismograms 
in the order vertical (Z), radial (R) and tangential (T). The radial seismograms are 
plotted at the correct ranges and the vertical and tangential seismograms at constant 
offset. The net effect is thus to give three interleaved record sections with the same 
time distance relations. A scaling factor of 1.0 + 0.1 r is applied to all seismograms 
at a range T. 
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Figure 7.5. Complete theoretical seismograms calculated for the crustal structure illus- 
trated in figure 7.4, records are shown for all three components of displacement: a) 2.5 km 
deep source 


The seismograms from the shallowest source (case A - 2.5 km depth) are 
displayed in figure 7.5a. We note immediately that we have well developed P, S and 
Rayleigh wavetrains of quite complex form influenced strongly by reverberations 
in the surface channel with reduced velocity. The propagation times for both P and 
S waves from the source to the surface are sufficiently short that there is no clear 
separation of the surface reflected phases (pP, sS) from direct propagated phases 
(P, S). The source lies just below the surface channel and we get a pronounced 
Airy phase for the Rayleigh waves with a group velocity close to 2.7 km/s (the 
surface S wave velocity). The main phase is preceded by a rather oscillatory higher 
mode train. There is noticeable velocity dispersion with frequency and we can 
see an indication of much lower frequency Rayleigh waves emerging from the tail 
of the seismograms. For this azimuth of observation the radiation pattern of the 
source gives rather weak excitation of the tangential component, particularly for 
the surface waves. The higher mode Love waves on the tangential component 
arrive along with the higher mode Rayleigh waves, but the group velocity of the 
fundamental mode Love wave is somewhat faster than that for the Rayleigh wave. 

The final time series were generated by adding together the results for different 
slowness intervals. For phase velocities greater than 3.57 km/s, i.e. slowness p < 
0.28 s/km, 40 s of time series were computed with a reduction slowness of 0.16 
s/km, and this contribution includes most of the P and S wavetrains. In order to 
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Figure 7.5. Complete theoretical seismograms calculated for the crustal structure illus- 
trated in figure 7.4, records are shown for all three components of displacement: b) 10 km 
deep source. 


achieve a good representation of the surface train a double length (80 s) time series 
was used for phase velocities between 3.57 and 2.3 km/s (i.e. 0.28 < p < 0.434 
), with a reduction slowness of 0.28 s/km - since no significant P waves should be 
present in this slowness interval. When we add this portion to the single length time 
series for higher phase velocities we get incomplete cancellation of the numerical 
arrivals associated with splitting the slowness integration at p = 0.28 s/km. The 
resulting arrival (apparently incoming) may be seen at large reduced times (~ 30 s) 
on the first two sets of seismograms in figure 7.5a, but decays rapidly with distance 
and gives little contamination of the response. 

The seismograms for the midcrustal source (case B - 10 km depth) are illustrated 
in figure 7.5b. We immediately notice that, as expected, the surface wave excitation 
is very much reduced and a low frequency Rayleigh wave is just visible beyond 
100 km emerging from the tail of the S wavetrain. The time differential between 
surface reflected phases and the direct phases is now more significant and we are 
beginning to get a clearer separation at shorter ranges. At the larger ranges we 
see the emergence of Pn and Sn phases refracted along the crust-mantle interface. 
As expected, there is a change in polarity of the P wave between 70 and 90 km 
range corresponding to the switch between the upper and lower lobes of the P 
wave radiation pattern from our dip-slip source. 

In the seismograms for the deepest source (case C - 20 km depth) shown in figure 
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Figure 7.5. Complete theoretical seismograms calculated for the crustal structure illus- 
trated in figure 7.4, records are shown for all three components of displacement: c) 20 km 
deep source. 


7.5c, we have no significant surface waves and the surface reflected phases are now 
very prominent. Multiple reflections within the whole crustal channel are also just 
beginning to influence the seismograms. 

These calculations for a point source in a simple structure show that we can give 
a good representation of the general character of local events. The calculations can 
be extended to higher frequencies and greater ranges at the cost of considerable 
computer time. However, for regional and teleseismic ranges (r >300 km), 
attention is usually focussed on more limited portions of the seismic records, and 
then it is often more convenient to make an approximation to the full response and 
model the features of interest (see Chapter 9). 
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Chapter 8 
The Seismic Wavefield 


So far in this book we have shown how we may calculate complete theoretical 
seismograms for a horizontally layered medium. Such calculations are most useful 
when the total time span of the seismic wavetrain is fairly short and there is no clear 
separation between different types of wave propagation processes. 

As the distance between source and receiver increases, the wavetrain becomes 
longer and waves which have travelled mostly as P waves arrive much earlier than 
those which propagate mostly as S. Also the surface waves which are principally 
sensitive to shallow S wavespeed structure separate out from the S body waves 
which are returned from the higher wavespeeds at depth. Once the seismic 
wavetrain begins to resemble a sequence of isolated phases it becomes worthwhile 
to develop approximate techniques designed to synthesise a particular phase. 
However, in order that such approximations can be made efficiently, with a due 
regard for the nature of the propagation process, we need to have a good idea of the 
character of the seismic wavefield. 

In this chapter we will therefore survey the character of the seismograms which 
are recorded at different epicentral ranges. 


8.1 Controlled source seismology 


In the application of seismic techniques to the determination of geological 
structure, the source of seismic radiation is usually man-made, such as an explosive 
charge. In this case the origin time is known with precision and with high frequency 
recording the fine detail in the seismograms can be retained. Experiments of this 
type can be loosely divided into two classes characterised by the maximum range 
at which recordings are made and the density of recording points. 

In reflection seismic studies attention is concentrated on P waves reflected at 
depth and returned at small offsets from the source. The propagation paths are then 
close to the vertical, particularly for reflections from deep structure. The major use 
of the reflection method has been in prospecting for minerals and hydrocarbons. 
Here the features of interest usually lie shallower than 5 km and the array of 
geophones at the surface rarely extends to more than 5 km from the source. Many 
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receivers are used for each source (typically 48 or 96 in current practice), and the 
source point is then moved slightly and the recording repeated. The multiplicity 
of subsurface coverage can then be exploited to enhance the weak reflections from 
depth. Reflection methods are now also being used for investigations of the deep 
crust (Schilt et al., 1979) and here longer recording arrays are often used. 

In refraction studies the receivers extend to horizontal ranges which are eight to 
ten times the depths of interest, and the density of observations is often fairly low. 
At the largest ranges the main features in the seismograms are refracted phases or 
wide-angle reflections from major structural boundaries. These can sometimes be 
traced back into reflections at steeper angles if adequate coverage is available at 
small ranges. 

Early work in seismic refraction in Western countries used very limited numbers 
of receivers, but latterly the benefits of very much denser recording have been 
appreciated (see, e.g., Bamford et al., 1976). In Eastern Europe and the 
USSR, reflection and refraction techniques have been combined in ‘Deep Seismic 
Sounding’ (Kosminskaya, 1971), which has closely spaced receivers along profiles 
which can be hundreds of kilometres long. Such an arrangement gives a very 
detailed description of the seismic wavefield. 


8.1.1 Reflection studies 


For many years the major source of seismic radiation used in reflection work was 
small explosive charges, both at sea and on land. Now, however, a large proportion 
of the work on land uses an array of surface vibrators to generate the seismic waves. 
This avoids drilling shot holes and allows more control over the frequency content 
of the signal transmitted into the ground. For marine work the commonest source 
is now an array of airguns, which generate P energy in water by the sudden release 
of high pressure air. 

All these energy sources are at, or close to, the surface and so tend to excite 
significant amplitude arrivals travelling in the low wavespeed zone at the surface 
(water or weathered rock). In marine records these slowly travelling waves are 
mostly direct propagation in the water and multiple bottom reflections, but in very 
shallow water there may also be effects from the weak sediments at the bottom 
giving strong arrivals known as ‘mud-roll’. On land a surface vibrator is a very 
efficient generator of fundamental mode Rayleigh waves and such ‘ground-roll’ 
phases show up very strongly when single geophone recording is used (figure 1.3). 
When explosive charges are used they are usually fired beneath the weathered zone, 
this reduces the excitation of the ground-roll, but it can still have large amplitude. 

The weak reflections from depth have very small apparent slownesses on a 
surface array and tend to be obscured in part by the shallow propagating phases. In 
order to remove the ground-roll and water phases, the seismic records are normally 
obtained not from a single sensor, but from an array of sensors. If such an array 
is chosen to span a wavelength of the ground-roll at the dominant frequency, the 
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Figure 8.1. Seismic reflection gather showing prominent surface-reflected multiples indi- 
cated by markers. This set of traces has been selected to have a common midpoint between 
source and receiver and then has been corrected for the time shifts associated with source- 
receiver offset on reflection at depth, with the result that primary reflections appear nearly 
flat. (Courtesy of Western Geophysical Company). 


resulting summed amplitude is substantially reduced. The residual ground-roll 
can be removed by exploiting the separation in slowness from the reflections and 
so designing a filter, e.g., in the frequency-slowness domain, to leave only the 
reflections with small slowness. 

The use of arrays of sources and receivers makes it difficult to produce good 
theoretical models of the source radiation. For airgun arrays the guns are usually so 
close together that very complex interference effects occur. With surface vibrators 
the ground coupling can be highly variable and several vibrators in a similar 
location can have very different seismic efficiency. 

The reflections from depth are weak compared with the early refracted arrivals 
from the shallow structure. These refractions are often forcibly removed from 
reflection records (‘muting’) and an attempt is then made to equalize the amplitude 
of the traces in time and distance to compensate for losses in propagation. As a 
result a set of reflection records will normally appear to become more ragged with 
increasing time, since noise is amplified along with the coherent signal. 

In most reflection situations the reflection coefficient at the surface is larger 
than any of the reflection coefficients in the subsurface, particularly at near-normal 
incidence (cf. figure 5.4). Waves which have been reflected back from below 
the source can be reflected at the free surface, and then reflected again by the 
structure. A good example is shown in figure 8.1 where a prominent reflector 
(R) is mirrored at twice the time by its free-surface multiple (FR). This surface 
multiple obscures genuine reflections from greater depth. When there is a strong 
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contrast in properties at the base of the low wavespeed zone, multiple reverberations 
within this zone associated with each significant reflection lead to a very complex 
set of records. Often predictive deconvolution (Peacock & Treitel, 1969) will 
give help in ‘cleaning’ the records to leave only primary reflections. Sometimes 
internal multiples between major reflectors can also give significant interference 
with deeper reflections. 

Most reflection recordings on land have been made with vertical component 
geophones and so P waves are preferentially recorded. However, waves which 
have undergone conversion to S at some stage of their path can sometimes be seen 
at the largest offsets on a single shot gather. Converted phases can occur at small 
offsets in the presence of strongly dipping reflectors. At sea, pressure sensors are 
used and the recording array is not usually long enough to pick up effects due to 
conversion. The standard data processing techniques, particularly stacking of traces 
with an estimated wavespeed distribution to attempt to simulate a normally incident 
wave, tend to suppress conversions. 

Although the object of seismic reflection work is to delineate the lateral 
variations in subsurface structure, studies of wave propagation in stratified models 
can help in understanding the nature of the records, as for example in multiple and 
conversion problems. 


8.1.2 Refraction studies 


Whereas the object of a reflection experiment is to delineate the fine detail in 
geological structure, in refraction work resolution is sacrificed to penetration in 
depth. As a result the interpretation of a refraction profile, which does not cross any 
major vertical discontinuities such as deep faults, will give only the broad outline 
of the lateral variations in structure. The principal phases which can be correlated 
from record to record are refracted arrivals (quite often interference head waves, 
see Section 9.2.2) and wide angle reflections from major horizontal boundaries. 
As a result the portion of the wavefield which is studied is most sensitive to the 
wavespeed distribution near interfaces and strong gradient zones and reveals little 
information about the rest of the structure. 

The source of seismic radiation for refraction work is normally an explosive 
charge recorded at an array of receivers. After a shot the receiver array is moved to 
a new location and a further shot fired. In this way a detailed profile can be built 
up to considerable range with only a limited number of recording stations. Since 
studies of deep structure require a detailed knowledge of the shallower regions, 
multiple shots at a variety of ranges are often fired into the same receiver array so 
that detailed results can be built up at both large and small ranges (Bamford et al., 
1976). Such a procedure also allows a test of the degree of lateral homogeneity 
along a refraction profile. In work on land there is often considerable variability 
in amplitudes between nearby recorders, and in order to reduce local variations 
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Figure 8.2. Seismic refraction records from the Arabian Penisula (Courtesy of U.S. Geo- 
logical Survey): a) Ranges out to 150 km showing P, S and Rayleigh waves; b) Detail of P 
wavetrain at larger ranges. 


observations are often low-pass filtered before interpretation (Fuchs & Müller, 
1971). 

The depth of the shot on land must be such as to contain the explosion. The 
resulting seismic wavefield is rich in P waves, and some S waves are generated by 
reflection at the free surface. These deep sources are not very efficient generators 
of Rayleigh waves, but a surface wavetrain is often seen late on refraction records. 
In figure 8.2a we show the close range seismograms from an experiment conducted 
by the United States Geological Survey in Saudi Arabia (Healy et al., 1981), which 
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show clearly the three major wave contributions. We display the beginning of the P 
wavetrain at larger ranges in figure 8.2b, and we can see considerable detail in the 
phases with closely spaced receivers. At large ranges (300 km - 600 km) detailed 
refraction experiments have revealed character within the first arriving P waves 
normally referred to as Pn (Hirn et al., 1973) which could not have been observed 
with the coarse spacing available with permanent stations. These observations 
suggest the presence of fine structure in the uppermost part of the mantle which 
could not be resolved in previous studies. 

Seismic refraction work at sea has significant differences from work on land, 
since it is difficult to use more than a few receivers and so a suite of observations 
is built up using multiple shots. At short ranges (< 20 km) airguns have been 
used to give high data density and provide continuous coverage from near-vertical 
incidence out to wide angle reflections (see, e.g., White, 1979). This data gives 
good control on the structure of the uppermost part of the oceanic crust and the 
longer range refractions fill in the picture at depth. For refraction experiments 
which have been shot along isochrons in the oceans, lateral variations in structure 
are not too severe, and stratified models give a good representation of the structure. 

The interpretation of refraction records was initially based on the times of arrival 
of the main P phases, but latterly this has been supplemented with amplitude 
information. Frequently the amplitude modelling has been done by computing 
theoretical seismograms for an assumed model, and then refining the model so 
that observations and theoretical predictions are brought into reasonable agreement. 
This approach has spurred on many of the developments in calculating theoretical 
seismograms both by generalized ray methods (Helmberger, 1968 - see Chapter 
10) and reflectivity techniques (Fuchs & Miiller, 1971 - see Section 9.3.1). The use 
of amplitude information has resulted in more detail in the postulated wavespeed 
distributions with depth. In particular this has led to a considerable change in our 
picture of the oceanic crust (cf. Kennett, 1977; Spudich & Orcutt, 1980). Braile & 
Smith (1975) have made a very useful compilation of theoretical seismograms for 
the continental crust, illustrating the effect of a variety of features in the wavespeed 
distribution. 

In refraction work most attention is given to the P arrivals, but on occasion very 
clear effects due to S waves or conversion can be seen and these may be used 
to infer the S wavespeed distribution. Even when such waves are not seen the 
S wavespeed distribution can have significant influence on the character of the P 
wavefield (White & Stephen, 1980). 


8.2 Ranges less than 1500 km 


For epicentral distances out to 1500 km the properties of the seismic wavefield are 
dominated by the wavespeed distribution in the crust and uppermost mantle. 
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8.2.1 Strong ground-motion 


In the immediate neighbourhood of a large earthquake the Earth’s surface 
suffers very large displacements which are sufficient to overload many seismic 
instruments. However, specially emplaced accelerometer systems can record these 
very large motions. These systems are normally triggered by the P wavetrain and so 
the accelerograms consist almost entirely of S waves and surface waves. Normally 
the strong-motion instruments are somewhat haphazardly distributed relative to the 
fault trace since they are placed in major buildings. However, in the Imperial 
Valley in California, an array of accelerometers was installed across the trace of 
the Imperial fault. These stations recorded the major earthquake of 1979 October 
15 with some accelerometers lying almost on top of the fault (Archuleta & Spudich, 
1981). 

In figure 8.3 we show the three components of velocity for a group of stations 
close to the fault obtained by numerical integration of the accelerograms. The 
earthquake rupture started at depth on the southern portion of the fault and 
propagated to the north-west. The major features of the velocity records are 
associated with the progression of the rupture, and show strong excitation of higher 
mode surface waves on the horizontal components. The early high frequency 
arrivals on the vertical component are probably multiple P phases. The oscillatory 
tails to the records arise from surface waves trapped in the sediments. 

In order to understand such strong ground motion records we have to be able 
to calculate complete theoretical seismograms as in Section 7.3 and, in addition, 
need to simulate the effect of large-scale fault rupture. In a stratified medium 
this can be achieved by setting up a mesh of point sources on the fault plane 
with suitable weighting and time delays, and then summing the response at each 
receiver location. Such a representation will fail at the highest frequencies because 
the wavelengths will be smaller than the mesh spacing, but will describe the main 
character of the event. Point-source models are still useful since they allow the 
study of the effects of wave propagation in the crustal structure rather than source 
processes. 

The aftershocks of major events are often quite small and these may be modelled 
quite well with equivalent point sources. In many areas the surface motion is 
strongly affected by the sedimentary cover, particularly where this is underlain by 
high wavespeed material. A detailed study of such amplification effects has been 
made by Johnson & Silva (1981) using an array of accelerometers at depth in a 
borehole. 


8.2.2 Local events 


Most seismic areas now have a fair density of short-period seismic stations which 
have been installed to allow detailed mapping of seismicity patterns and so have 
a high frequency response. A common features of seismograms at such sites are 
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Figure 8.3. Three-component velocity records for the 1979 earthquake in the Imperial Val- 
ley, California. The epicentre lay about 20 km to the south-east of the group of stations 
shown in map view. The surface fault break is also marked. (Courtesy of U.S. Geological 
Survey) 


short bursts of energy associated with local earthquakes, less than 200 km or so 
from the station (see figures 8.4 and 8.5). These records are dominated by P and S 
body waves, although at larger ranges there are sometimes hints of surface waves 
which increase in importance on broad-band records. 

In figure 8.4 we show seismograms recorded on the North Anatolian fault zone 
(Crampin et al., 1980), for an earthquake at 13 km depth at a hypocentral distance 
of 18 km. The P waveform is quite simple and is followed by very clear S onsets 
with a lower frequency content indicating significant attenuation in the fault zone. 
Close recordings of small aftershocks also show such a pattern of arrivals but the 
details of the waveform can be strongly influenced by near-surface structure, such 
as sediments. 
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Figure 8.4. Rotated three-component seismograms for a small earthquake on the North 
Anatolian fault zone, hypocentral distance 18 km. 


a) 


b) 


Figure 8.5. Vertical component short-period seismograms recorded at JAS, showing the 
effect of increasing epicentral distance. 


At most permanent seismic stations with visual recording, it is difficult to 
separate the P and S wave arrivals from close events and so the records show strong 
excursion followed by swift decay. As the epicentral distance increases, the time 
separation between P and S waves is such that distinct phases are seen. In figure 8.5 
we show vertical component records for two local events recorded at Jamestown in 
Northern California. The closer event (figure 8.5a) is about 100 km away from the 
station, and shows a clear crustal guided Pg group which begins to die away before 
the Sg waves which carry most of the energy. The S wave coda has a generally 
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Figure 8.6. Short period SRO record from Mashad, Iran showing distinct Pn, Pg, Sg and 
Lg phases. 


exponential envelope and the later arrivals may well be due to scattering in the 
neighbourhood of the recording station. The more distant event (figure 8.5b) is 200 
km away from the station and now Pn waves propagating in the uppermost mantle 
have separated from the front of the Pg group. The corresponding Sn phase is often 
difficult to discern because of the amplitude of the P coda, but there is a hint of its 
presence before the large amplitude Sg group in figure 8.5b. 


8.2.3 Regional events 


In the distance range from 200-1500 km from the epicentre of an earthquake the 
pattern of behaviour varies noticeably from region to region. In the western United 
States there is a rapid drop in short period amplitude with distance with a strong 
minimum around 700 km (Helmberger, 1973) which seems to be associated with a 
significant wavespeed inversion in the upper mantle. Such a pattern is not seen 
as clearly in other regions, and for shield areas there is little evidence for an 
inversion. In general, however, the coverage of seismic stations in this distance 
interval is somewhat sparse and the structure of the top 200 km of the mantle is still 
imperfectly known. 

At moderate ranges the character of the wavetrain is still similar to the behaviour 
we have seen for local events. In figure 8.6 we show a plot of the digital 
short-period channel of the SRO station at Mashad, Iran for a small earthquake 
at a range of 390 km. A very clear Pn phase is seen preceding the Pg phase, 
but once again it is difficult to pick the onset of the Sn phase, though there is 
the beginning of an apparent interference effect near the expected arrival time. 
The Sg waves grade at later times into a longer period disturbance composed 
of higher mode surface waves, the Lg phase. There is no clear distinction 
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Figure 8.7. Broad-band seismic recording at Boulder, Colorado from a nuclear explosion 
at the Nevada test site, epicentral distance 980 km. 


between the Sg and Lg phases and so, to synthesise seismograms for this distance 
range, we again need to include as much of the response as possible. For the $ 
waves and their coda, this may be achieved by the modal summation techniques 
discussed in Chapter 11, in addition to the integration methods discussed in 
Chapter 7. 

At longer ranges, the higher mode surface waves are only rarely seen on 
short-period records, but show up clearly with broad-band instruments. Figure 8.7 
illustrates such a record at 980 km from a nuclear test in Nevada. The explosive 
source gives stronger P waves than in the previous earthquake examples. The P 
waves show high frequency effects modulating the long-period behaviour (PL) 
which has been studied by Helmberger & Engen (1980). Although Sg is not very 
strong, a well developed Lg wavetrain is seen. At the same range long-period 
earthquake records are dominated by fundamental mode Love and Rayleigh waves, 
which in areas with thick sedimentary sequences can have significant energy at very 
low group velocities. 


8.3 Body waves and surface waves 


Beyond about 1500 km from the source the P and S body waves are sufficiently 
well separated in time that we can study them individually. Out to 9000 km the 
earliest arriving waves are reflected back from the mantle, beyond this range the 
effect of the core is very significant. Reflected waves from the core PcP, ScS arrive 
just behind P and S between 8000 and 9000 km. For P waves the core generates a 
shadow zone and there is a delay before PKP is returned. The P wavespeed in the 
fluid core is higher than the S wave speed in the mantle and so, beyond 9200 km, 
the SKS phase penetrating into the core overtakes S. Simplified travel-time curves 
for the major phases seen on seismograms are illustrated in figure 8.8. 

With increasing range the surface reflected phases such as PP, PPP separate 
from the P coda to become distinct arrivals. With each surface reflection the waves 
have passed through a caustic, and so the waveform is the Hilbert transform of the 
previous surface reflection. For S, such multiple reflections constitute a fair part 
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Figure 8.8. Simplified travel-time curves for the major seismic phases. 


of what is commonly characterised as the surface wavetrain and so the SS and SSS 
phases appear to emerge from the travel-time curve for the surface waves. 


8.3.1 Body waves 


For epicentral ranges between 1500 and 3500 km the P and S waves are returned 
from the major transition zone in the upper mantle which occupies the depth 
interval from 300-800 km. In this region there are substantial wave speed gradients 
and near 400 km and 670 km very rapid changes in wavespeeds which act as 
discontinuities for large wavelengths. This complicated wavespeed distribution 
leads to travel-time curves for the P and S phases which consist of a number 
of overlapping branches, associated with variable amplitudes. As a result of 
interference phenomena the waveforms in this distance range are rather complex 
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Figure 8.9. Short period WWSSN records at distant stations from an earthquake in Iran, 
focal depth 31 km. 


and have mostly been studied in an attempt to elucidate the wavespeed distribution 
in the upper mantle (see, e.g., Burdick & Helmberger, 1978). 

Beyond 3500 km the P and S waves pass steeply through the upper mantle 
transition zone and very little complication is introduced until the turning levels 
approach the core-mantle boundary. The resulting window from 3500-9000 km 
enables us to use P and S waveforms to study the characteristics of the source. 
For P waves, the character of the beginning of the wavetrain is determined by the 
interference of the direct P wave with the surface-reflected phases pP and sP. The 
relative amplitude of these reflected phases varies with the take-off angle from the 
source and the nature of the source mechanism. 

In figure 8.9 we show short-period records from a number of WWSSN stations 
for a shallow event in Iran. The stations lie in a narrow range of azimuths 
and allow us to see the stability of the direct P wave shape over a considerable 
distance range. The ISC estimate of the focal depth of this event is 31 km, but 
the time interval between P and pP suggest a slightly smaller depth. The later 
parts of the seismograms are associated with crustal reverberations near source and 
receiver. The relative simplicity of mantle propagation illustrated by these records 
can be exploited to produce a scheme for calculating theoretical seismograms for 
teleseismic P and S phases discussed in Section 9.3.3. For teleseismic S waves, a 
P wave precursor can be generated by conversion at the base of the crust and on a 
vertical component record this can easily be misread as S. 
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Figure 8.10. Long period WWSSN records in relation to their position on the focal sphere 
for an Iranian event. 


On teleseismic long-period records the time resolution is normally insufficient 
to allow separation of the direct P from the surface reflections pP, sP for shallow 
events. However, the appearance of the onset of the P wavetrain provides a strong 
constraint on the depth of source particularly when many stations at different 
distances are available (Langston & Helmberger, 1975). This procedure relies on 
a very simple construction scheme for long-period records which is discussed in 
Section 9.3.3. To get depth estimates from these long-period records we need a 
model of the source time function. For small to moderate size events the far-field 
radiation can be modelled by a trapezoid in time. Figure 8.10 shows the long-period 
records from WWSSN stations for an Iranian event as a function of their position on 
the focal sphere. The simplicity of these long-period waveforms enables the sense 
of initial motion to be determined very reliably (Sykes, 1967) and so improves the 
estimate of the focal mechanism. 

Once the earthquake focus lies well below the crust the surface reflections are 
seen as distinct phases, particularly for deep events. Surface reflections can also be 
returned as core reflections so that phases like pPcP, sPcP can often be found for 
intermediate or deep events. In figure 8.11 we show a vertical component broad 
band recording at Boulder, Colorado from an intermediate depth event (100 km) in 
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Figure 8.11. Broad-band record at Boulder, Colorado for an intermediate depth event, focal 
depth 100 km, epicentral distance 4200 km. 


the Mona passage. The epicentral distance is 4200 km and now we see clear pP and 
sP phases. About a minute later PP arrives, with a longer period since most of its 
path has been spent in the attenuative regions of the upper mantle. This is followed 
by PcP and its surface reflections. The P wave coda then dies down and a clear S$ 
wave arrival is seen with a small P precursor. On a standard short-period instrument 
this S wave would not be seen at all clearly because of the strong roll-off in the 
instrumental response to suppress the microseism band (figure 1.2). The S coda 
grades into a weak Lg train rich in moderate frequencies but very few long period 
surface waves are seen. Such an intermediate depth event will be more successful 
in exciting higher mode Rayleigh waves than the fundamental (see Chapter 11). 


8.3.2 Surface waves 


For all but deep earthquakes (focal depths > 300 km) the largest arrivals on 
long-period records occur after the P and S body waves. These surface waves have 
travelled with their energy confined to the crust and upper mantle and so have not 
suffered as much wavefront spreading as the body waves. 

On the horizontal component oriented transverse to the path between the 
epicentre and the station, just behind the S body phases a very long disturbance (G) 
appears which at later times is replaced by short-period oscillations often denoted 
LQ. These two features arise from the fundamental Love mode for which the group 
slowness normally increases with frequency. As a result the apparent frequency of 
the record increases with time (see figure 8.12). Superimposed on this wavetrain 
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Figure 8.12. WWSSN long-period records for Baja California events at Atlanta, Georgia, 
epicentral distance 3000 km: a) transverse component; b) radial component. 


are smaller high frequency waves with small group slowness. These are higher 
mode Love waves whose excitation increases with increasing depth of focus. 

On the vertical component and the horizontal component oriented along the 
path to the source, the principal disturbance LR occurs some time after the 
commencement of the LQ waves and arises from the fundamental Rayleigh mode. 
This is preceded by very long-period waves, arriving after the G waves and 
with much lower amplitude. The wavetrain leads up to an abrupt diminuation 
of amplitude, followed by smaller late arrivals with high frequency. This Airy 
phase phenomena is associated with a maximum in the group slowness for the 
fundamental Rayleigh mode at 0.06 Hz (figure 11.10). Waves with frequencies 
both higher and lower then 0.06 Hz will arrive earlier than those for 0.06 Hz, 
but the frequency response of long-period instruments reduces the effect of the 
high frequency branch. The late arrivals following the Airy phase Rg arise from 
scattering and sedimentary effects. 

In figure 8.12 we illustrate long-period seismograms from the WWSSN station 
at Atlanta, Georgia for shallow events (focal depth 25 km) in the northern part of 
Baja California, with an epicentral distance of 3000 km. The path is such that 
the North-South component (figure 8.12a) is almost perfectly transverse and so 
displays only Love waves, whereas the East-West component is radial and shows 
only the Rayleigh wave contribution (figure 8.12b). The vertical component is 
illustrated in figure 11.9. There is a clear contrast between the Love and Rayleigh 
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Figure 8.13. Example of Rayleigh wave dispersion for an oceanic path (WWSSN long- 
period record at Atlanta, Georgia). 


waves; the Love waves show lower group slownesses but do not have the distinctive 
Airy phase. Higher frequency higher mode Rayleigh waves can often be seen in 
front of the main LR group and a good example can be seen in the broad-band 
Galitsin record shown in figure 1.1. 

In oceanic regions, Rayleigh waves are affected by the presence of the low 
wavespeed material at the surface. The group slowness of the Rayleigh waves 
increases at higher frequencies when the wavelength is short enough to be 
influenced by the presence of the water layer. As a result the group slowness curve 
is very steep between frequencies of 0.05 and 0.1 Hz. This leads to a wavetrain with 
a clear long-period commencement followed by a long tail with nearly sinusoidal 
oscillations which is well displayed in figure 8.13. 

In Chapter 11 we will discuss the dispersion of Love and Rayleigh waves and 
the way in which these influence the nature of the surface wave contribution to the 
seismograms. The dispersion of surface wave modes is controlled by the wavespeed 
structure along their path, whilst the excitation of the modes as a function of 
frequency and azimuth depends on the source mechanism. We are therefore able 
to achieve a partial separation of the problems of estimating the source properties 
and the structure of the Earth. The dispersion information can be inverted to give 
an estimate of the wavespeed distribution with depth and then with this information 
we have a linear inverse problem for the source moment tensor components. 


8.4 Long range propagation 
Beyond 10000 km P waves are diffracted along the core-mantle boundary and so 
their amplitude drops off with distance; this effect is particularly rapid at high 
frequencies. This leaves PP and core phases as the most prominent features on 
the early part of the seismogram. 

The pattern of seismic phases is well illustrated by figure 8.14, a compilation of 
long-period WWSSN and CSN records made by Miiller & Kind (1976). This event 
off the coast of Sumatra (1967 August 21) has a focal depth of 40 km. The focal 
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Figure 8.14. Vertical component seismogram section of an earthquake near Sumatra, as 
recorded by long period WWSSN and CSN stations. The amplitude scale of all traces is 
the same (after Miiller & Kind, 1976). 
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mechanism has one P wave node nearly vertical and the other nearly horizontal; 
this leads to strong S wave radiation horizontally and vertically. 

The phases on the vertical component section in figure 8.14 mirror the travel-time 
curves in figure 8.8. The radiation pattern is not very favourable for the excitation 
of PcP at short ranges, and near 9000 km there is insufficient time resolution to 
separate P and PcP. The core reflection ScS is also obscured, but now because 
of the train of long-period waves following S. This shear-coupled PL phase arises 
when a SV wave is incident at the base of the crust in the neighbourhood of the 
recording station at a slowness close to the P wave speed in the uppermost mantle. 
Long-period P disturbances excited by conversion at the crust-mantle interface then 
reverberate in the crust, losing energy only slowly by radiation loss into S waves 
in the mantle. Such PL waves are associated with S and its multiple reflections, 
and as in figure 8.14 can be the largest body wave phases on the record. No such 
effect occurs for SH waves and so S and ScS can be separated on the transverse 
component. 

Around 9200 km SKS begins to arrive before S but can only just be discerned 
on figure 8.14. However, the converted phase PKS is quite strong and appears just 
after PP. The shadow zone caused by the core gives a couple of minutes delay 
between diffracted P and PKP. Near 15600 km there is a caustic for the PKP phase 
associated with very large amplitudes and this shows up very clearly on figure 8.14. 


Chapter 9 


Approximations to the Response of the 
Stratification 


We have already seen how we may generate the complete response of a 
stratified medium, and we now turn our attention to the systematic construction of 
approximations to this response, with the object of understanding, and modelling, 
the features we have seen on the seismograms in Chapter 8. We will develop 
these approximations by exploiting the physical character of the solution and a very 
valuable tool will be the partial expansion of reverberation operators. The identity 


I — RA®RBO-! = I + RAPREC + RABRECRABRECT — RABRBC-1 (9.1) 


enables us to recognise the first internal multiple in ‘AC’, cf. (6.18), whilst retaining 
an exact expression for the effect of the second and all higher multiples. Higher 
order partial expansions may be obtained by recursive application of (9.1). 

With an expansion of a representation of the full response we can identify the 
major constituents of the wavefield and so gain physical insight into the character 
of the propagation process. We can also devise techniques for extracting certain 
portions of the response and use the remainder terms as indicators of the conditions 
under which we may make such approximations. For P-SV wave problems we 
also have to consider the extent to which we can decouple the P and SV wave 
propagation in generating approximations to the response. Generally strong P-SV 
coupling occurs at the free surface and the core-mantle interface but significant 
effects can be introduced by discontinuities or very rapid changes in elastic 
parameters, e.g., at the Moho. 


9.1 Surface reflections 

We start by considering the expression (7.66) for the surface displacement 
generated by a buried source, in which the free-surface reverberation effects are 
represented explicitly 


Wo = Wyl — RR 'o(zs), (9.2) 
with 
o(zs) = TOP — REROP)"[Lu(zs) + RE Xp(zs)I. (9.3) 
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We now make a partial expansion of the surface reflection operator out to the first 
surface reflection to give 


Wo = W; {1 + RÜR; + RER ROR — RÖR} o(zs), (9.4) 


and examine the contributions separately. 
The portion of the field which has undergone no surface reflection is then 


Owo = W TOI — RÈ ROI [Zul(zs) + Rẹ Ep(zs)], (9.5) 


and this is just the displacement field we would expect if we had a uniform half 
space lying in z < 0, with a correction We = muo + MpoR; to allow for 
free-surface magnification effects. 

Once we remove the free surface boundary condition we make a radical change 
in the behaviour of the displacement representation as a function of p and w. The 
poles associated with the secular function det(I —RER,) = Oare no longer present 
and there are now branch points at |p| = comes lp] = Bs associated with the 
outward radiation condition at z = 0. The new secular function det(I —RERO) = 
O will only have roots on the top Riemann sheet when the structure contains a 
significant wavespeed inversion. The poles will lie in the slowness range Bz! < 
p < Brin (assuming Pr > Bo), where B min is the minimum shear wavespeed in 
the stratification. 

The reverberation operator [I — RR?) T! includes all internal multiples purely 
within the stratification. If, therefore, we concentrate on the earliest arriving energy 
and neglect any such delayed reverberatory effects between the regions above and 
below the source we would take 


Owe ~ WTO IRE Zp(zs) + Lu(zs)], (9.6) 


allowing for reflection beneath the source level. This portion of the response was 
used by Kennett & Simons (1976) to calculate the onset of seismograms for a 
source model of the 650 km deep earthquake of 1970 July 30 in Columbia. 

When we consider the part of the response including free-surface reflections we 
often wish to distinguish between waves which suffer their first reflection in the 
neighbourhood of the source and those which have undergone reflection by the 
structure beneath the source level before undergoing reflection at the surface. If we 
allow for up to a single surface reflection, the surface displacement is given by 


'wo = WI + RE Rẹ)o(zs). (9.7) 


The wavevector o is already partitioned at the source level and we may separate out 
internal multiples in the stratification by writing 


o(zs) = TS {1 +REERS IT — RSERIS|-1 \ (RSLES + ES) (9.8) 


9.1 Surface reflections 


where for brevity we have written e.g. x for Xp(zs). We can also split the 
reflection matrix at the source level by using the addition rule (6.3) and then make 
a comparable expansion to (9.8) to give 


RÙ = RÝ + TIRÈ TY + TRE ROO — RI ROPI RATS. (9.9) 


We now insert (9.8), (9.9) into the approximate surface displacement representation 
(9.7) and concentrate on those parts of the wavefield which have not undergone any 
internal multiples in the stratification. Thus 


"wo = We {TEES + TERS (E5 + TOR TOZ) 
+TOPRATOR-TOPRALD 
+ROR,-TO (RI LS + LP) + Remainder \ ; (9.10) 


The remainder takes account of all contributions with internal multiples of the type 

RR? The nature of the entries in (9.9) is indicated schematically in figure 9.1. 
Direct upward propagation is represented by Teka and that part of the energy 

which initially departed downward from the source, but which has been reflected 

back from beneath the source level, appears in TRS, The combination 

TOS(R$LZŠ + ZÑ.) will therefore represent the main P and S wave arrivals and 

will allow for the possibility of conversions beneath the source level through RI, 
The term 


TO RŞITÖR TI (9.11) 


represents energy which initially was radiated upwards, but which has been 
reflected at the free surface before reflection beneath the source. In teleseismic 
work this term represents the surface reflected phases pP, sP and sS, pS generated 
near the source (figure 9.la). As we have noted above, P to S conversion can be 
quite efficient at the free surface so that the off-diagonal terms in Rẹ, are often 
important. The converted phases sP, pS can be quite large and have a significant 
influence on the character of the seismograms (cf. figure 8.11). The combined term 


TOPRPL (Le, + TOR-TOPLA) (9.12) 


represents all the energy which has been returned once from beneath the level of the 
source. The combination (È$ + TOR Ty rs) will appear as an equivalent source 
term for downward radiation and this forms the basis of the approximate technique 
for long-range propagation described by Langston & Helmberger (1975). 

In reflection seismic work the pP reflection appears as the surface ‘ghost’ 
reflection associated with a shallowly buried source. The effective source waveform 
for reflection from deep horizons is provided by the interference of the downward 
radiation and the surface reflection in ex + TORTS). It is frequently 
assumed that the effective waveform may be evaluated at p = 0 and does not vary 
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Figure 9.1. Illustration of the contributions to the response appearing in equation (9.9): 
a) Direct PS and surface reflected phases pP, sP, pS, sS; b) Double reflection beneath the 
source PP, PS, SP, SS; c) Reverberations near the receiver. 


with the incident angle on a reflector. A more accurate representation is obtained 
by allowing for the full slowness dependence of the interference. 

A further class of surface reflections arises from waves which departed 
downwards from the source; 


TY ReTOR-T Res. (9.13) 
represents energy which has been reflected back twice from below the level of the 


source (figure 9.1b). The first part is similar to straight P or S propagation, and then 
on reflection we get PP, SS and with conversion PS, SP. In long-range propagation 


9.1 Surface reflections 


the major contribution to the response will arise from nearly the same level on the 
two sides of the surface reflection point. 

In reflection seismology we are interested in the total contribution to 
surface-generated multiple reflections and so have to include the effect of the 
‘ghost’ reflection as well. The first surface multiples are therefore generated by 


TURD TOR TURD (Zp + TOR TUL, (9.14) 


and now there is rarely any symmetry in the reflection process. Surface-generated 
multiples are of particular importance in areas with shallow water cover or low 
velocity material near the surface because they tend to obscure the reflected arrivals 
of interest (see figure 8.2). Considerable effort has therefore been devoted to 
methods designed to eliminate such reflections from observed records and in 
following sections we will discuss the theoretical basis of such methods. 

The last class of contributions which appear in (9.10) are governed by 
RÖR, TOF(RSLZŠ + Zù), and arise from the beginning of a reverberation 
sequence, near the receiver, between the free surface and the layering above 
the source (figure 9.1c). The higher terms arise from the reverberation operator 
I — RRJ !. This is most easily seen from the expressions (7.41), (7.46) for the 
surface displacement; the matrix wi which generates displacement at the surface 
from an upgoing wave at the source level includes this shallow reverberation 
operator. 


9.1.1 Surface multiples 


At moderate to large ranges from a source, free-surface reflections play an 
important role in determining the shape of the P and S waveforms due to the 
interference of the direct and reflected phases. The surface waves also owe their 
existence to the interaction of waves which have been reflected many times from 
the surface. 

At short ranges the presence of the highly reflecting free surface is of major 
importance in determining the character of the entire seismogram. Waves which 
have been reflected at the surface and back from the stratification are important 
for both recordings of near earthquakes and reflection seismology. The profound 
effect of such multiples is well illustrated by theoretical seismograms for the full 
response (9.2) of an elastic model and approximate calculations neglecting any 
free-surface reflections using (9.5). The elastic wavespeed distributions and density 
for the very simple model we have used are illustrated in figure 9.2. We have taken 
Qz! = 0.001 and Qe = 0.002 in all layers, these values are too small to be 
realistic but help to avoid aliasing problems in time. For both calculations the 
source was an explosion at 10 m depth and a frequency band from 5 to 75 Hz has 
been constructed using a spectral approach (as in Section 7.3.3) and we present the 
vertical component traces in figure 9.3. 

In the absence of surface reflections (figure 9.3a) the principal events are P wave 
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Figure 9.2. Sedimentary structure used for the calculations in figure 9.3. 


reflections from the interfaces and the reflection times at vertical incidence are 
indicated by solid triangles. The model parameters are such that P to S conversion 
is quite efficient at the first interface and there are a number of reflected events 
associated with such conversions for which the amplitude increases away from the 
closest traces. The most important conversions correspond to S wave reflections 
from the second or deeper interfaces with either P or S upward legs in the shallowest 
layer. Even though there are no extreme contrasts in elastic parameters across the 
interfaces in this model, internal multiples between interfaces are important and 
complicate the reflection pattern. For the shallowest interface the array of receivers 
extends beyond the critical distance and a clear head wave is seen to emerge from 
the first interface reflection and to overtake the direct wave. 

When all surface reflections are included (figure 9.3b) we obtain the previous set 
of reflections, and in addition all their surface multiples, which leads to a rather 
complex pattern. The first surface multiples of the P reflections are very clear 
and their vertical reflection times are indicated by open triangles. The apparent 
waveform of the primary reflection is now modified by the interference of initially 
downward propagating waves with the surface reflected ‘ghosts’ and is of longer 
duration than before. A new feature is the prominent ground-roll with high group 
slowness which cuts across the reflected phases. This is preceded by a weak S 
wave generated by surface conversion of the direct P wave and S reflection at the 
first interface. The shallow explosion gives significant excitation of fundamental 
mode Rayleigh waves which are the main component of the ground-roll; there is 
much weaker excitation of higher modes. Normal field procedures are designed to 
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Figure 9.3. Theoretical seismograms for the sedimentary structure illustrated in figure 9.2. 


The vertical component of velocity is illustrated and a linear gain in time and distance has 
been applied: a) no free surface reflections, but all internal multiples and conversions; b) 


all free surface multiples and surface waves. 


184 


Approximations to the Response of the Stratification 


eliminate the ground-roll by using arrays of geophones at each receiver point. The 
surface waves are, however, often seen on noise spreads or where single geophone 
recording has been used (figure 1.3). The dispersion of the surface wave modes 
is most sensitive to the shallow S wave structure (see Chapter 11) and can itself 
provide valuable structural information. 

For interpretation of seismic reflection records it is desirable that only simple 
P wave returns from each reflector should be displayed and considerable efforts 
have therefore been expended on trying to remove all other wave phenomena. The 
most important of these is, as we have seen, the effect of the free surface, and it is 
interesting to see how surface multiples could be removed with ideal data. 

We will consider surface receivers and specialise to a surface source. In this 
case the full response of the half space in the frequency-slowness domain may be 
expressed as 


Wo = WI — ROR) (Z9, + RES), (9.15) 


where I), 5 are the up and downgoing wave components which would be 
produced by the source embedded in a uniform medium with the surface properties. 
We can recast (9.15) in a form which accentuates the portion of the field which is 
reflected back by the stratification: 


Wo = WI — ROR, RODS + RE? } + W LO. (9.16) 


Here {Z9 + R20} represents the effective downward radiation from the source in 
the presence of the free surface. 
The part of the seismic field which has not undergone any surface reflections is 


Owo = WERE? + R ES} + WE’. (9.17) 


The portion which is of interest in reflection work is therefore, for a specified 
source, dependent on the matrix WROL. We see from figure 9.3a that for small 
offsets the dominant contribution will come from the PP component of ROL. If 
therefore we can recover ROL from the full response Wo we could remove all 
surface reflections by constructing (9.12). 

In terms of the operator 


Y = [I — RRJ RE, (9.18) 
the full response Wo takes the form, 

Wo = WeY{ZP, + R E?) + WE}; (9.19) 
and the downward reflection matrix Ro can be recovered from 

R% = YII + RY]! (9.20) 


Is it therefore possible to recover Y from (9.13)? Since Y is a 2 x 2 matrix we would 
need two distinct vector equations of the form (9.19) to find Y, i.e. two experiments 
with recordings of both vertical and horizontal components for different sources. 


9.1 Surface reflections 


This result parallels the work of Kennett (1979b) who worked with expressions 
based on the equivalent stress and displacement source elements at the surface 
(7.16). From vertical component seismograms we may estimate the PP component 
of Y, allowing for the effect of shear at the surface through wer but neglecting 
conversion at depth. The PP element of Ro is then given approximately by 


Re a ys REPYPP], (9.21) 


Kennett (1979b) has shown that such a scheme gives good results for theoretical 
records at small offsets from the source. With field recordings a major difficulty 
is to get an adequate representation of the seismograms in the frequency-slowness 
domain (see, e.g., Henry, Orcutt & Parker, 1980). 

We may extend this treatment to buried sources by making use of equivalent 
sources. In (7.7) we have introduced an equivalent stress-displacement jump at the 
surface via a propagator from the source depth to the surface. We can do the same 
with the wavevector jump with the aid of the wave-propagator 


X? = Q(0, zs). (9.22) 


From (5.45) we can express the wave-propagator in terms of the reflection and 
transmission properties of the region between the source and the surface, and so, 
using (4.66), 
ZD = (TH) MLB + RÙ), 
yo — TOSES OSy0 (9.23) 
u=TY2ut+Rp2p, 


and if we construct the combination of equivalent source terms o(0+) we have 
RDI +L = TPO -— RÈ RGI Zù + RS ZBI, (9.24) 


which is just the original o(zs) and so the surface displacement is the same. If 
we know the elastic properties down to the source level zs we can find £}, £2 
from (9.23) and then proceed as before. The term (TH) in (9.23) represents the 
advance in time and amplitude gain needed to be able to describe downgoing waves 
starting at the true origin time at the source level zs, via a surface source. 


9.1.2 Alternative approach for surface reflections 


We have so far made use of representations of the seismic response which display 
the free surface reflection matrix Rẹ explicitly (7.66), but as we have seen in 
Chapter 7 we have the alternative form (7.41), (7.46) 


Wo = WPI — RRP) (57, + RES). (9.25) 


The operator wi generates surface displacement from upgoing waves at the source 
level zs (6.11) 


wi? = WI — ROR, TO. (9.26) 
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We may now rearrange (9.25) to isolate the effect of the direct upgoing waves 
(WPI), and to emphasise the role of reflection above the source level 


wo = WPI — RIRI RENTS + RÉELS) + WELD. (9.27) 


The combination {2$ + RPI} models the direct downward radiation from the 
source and all waves turned back by the structure or the free surface above the 
source. In the previous discussion of the pP phase we have only allowed for 
transmission in the passage of waves between the source and the surface. When, 
however, there is significant structure above the source Rey provides a better 
representation of the reflected phases. An important case is for earthquakes which 
occur just below the Moho, for which reflections from the Moho immediately 
follow the direct P and S waves. For suboceanic earthquakes the reflection from 
the water/rock interface (sometimes designated pwP) can approach the size of the 
reflection from the sea surface. 


9.2 Split stratification 


As we have already noted it is very common for there to be a near-surface 
zone of low wavespeeds, and this feature occurs on a wide range of scales. In 
reflection work this region would be the weathered zone, and in crustal studies the 
sedimentary layers. For seismic studies of the ocean floor, the ocean itself acts as a 
low velocity waveguide. When attention is focussed on seismic wave propagation 
in the mantle or core, the entire crust appears to be a zone of low wavespeeds. 

Often we would like to separate wave propagation effects in this shallow region 
from the waves which penetrate more deeply. In order to do this we introduce a 
level zy at which we split the stratification, and this will normally be taken close to 
the base of the surface zone. 

We can obtain very useful results for the displacement field by making use of 
the device of equivalent sources. We move the source effects from the true source 
level zs, to the separation level zy and then use the equivalent source terms in our 
previous expressions for the seismic response. 

The equivalent stress-displacement jump S(zj) at z = zy is obtained from S(zs), 
the representation of the original source, by the action of the propagator from zs to 
Zj. 


S(z;) = P(zy, zs)S(zs). (9.28) 


This equivalent source will give the same effective seismic radiation as the original. 
As in the surface case, we can also introduce an equivalent wavevector jump I'l at 
zy which is related to E by the wave-propagator from zs to zy 


I! = Q(zy,zs)E5. (9.29) 


We will discuss first the case when the source lies in the low wave speed zone i.e. 
Zs < zy. The wave-propagator can then be related to the reflection and transmission 


9.2 Split stratification 


properties of the region between zs and zy using (5.46). The upward and downward 
radiation components at zy are therefore 


X! = [T (Z, + RYES), 


(9.30) 
IL = TYLE + RITI (Z + RIZS). 
The contribution ITS] ZI arises because we are attempting to move upgoing waves 
back along their propagation path. However, the expression on = {2L + RUZ} 
corresponding to the net downward radiation at the level zy is free of such terms, 


CL = ZL RUE 
= TY [I — RRI] HZS + RFLG) (9.31) 


The right hand side of (9.31) can be recognised as the total downward radiation 
at the level zz produced by a source at the level zs; this expression allows for 
reverberation between the surface and zy, in the neighbourhood of the source. 

We will now use these equivalent source expressions in the representation (9.27) 
for the seismic response 


Wo = WPI — RERI RHEL + RUZ} + Wir). (9.32) 
The ‘upward radiation’ term 

wis) = WRI -— RIRI TIIT] (Z$ + RIZS), (9.33) 
where we have used the expansion (6.11) for wil and so 

wir), = wit —RIRP | (re, + RY ZB). (9.34) 


We recognise this to be just the response of the stratified half space, truncated at the 
level zy, to a source at zs. The expression (9.34) therefore describes waves whose 
propagation is confined to the region of low wavespeeds. 

The remaining contribution to the displacement takes the form 


wE -— RERI RECI, (9.35) 


and includes all propagation effects below the separation level zy through the 
reflection matrix RL. The whole half space reverberation operator appears in 
(9.35) and near-receiver interactions in the low wavespeed zone are contained in 
Wi. 

The expression (9.32) for the seismic displacements is valid for an arbitrary level 
zy below the source level zs, and so we may use it to understand the approximations 
involved when we consider only a limited portion of an Earth model. For a 
structure terminated at zy the entire response is contained in wir, (9.34) and 
the contribution (9.35) can be thought of as the error term corresponding to the 
neglect of deeper parts of the model. This remainder contains the secular operator 
for the shallow part through the source and receiver terms CL, wil. The neglected 
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reflections from depth appear in RE and these couple into the shallower structure 
through the reverberation operator from the surface down to zy. In general the 
truncated structure will provide an adequate approximation for small ranges, and at 
long-range may be used to describe certain features of the full response. 


9.2.1 Propagation in the upper zone 


We have just seen that by choosing a separation level zy in the half space we can 
isolate the portion of the response which is confined to the region between the 
surface and zy. 

The choice of zy is therefore crucial in defining the particular seismic phases 
which are well represented by wil, (9.34). This contribution 


shwo = WHI — RRP) | (LE, + RYES), (9.36) 


gives a full representation of all reverberations in the region between zy and the free 
surface. 

For seismic studies of the ocean floor, a choice of zy just below the surface of the 
seismic basement will give an excellent description of the water wavetrain. In this 
case Shwo will describe propagation in the water column itself, the effects of the 
marine sediments and the main sub-bottom reflection from the sediment/basement 
transition. The uniform half space below this interface will allow for radiation loss 
from the acoustic field in the water into both P and S waves. Within the water we 
have only P waves, but in the sediments and below we must allow for shear wave 
conversion effects. The reflection matrix for the composite region ‘SJ’, including 
both fluid and solid zones, can be constructed by the usual recursion scheme, as 
discussed in the appendix to Chapter 6. The waves returned by the oceanic crust 
itself will be described by the deeper contribution (9.35). 

For continental areas with extensive sediment cover we would choose zy to lie 
just below the base of the sediments and then we may isolate all phases which are 
confined to the sediments in "wo or are reflected from it. 

In studies of the earth’s mantle, the choice of separation level is less obvious. It is 
tempting to take zy just below the crust-mantle interface and so model phases which 
are trapped in the crust alone, principally Pg, Lg and PL (see figures 8.4—8.7). This 
is basically the approach taken by Helmberger & Engen (1980) who have modelled 
long-period P wave-propagation in a simple crust out to regional distances (1500 
km). In this case the Pn arrival is represented by a head wave on the crust-mantle 
interface and multiple reverberations in the crust give a complex coda in which 
the proportion of SV wave motion increases with time. However, this choice of zy 
leads to neglect of sub-Moho velocity gradients on the Pn arrivals and also of the 
influence of any mantle wavespeed inversion. At long-periods the wavelengths are 
sufficiently large that a P wave with an apparent turning point some way above the 
inversion will lose energy by tunnelling through the intervening evanescent region 
(figure 9.4). 


9.2 Split stratification 


For a full description of crustal and subcrustal phases a convenient location for 
zy is at about 200 km; which for most continental models, at least, is below any 
wavespeed inversion and about the level of a change in the velocity gradients in the 
mantle. This zone includes nearly all the reverberative features in the entire Earth 
model and allows interactions between the crust and the wavespeed inversion to 
be modelled. As we shall see in Chapter 11, such effects have a strong influence 
on moderate frequency (~ 0.2 Hz) surface wave propagation. For high frequency 
waves the immediate sub-Moho wavespeed gradients determine the character of 
the Pn and Sn arrivals. Even a slight positive gradient induced by sphericity is 
sufficient to produce an ‘interference’ head wave (Cerveny & Ravindra, 1975) 
in which multiple reflections from the gradients constructively interfere to give a 
larger arrival than can occur with a uniform half space (figure 9.5). 

This type of propagation has been investigated by Menke & Richards (1980) 
who term the components of the interference head wave ‘whispering gallery’ 
phases. In the reflection matrix representation, if conversion below the Moho can 
be neglected, these contributions arise from the infinite expansion of the P wave 
reflection coefficient just above the Moho: 


Rp(zm—) = RÝ + TYRE -RYRS I TĂ, 


= RÑ + TYRMITM + TYRYRYRWTĂ +... . (9.37) 


where RY etc. are the interface matrices at the Moho, and RM is the reflection 
matrix for the sub-Moho zone. The principal contribution will normally come from 
TERN T~: At short ranges the geometrical picture for the P wave portion is a ray 
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Figure 9.4. Illustration of the effect of a thin lid over a velocity inversion: low frequency 
energy tunnels through the inversion and is turned back by the deeper structure, whilst the 
high frequencies are reflected by the lid or propagate within it. 
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Z 


Figure 9.5. Illustration of the formation of an interference head wave. 


turned back by the sub-Moho velocity gradients; this is the behaviour shown by the 
high frequencies, but there is a progressive loss of high frequencies by tunnelling 
into the wavespeed inversion. At large ranges the P turning point for TMRWT™M 
drops to below the wavespeed inversion and this contribution to Pn is lost. Low 
wavespeed gradients favour the development of the interference head wave to large 
ranges. 

The reverberation operator representation in (9.37) is much more convenient than 
the expansion for computational purposes since the full interference effects are 
retained. 

The sub-Moho structure has a significant effect on short-period crustal 
reverberations. Menke & Richards have pointed out that crustal reverberations are 
enhanced at large ranges for models with high sub-Moho gradients. 

A similar system can be excited at large ranges by an incident SV wave at the base 
of the crust, arising from the presence of the contribution WwWIRETY È> in the full 
response. For slownesses such that S waves propagate in the crust and mantle, but 
P waves have turning points in the sub-Moho gradients, we can get an interference 
head wave for P generated by conversion at the Moho. This wave will be coupled 
into both P and S wave reverberations in the crust to give the shear-coupled PL 
waves (figure 8.14) following the main SV arrivals (see, e.g., Poupinet & Wright 
1972). The SV pulse will be preceded by a conversion to P on transmission through 
the Moho. 


9.2.2 Deeper propagation 


For a source in the upper zone above the the separation level zy the portion of the 
displacement response which involves propagation in the region below zy is given 
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by (9.27) and with the expanded forms for cL (9.24) and wil (6.12) we have 
two = WHE — RIRH ITY 
xI — RERI IRE 
xT — RRI HLS + RLG). (9.38) 
This representation allows for reverberations in the upper zone near the source 
through [I —RfSR] ZI and similar effects near the receiver through [I — ROR; ait 
For a surface source these reverberation operators take on a symmetric form. 

In reflection studies, multiples of deep seated reflections (in RD) generated by 
reflection between the free surface and high contrast interfaces near the surface are 
of considerable importance. Such multiples can be particularly strong for reflection 
profiles conducted in shallow shelf seas. The strength of these effects depends on 
the reflectivity of the sea bed which can be as high as 0.4 at normal incidence. 
The automatic gain applied to most reflection displays acts to compensate for the 
multiple reflection losses and so multiples dominate giving a ‘singing’ record. 
Some success has been achieved with predictive convolution operators (Peacock 
& Treitel, 1969), which rely on the relative statistical randomness of the reflection 
elements in RI (with zy just below sea bed), compared to the organised multiple 
train. If a good model exists for the sea bed structure, or if the reflection from the 
sea bed can be isolated, the reflection coefficient RY (p, w) can be estimated. Then, 
in favourable circumstances, it is possible to use the operator [I + RU Ip, w)] twice 
on the acoustic wavefield in the slowness-frequency domain, to suppress most of 
the near-surface multiples. 

In regions of deep weathering on land, multiples in the weathered zone can also 
be important but here with only vertical component records it is more difficult to 
achieve multiple suppression. 

Even when the shallow multiples are eliminated, the deep reflections are 
entangled in the combination 


Lpf)j—IpJL 
T- RERI IRE, (9.39) 


which represents the surface-generated multiples of the deep reflections. This is in 
the same form as the quantity Y introduced in (9.18) and the analysis is very similar 
to the previous case. 

The expression “wo (9.35) for the displacement includes the reverberation 
operator for the whole half space through the contribution (9.39) but often we 
wish to restrict attention to a single reflection from beneath zj. We may do this 
by making a partial expansion of (9.39) 


RI + [I —RSRU RERIRI, (9.40) 


and then retain only the first term. The resulting approximation for the 
displacement response is 


dewo = WIREC; (9.41) 
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which separates very neatly into near-source and near-receiver contributions and 
the return from depth in RE. The remaining part of “wo, 

WPI -— RERI RERIRECL, (9.42) 
represents that portion of the wavefield which has undergone one or more 
reflections in the region between zy and the free surface as well as reflection below 
ZJ. 

The approximation “®wgọo may be employed in a wide variety of problems where 
the elastic wavespeeds increase rapidly with depth so that there is a large time 
separation between deeply penetrating waves and those confined to the upper zone 
and also any surface reflections of deep phases. This form with various further 
approximations for wi. ch, RE is the basis of most work on relatively long-range 
seismic wave propagation. 

The use of “*wo requires an adroit choice of the level zy at which the half space 
is separated, so that the mutual interaction is kept to a minimum. In some cases 
a natural break point in the structure occurs, as we have seen in our discussion of 
shallow propagation, but usually some compromises have to be made. For mantle 
studies, as we have noted, a good choice is at about 200 km. However, for many 
teleseismic studies where attention has been focussed on crustal effects at source 
and receiver, zy is taken just below Moho. 

For slownesses such that P or S waves have their turning points above 800 
km or near the core-mantle boundary, the complications in the elastic parameter 
distribution are such that it is worthwhile trying to get a good representation for rE 
or some of its elements. This has been the goal of many authors (e.g., Helmberger & 
Wiggins, 1971; Cormier & Choy, 1981; Choy, 1977; Müller, 1973) who have used a 
variety of techniques to generate theoretical seismograms which will be discussed 
in subsequent sections. Very simple approximations have usually been used for 
wil. ch Frequently the response is constructed from just the direct transmission 


de. 


term WT? at the receiver, and at the source only the downward radiation term, 
including surface reflections, to give 


W,-TURS (ZB + RZY) (9.43) 


as an approximation to 4¢wo. 

On the other hand for turning points in the lower mantle below 800 km, but well 
away from the core-mantle boundary, the effect of mantle propagation is relatively 
simple and crustal effects at source and receiver become rather more important for 
frequencies around 1 Hz. For example Douglas, Hudson & Blamey (1973) have 
used the approximation “¢wo with full calculation of source and receiver crustal 
reverberations, to calculate body waves from shallow sources. They have made 
a simple allowance for lateral variations in crustal structure, by taking different 
crustal parameters on the source side and the receiver side. This scheme provides 
a good model for P wave arrivals in the range 3500 to 9500 km, for which a 
good approximation to Ro may be obtained with asymptotic ray theory results. 


9.2 Split stratification 


Improved representations of rE to allow for upper mantle structure, using a 
piecewise smooth medium as in Section 6.3, enable the approximation “wo to 
be used from epicentral distances of 1200 km outwards. 


9.2.3 Sources at depth 


For a source which lies below the separation level zy which we have imposed on 
the stratification, we may once again make use of the device of equivalent sources 
at the level zy to produce a convenient form for the seismic response. Since Zy 
now lies above zs we use the partitioned form (5.45) for the wave-propagator in 
the relation (9.22) which defines the source jump LJ. The upward and downward 
radiation components at zy are thus 


IL = (TË) (3 + REY: 


£ . (9.44) 
Il = TPL + RPI. 


The net upward radiation c], at zy, allowing for reflection from below zy, now has 
the equivalent representations 


C] =X} 4 R524, 
= THM — RÈ RII (Zù + RED). (9.45) 


The latter expression includes the full interactions of the waves from the source 
with the region below the separation level zy. We may emphasise reflections at this 
level by writing 


C], = TRI — Retr) rit (r§, + RIIS) + LE). (9.46) 
The surface displacement field in this case can be found from (9.25) as 
Wo = WIT — RERI ICI. (9.47) 


and there is no simple separation of a shallow propagation term in this case. 

The reverberative effects of the upper zone 0 < z < zy are contained within 
the receiver operator wil. Energy is brought into the surface channel by waves 
travelling upward from the true source level, either directly or after reflection 
from beneath the source. The most important contributions for body waves are 
represented by 


WIE — ROR TUT Pre, + REHE + RTE, (9.48) 


where we have allowed for at most one reflection from the region between zs and Zy 
in our approximation to cl (9.40). When we are interested in propagation effects 
in the upper zone we choose the separation level zy in the way we have previously 
discussed. 

For a suboceanic earthquake with zy taken at the basement, the main 
tsunamigenic effect of the event is described by wit}? è which represents the 
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upward radiation into the water column; there may also be some contribution 
from waves reflected back from just below the source level contained within 
WUT PREZ. 

Crustal propagation effects can be important for earthquakes which occur just 
below the Moho. R}> will then mostly arise from reflections at the Moho. High 
angle reverberations within the crust will be possible, but as the slowness increases 
to the inverse wavespeeds at the source level, the crustal field for that wave type 
will become evanescent in the crust, and as a result reverberations will be damped. 
The most noticeable effects will therefore occur close to the source and become 
less pronounced as the range increases. On a smaller scale there will be a similar 
pattern of behaviour for events occurring below sedimentary cover. 

For propagation deep into the stratification we can emphasise the physical 
character of the solution by taking a slightly different choice of separation level 
zy. The surface displacement field (9.47) 


wo = W (I — RER”)! C) (9.49) 
allows for both shallow and deep reverberations. Now the displacement operator 
Wi] = WA — RIR) TY, (9.50) 
and with an expansion of RÝ to emphasise surface reflections 
RER” = RHR” + TYR; (I — RIR) TY. (9.51) 
If, therefore, we can choose the separation level zy such that RY A R are small, we 
can get a good approximation by allowing for only transmission effects in ‘OJ’: 
fJ ~ oJ 
Wu ~ WT 
(1 — RER) x (1 — RETIR, T?])!. 
Such a split is possible in oceanic regions if we now take zy to lie just above 
the sea floor. For slownesses appropriate to seismic wave-propagation in the 
sub-basement rocks, the reflection from the water column will be very slight and the 
sound speed structure can be approximated by a uniform medium with P wavespeed 


xo and thickness họ. The secular function for the oceanic case is therefore, from 
(9.52), 


1 + Rf |ppe#® dao ho = 0, (9.53) 


(9.52) 


which represents a constructive interference condition between waves reflected 
back from the sea surface and the rocks beneath the sea floor. We may use the 
addition rule to express RE in terms of the reflection properties of the sea bed RB 
etc. and the deeper reflection response RBL as 


RI = RË + TERE OU — RËRBHITË, (9.54) 


where, as discussed in the appendix to Chapter 6, we work with 2 x 2 matrices 
throughout, but RE will have only a PP entry. 


9.3 Approximate integration techniques 


The effect of the low wavespeed water layer is, in this approximation, to produce 
just a phase delay and no amplitude change. However a further consequence of this 
choice of zy is that, seen from below there will be strong reflections back from the 
region between the source and zy. Thus the elements of RIS will be significant, 
especially for S waves for which there will be only small radiation loss into the 
water by conversion to P near the sea bed. For long-range propagation through the 
oceanic crust and mantle an important role is therefore played by the contribution 


I -— RFR?) REALS + RIP, (9.55) 


within C J (9.47). This represents a guided wave system controlled by the oceanic 
crust and mantle structure with further reinforcement by multiple reflections within 
the water column. With slow lateral changes in structure, such a system can explain 
the persistence of high frequency oceanic Pn and Sn to large ranges. The excitation 
of these phases depends strongly on source depth and the details of the crustal and 
mantle structure. 

For sources in the mantle we may make a similar split just above the Moho, and 
for low frequencies the crust will appear relatively transparent. We therefore have 
the approximate secular function 


detl — Rp(zm—) TMR; TM], (9.56) 


and so the dispersion characteristics are dominated by the mantle structure at low 
frequencies (see Chapter 11). The interference head wave system we have already 
mentioned is an analogue of the wave channelling in the oceanic case, and other 
sub-Moho reflections will contribute to the P and S wave codas. 


9.3 Approximate integration techniques 


In the two previous sections we have established a number of useful approximations 
to the displacement response of a stratified half space in the slowness-frequency 
domain. We now examine ways in which these approximations can be used to 
generate theoretical seismograms for specific portions of the body wave response. 

The methods which will be discussed here aim to produce as complete a 
representation as possible for a seismic phase or group of phases, and so involve 
numerical integration over frequency and slowness with the integrand specified in 
terms of reflection and transmission elements for parts of the stratification. The 
approximation to the response or the interval of slowness integration will be such 
that we encounter no difficulties from surface wave poles. The synthesis of surface 
wavetrains and their relationship to body wave pulses is presented in Chapter 11. 

An alternative approximate approach for body waves is presented in Chapter 10, 
where we will discuss generalized ray methods. These rely on casting a portion 
of the seismic response as a sum of contributions with a particular separation of 
frequency and slowness dependence, which allows the inversion integrals to be 
performed, in part, analytically. 
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9.3.1 Reflectivity methods 


The approach we have adopted in this book for the characterisation of the response 
of a stratified medium to excitation by a source has been to work in terms of 
the reflection and transmission properties of portions of the stratification. As a 
result, the techniques we have discussed for the generation of complete theoretical 
seismograms can be regarded as ‘reflectivity’ methods. 

The name was, however, introduced by Fuchs & Miiller (1971) to describe a 
technique in which all multiple reflections and conversions between wave types 
were retained in part of the structure. The stratification was split at a level zy as 
in our treatment in Section 9.2, and attention was concentrated on just those waves 
reflected back from the region beneath zz. The approximation employed by Fuchs 
& Müller may be derived from our expression for “wo (9.41) by retaining only 
the downward radiation from the source and working with just transmission terms 
in the region above zy. This eliminates any reverberatory effects in the receiver and 
source operators Wil. CL and leads to the approximate form 


tewo = W TROTI ZŠ. (9.57) 


In the original treatment further approximations were made to allow only for 
direct interfacial transmission losses, and a single P wave component of RE was 
included. The PP reflection coefficient for the region z > zy was constructed 
by propagator matrix methods for a stack of uniform layers, which allowed for 
all multiples in (zj,z_). Later Fuchs (1975) allowed for P to S conversions on 
reflection from the region ‘JL’. 

The representation (9.57) is once again in the slowness-frequency domain and to 
generate theoretical seismograms at particular stations we must perform integrals 
over slowness and frequency. We have considered this problem for the full response 
in Section 7.3 and suitable techniques parallel those we have already discussed. 

Since free-surface effects have been removed, there are no surface wave poles 
but there will be branch points at the P and S waveslownesses at the surface, source 
level, and the top and bottom of the reflection zone ‘JL’. The absence of poles 
means that a spectral method with integration along the real p axis as in (7.75) or 
(7.77) with the approximation "’Wo instead of the the full vector will be suitable. 
The numerical integral has the form 

oO 
ū(r,0, w) = jwlwiM(w) | dp pl°wo TO (wpr), (9.58) 
—00 
where we have extracted a common source spectrum M(w). Once the 
computational labour of generating the approximation to wọ has been completed, 
calculations may be made for many ranges for only the cost of performing the 
integrations. Once again, however, there is the problem of computing the integral 
of a highly oscillatory integrand which limits the achievable range for a given 
frequency band. The properties of the integrand will, however, be improved slightly 
if physical attenuation is included in the velocity model. 


9.3 Approximate integration techniques 


The integral (9.58) represents a convolution of the source-time function with 
the reflectivity response function for the stratification. In practice we will impose 
some upper limit on the frequency in (9.58) so that we get a filtered version of 
the response. In (9.45) we have represented the seismogram spectrum in terms of 
outgoing wave components and to isolate particular features in the response the 
integration is restricted to a band of slownesses 


P2 
a(r,0,w) = jwlwiM(w) | dp pl"’wol 'T)(wpr), (9.59) 
PI 

For example, if we consider the P wave response at large distances, we do not 
anticipate that there should be a large response from reverberations at near vertical 
incidence. We would therefore choose pı to be about 0.025 s/km and take p2 to be 
larger than 1/ay, where oy is the P wavespeed just above the reflection zone. This 
allows for weakly evanescent waves in the upper zone which may have a significant 
amplitude (especially at low frequencies) but excludes strongly evanescent waves. 
When calculations are to be made at short ranges we would choose pı = 0, and 
adopt the ‘standing wave’ form of the integral (9.59) in terms of T,,(wpr), cf. 
(7.75). 

Injudicious choice of the integration interval can give quite large numerical 
arrivals at the limiting slownesses, but these can be muted by applying a taper 
to "Wo near these limits. For problems where there is a thick layer of very 
low wavespeed material overlying the reflection zone, the exclusion of evanescent 
waves in this overburden is satisfactory since all the arrivals of interest occur in a 
limited range of slowness. Such is, for example, the case for compressional arrivals 
returned from the structure beneath the sea bed in the deep ocean (Orcutt, Kennett 
& Dorman, 1976). 

In order to work with a fixed time interval at varying ranges it is convenient 
to work in terms of reduced time t — Prear (Fuchs & Müller 1971) and follow 
the arrivals with distance. This may be achieved by multiplying the spectrum at 
each range by exp(—iwpPp;eat) before taking the inverse Fourier transform over 
frequency. As in our discussion of complete theoretical seismograms (Section 
7.3.3) it is often useful to build up the response for a wide range of slownesses 
by combining the results for different slowness panels with appropriate time shifts. 

The ‘reflectivity’ calculations can be recast in terms of the slowness approach 
of Section 7.3.2, in which the transform over frequency is performed first and 
is then followed by a slowness integral (7.86), (7.103). The integrand in space 
and time is reasonably well behaved (figures 6.4, 6.5) even though long time 
series may be needed to avoid aliasing, as a result the sampling in slowness can 
be reduced compared to what is required for the spectral integral (Fryer 1980). 
This approach also allows the calculation of a specified time window on the final 
theoretical seismograms. For moderate to large ranges the slowness integral can be 
simplified and various source-time functions introduced via an ‘effective source’ 
operator (7.115)-(7.117). 
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Figure 9.6. Illustration of use of reflectivity method in matching main features of observed 
seismograms: a) observed marine seismic records; b) calculations based on travel-time 
modelling alone; c) after model refinement. 


The numerical reflectivity method was introduced as an aid to the interpretation 
of crustal refraction profiles, where it has enabled the incorporation of amplitude 
information and the travel-times of the earliest arriving phases. As an example 
of this application we show in figure 9.6 observed and theoretical seismograms 
for a marine seismic refraction survey on the Reykjanes Ridge, southwest of 
Iceland (Bunch & Kennett, 1980). The upper record section shows the beginning 
of the compressional wavetrains on the experimental records, up to the onset 
of the first multiple in the relatively shallow water (1 km deep) The middle 
section shows the theoretical seismograms calculated for the structure deduced 
from travel-time analysis alone, which is indicated by a dotted line on the velocity 
display. These seismograms do not reproduce the main features of the observations. 
But, after careful refinement (basically by working with gradient zones rather than 
major jumps in wavespeed), a velocity model can be found for which theoretical 
seismograms give a good match to the character of the observations; these are 
shown in the lower record section. The final velocity model is indicated by the 
solid line. 

The success of the reflectivity method in such crustal applications led to its use 
for many other classes of problem, and stimulated work on calculating complete 
theoretical seismograms. With the top of the reflection zone set at the Moho, 
reflectivity calculations have been used to examine propagation in the lithosphere 
(Hirn et al., 1973), and with a slightly deeper separation level, P wave propagation 
in the upper mantle (Kennett, 1975; Burdick & Orcutt, 1979). Müller (1973) has 
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Figure 9.7. The upper mantle model T7 


examined seismic wave propagation in the earth’s core with a flattened wavespeed 
model and taken the top of the reflection zone a few hundred kilometres above the 
core-mantle interface. 

Müller & Kind (1976) moved the reflection zone right up to the surface and 
restored, in part, surface reflection effects by taking a model with a very dense 
fluid having the acoustic wavespeed of air overlying a stratified elastic half space. 
This gives a reasonable approximation to the free-surface reflection coefficients, 
but does not lead to any singularities on the real slowness axis. Müller & Kind 
have used this model to generate long-period seismograms for the whole earth. 

Although we have based our discussion on the ‘reflectivity’ approximation 
(9.44), we may make a comparable development with almost all of the approximate 
results we have generated in Sections 9.1 and 9.2. Thus, for example, if we wish 
to allow for surface reflected phases near the source (pP etc.) and a comparable 
reflection level near the receiver, we would use 


tewo = WI + ROR ATR OT (Lh + REELED. (9.60) 


Similar approximations can be generated to study other problems, e.g., Faber & 
Miiller (1980) have constructed a form of displacement response which enables 
them to examine Sp conversions from upper mantle discontinuities. 

Although most applications of reflectivity methods have been made using models 
composed of uniform layers, the essential ingredient is an accurate representation 
of the reflection matrix for the reflection zone (z > zy). For a piecewise smooth 
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Figure 9.8. Theoretical seismograms for the model T7 using a piecewise smooth velocity 
structure and a reflectivity slowness integral. 


wavespeed profile we can therefore use the recursive method of Section 6.3 to 
construct RJ. An important case is provided by the wavespeed distribution in 
the upper mantle, and we illustrate the model T7 (Burdick & Helmberger, 1978) in 
figure 9.7. We represent the upper mantle discontinuities in this model by closely 
spaced changes in wavespeed gradient and small jumps in wavespeed. In figure 
9.8 we show a record section of theoretical seismograms calculated for a surface 
source with an allowance for a single surface reflection to describe crustal effects. 
The approximate response function we have used is 


Wo ~ Wr ll + RXR (E), + RYT). (9.61) 


and the integration has been carried out to generate the vertical component for the 
range of P waveslowness in the upper mantle. As a result we get some S waves 
appearing in the vertical component records as a result of P to S conversion at the 
surface. At the larger ranges there is in addition a clear appearance of the PP phase. 
For the frequency band we have considered (0.03—0.6 Hz) the combination of the 
upper-mantle triplications with intracrustal reflections give a rather complex pattern 
of behaviour. 

For a smoothly varying wavespeed profile, it is preferable to work directly with 
calculation schemes designed for such distributions. It is possible to use a staircase 
of uniform layers to approximate smooth variation but this is effective only at 
moderate frequencies (Choy et al., 1980). At high frequencies, thin layers must be 
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used to avoid separation of internal multiples in time and so many layers are needed, 
for example about one hundred layers down to 1000 km for 1 Hz seismograms. 


9.3.2 Approximations for specific seismic phases 


In the reflectivity method the emphasis is on the representation of the seismic waves 
returned by an entire region, which frequently consists of a complex interference 
of many different reflection processes. 

For deep propagation within the earth, the time separation between seismic 
pulses seen on distant seismographs is such that we can concentrate on an individual 
seismic phase or a related group of phases. Such a phase is described within 
the reflection treatment by a particular combination of reflection and transmission 
elements (Scholte, 1956). 

A convenient starting point is the expression 4¢w® (9.41) for deeply propagating 
waves. The shallow propagation elements wil. ch should be retained in full 
to allow for any crustal reverberation effects, but are often approximated by 
eliminating these terms to give 


dewo = W TROT (LR + RFLG). (9.62) 


This form allows for surface reflections near the source. We now seek to extract the 
appropriate reflection effects from the reflection matrix RJ. Below the separation 
level zy we will suppose the model consists of smoothly varying gradient zones 
separated by discontinuities in the elastic parameters or their derivations. This 
model which we have already considered in Section 6.3, provides a very effective 
description of the wavespeed distribution in the mantle and core. 

As an example we consider the wave system comprising the P wave returned 
from the deep mantle, the PcP reflection from the core-mantle boundary and their 
associated surface reflected phases pP, sP etc. For a P wave turning point beneath 
the interface at zg we are interested in the contribution 


(TIS) pp(RE)pe(T HY) pe. (9.63) 


The transmission term (TS) pp describes direct transmission from zy to zg with no 
allowance for internal multiples 


G 
(TH) pe = J [6p wtp p, w) (9.64) 


j=] 


where t is the generalized transmission coefficient for P waves at the jth interface 
derived from (6.60). Such coefficients are frequency dependent since they allow 
for the effects of gradients bordering the interface through the generalized vertical 
slownesses Nous Naa (3.104). The terms ts Nop, w) allow for transmission loss 
and phase delay for propagation between the j-1th and jth interfaces and, far from 
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turning points, can often be represented by asymptotic forms. We have a similar 
expression to (9.64) for the upward transmission operator (rie), 

The portion of (Re) pp which corresponds to P waves turned back by the 
gradients or reflected from the core-mantle boundary is given by 


reo + toTStGS, (9.65) 


where ry is the generalized PP reflection coefficient at the core mantle boundary. 
The terms ESS, ie represent the leading order contributions to reflection and 
transmission from the gradient zone in (zg, Zc). From (6.51) if the P wave turning 


point lies above zc 
r§° = Bj, (zee 7/7 Fj. (ze), 


(9.66) 
tSt° = 2Aj,. (zc) Eig (ZG) Fig (ZG )Bi (Zc), 


which include the 7/2 phase shift associated with the caustic generated on total 
reflection. The presence of Aj,,(Zc) [Bj (zc)! in the transmission terms means 
that there is very rapid decay in the evanescent region and so at high frequencies 
the first term in (9.65) dominates. As p decreases towards azl, where &e— is 
the P wavespeed just above the core-mantle boundary, the leakage through the 
evanescent region to the boundary increases and so the second term in (9.65) 
becomes much more important (Richards, 1973). Once p is less than az! we have 
the representation 


GC œ~ 
ry ~o 


tECtSC = Bj, (ze )Fig(Zc) [Fj «lze)Ejalzc)l!, 


and reflection contributions from the gradient zone will only arise from the higher 
order terms (6.43)-(6.44). In this case we are left with just the interface reflection 
term in (9.65). 

The final expression for the frequency-slowness domain response for the P and 
PcP phases is 


(9.67) 


fwo = (We) p(T ey) pp(TP) per g® + tS eSt$S) (TY) pp( THLE + RPLY) pp, 
(9.68) 


where (W¢)p = [(Wer)up, (Wr) vpl!. Viewed as a function of complex p, at fixed 
w the generalized reflection and transmission coefficients at the jth interface have 
strings of poles associated with zeroes of the generalized Stoneley denominator. 
These pole strings depart from the real p-axis close to the slownesses eae a, and 
Chae Bi (see figure 9.9), and lie close to the Stokes’ lines for the Airy functions in 
Nau,d and Ngu,a. The strings will lead off into the upper half p plane from a and 
BI since these lie close to the singularities of the upward generalized slownesses. 


From 0%) and B a the poles depart into the lower half p plane. 


202 


9.3 Approximate integration techniques 


PeP 
saddle saddle 


Figure 9.9. The saddle points for the P and PcP system as a function of slowness and a 
suitable numerical contour T. 


In the spectral method, with an outgoing wave representation we have to evaluate 
integrals of the form (9.58) in terms of fwo i.e. 


alr 0, w) = JalwiM(w) | applfwo "Thy (wer), (9.69) 
r 


where the contour of integration T can be chosen to exploit the character of fwo 
(Richards, 1973). 

If we take the asymptotic form (7.79) for the Hankel functions in T (wpr) and 
the asymptotic forms for the Airy function terms in (9.66)—-(9.67), then we find 
that the integrand has two main saddle points. The first for p < al arises from 
the term teers in (9.65) and thus corresponds to PcP reflections. The second 
saddle at fixed range r occurs for p > az! and corresponds to the P wave (figure 
9.9). Slightly shifted saddles are associated with the surface reflected phases pPcP, 
sPcP and pP, sP. 

If we take a contour of integration which crosses both main saddles and make a 
steepest descent approximation at each one, we recover the geometric ray theory 
results for two isolated rays PcP and P . 

At finite frequencies we can exploit the rapid decay of the integrand away from 
the saddle points by choosing a numerical integration contour [ that follows the 
general character of the steepest descent path whilst avoiding the singularities of the 
integrand (Richards, 1973,1976). This approach which has been termed “full-wave’ 
theory has the disadvantage that calculations are required for complex p, although 
numerical convergence is improved, and considerable care may be needed to 
find the singularities of the integrand. Since the full frequency dependence of 
fwo is retained in (9.69), attenuation may be included via complex wavespeed 
profiles. A comparable approach was used by Chapman & Phinney (1972) with 
a numerical solution of the differential equations (2.24) to find Wo, but involved 
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considerable computational expense. The use of the Langer approximations for the 
reflection elements as described here substantially reduces the effort needed. The 
approximations needed to use the Langer approach for a radially heterogeneous 
model are equivalent to an earth flattening transformation of the type described in 
Section 1.5. 

An alternative to the complex contour of the full-wave approach is to adopt 
an approach similar to the reflectivity method (9.62) by integrating along a finite 
portion of the real p axis with the response specified by ‘wo. This approach 
has been used by Ward (1978) but has the disadvantage that numerical truncation 
phases with the slownesses p1, and p2 can arise from the ends of the integration 
interval. 

In the problem we have discussed so far the propagation pattern was fairly simple 
but this approach may be extended to deal with groups of phases for which the 
time separation is insufficient to allow separate analysis (Choy, 1977; Cormier & 
Richards, 1977). 

When a wave-propagates into a lower velocity medium beneath an interface, e.g. 
an upper mantle velocity inversion or P waves entering the core, we can expand the 
reflection matrix as seen at Zc (cf. 9.28) 


Rp(zc—) =R§+TERS TS + TORS RERS TS +... (9.70) 


where RE is the reflection matrix for the region below zc and RG etc. are the 
interface matrices. Each term in (9.70) may now be treated separately and, for 
example, only P waves retained. Such an expansion justifies Richard’s (1973) 
treatment of the P4KP phase. Richards showed that for P turning points above 
the core-mantle boundary (p > xz) tunnelling in evanescence represented above 
through tG cigs (9.66) is sufficient to excite multiple reflections within the core. 

When, however, there is an increase in velocity across an interface with a 
gradient zone below we have an interference head wave situation. In addition to 
the sub-Moho case discussed in Section 9.2.1, a similar situation arises in the inner 
core for PKIKP and in the multiple SmKS system generated by conversion at the 
core-mantle interface. In this case we wish to retain the full reverberation operator 
describing the interference, but since the first reflection tends to separate from the 
rest in time we make a partial expansion 


Ro(zc_) = R5 + TERS TS + TERS RERD I — RÜR] 'TS. (9.71) 


The main interference head wave is then described by the final composite term. 
With an integrand ‘wo containing such a term the integration path would approach 
the real axis near the saddle associated with TERE Te: follow the real axis past the 
limit point for the multiple reflections (the slowness in the upper medium) and then 
proceed into the complex plane (Choy, 1977). A similar approach is appropriate 
for triplications where once again multiple saddles occur in a small region of the 
slowness axis. 

Although we have based our discussion on a representation based on a shallow 
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source the extension of the treatment to deep sources presents no difficulty. We 
would then start with (9.48) and extract the required reflection terms from Re, 

If sufficient contributions are used, with a separate integration step (9.69) in each 
case, this phase by phase method may be used to study quite complex systems. 
Cormier & Choy (1981) have used full-wave calculations to generate theoretical 
seismograms for upper mantle models by constructing P wave reflections from the 
gradient zones and interfaces and then superposing the results. If low velocity 
zone effects or crustal reverberations are included it is probably simpler to use 
a piecewise smooth model with a reflectivity type approach in which internal 
multiples are automatically included, as in figure 9.8. 


9.3.3 Teleseismic P and S phases 


The principal information used in many studies of seismic sources is the polarity 
and shape of the onset of the P and S wavetrains. For long-period records the 
interference of the direct wave (P) and the surface reflected phases (pP, sP) give 
a pattern which depends on source depth (figure 9.11) and so by comparison with 
observations we may hope to constrain the depth of the source. At high frequencies, 
if records from a number of stations are available, the relative amplitudes of 
P, pP and sP can help to constrain the focal mechanism of the source (Pearce, 
1980). However, at these frequencies crustal effects complicate the records and 
full calculations for crustal reverberations at source and receiver are desirable. 
Such calculations have been used in studies of methods to discriminate between 
underground nuclear events and shallow earthquakes (see, e.g., Douglas, Hudson 
& Blamey, 1973). With broad-band records it is worthwhile to use realistic source 
models, e.g. a propagating fault, and these may be included in our treatment by 
modifying the slowness and frequency dependence of our source terms ES; E 

For crustal sources we take a separation level just below the Moho (zm) and then 
the approximation (9.41) has the explicit form 


dewo = Well — ROMR,]TTOMRMUTSM — RRM (Z$ + RISES). 
(9.72) 


To recover the seismograms at a given range r we have now to evaluate an integral 
over slowness as in (9.69) with 4°w9 as the response term. 

For receiver ranges between 3500 km and 9500 km it is common to represent the 
PP or SS element of RML via approximations of the form (6.52) e.g. 


(RS) pp ~ expliwtm(p) — in/2}Q(w), (9.73) 


where Tm(p) is the phase delay for the mantle (6.52). The effect of attenuation 
in the mantle Q(w) is normally included via an empirical operator based on the 
assumption that for a particular wave type the product of travel-time and overall 
loss factor is a constant t*. For P waves t*, = TQ; is frequently taken to be 1.0 
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P sP pP multiples 


Figure 9.10. The multiple saddles associated with teleseismic propagation and a suitable 
integration path F. 


s but for low loss paths can be about 0.3 s. For S waves t% is rather higher e.g. 
Langston & Helmberger (1975) have assumed tz = 3.0 s. In terms of frequency 


Q(w) & exp{—iwt*7! In(w/27t)}exp —5|w|t*}, (9.74) 


where the effects of velocity dispersion are included, cf. (1.25). 

With the approximation (9.73) the slowness integral in (9.69) has normally been 
evaluated at high frequencies via a steepest descent approximation at the saddle 
point p+ for the direct wave given by 


T + Op{Tm(Pr) + Te(Pr)} = 0, (9.75) 


where T,(p) is the phase delay in the crust corresponding to the transmission terms 
Toe The expression in braces is the geometrical ray theory expression for 
the range —X (p+) for slowness pr. The resulting expression for the spectrum of the 
seismogram is 


—iwM(w) t 
[prt [ðpX (pr) 1/2 


where T(p+) is the travel-time for the direct wave, and Cęrs includes amplitude 
and phase terms associated with the crustal terms at source and receiver. The term 
—iwM(w) is the far-field radiation from the source as seen through the appropriate 
instrument. This approximation has been justified by treating the radiation leaving 
the source crust as seen at large ranges as a plane wave, using ray theory in 
the mantle and a plane wave amplification factor wim at the receiver (see, e.g., 
Hudson 1969b). No allowance is made, however, for the slightly different paths for 
the surface reflected phases or the wavefront divergence associated with multiple 
crustal reflections. 

If we make an expansion of the reverberation operators in (9.72) we get a 


u(r, 0, w) = MTP O(wW)Crs(p,w), (9.76) 
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Figure 9.11. The effect of source depth on teleseismic P waveform. 


sequence of terms corresponding to the surface reflections and crustal multiples 
each of which is associated with a subsidiary saddle point. The situation is 
represented schematically for P waves in figure 9.10. The range of slownesses 
occupied by the saddles is not large and the most accurate representation of the 
teleseismic wavefield will be obtained by a ‘full-wave’ treatment with a contour 
of integration T as indicated in figure 9.10. This corresponds to treating a bundle 
of slownesses clustered around pry rather than the single slowness in (9.76). The 
result is that we get a better representation of amplitude effects due to conversion, 
and also of the decay of the crustal reverberations. For teleseismic SV waves 
conversion to P at the Moho is important and using a range of slownesses we 
can also model shear coupled PL waves. For shorter distances than 3500 km 
we need to make a more accurate representation of the reflection terms in RI to 
account for the detailed structure in the upper mantle. The presence of triplications 
in the travel time curves means that a band of slownesses is needed to represent 
the response. The ‘full-wave’ approach or a reflectivity treatment are required for 
accurate seismograms. 

For comparison with long-period records the main interest is in the interference 
of the direct wave and the surface reflected phases. Langston & Helmberger (1975) 
have introduced a simple approximation based on a composite source term to model 
these effects. For P waves, for example, they construct the downward radiation term 


LS = (ZÈ )p + (Rp)ppe ^T (ZÈ )p + (dao/ago)(Rp)ps tst (Zi )s, (9.77) 


where Atı is the phase lag of pP relative to the direct wave and AT? is the phase 
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lag of sP. The ratio (q«0/qgo) allows for the change in wavefront divergence on 
conversion at the surface. With this composite source a single slowness is used 
to calculate receiver effects and mantle propagation is included only through the 
attenuation operator. Thus the receiver displacement is approximated by 


a(r, 0, w) = —(W,) PLE (pr, W)Q(w)iwM(w), (9.78) 


where py is the geometric slowness given by (9.75). Langston & Helmberger 
suggest the use of a far-field source time function consisting of a trapezoid of unit 
height described by three time parameters, which allows relative time scaling of 
rise time, fault duration and stopping time. When convolved with a long-period 
response, this may be used for 0,M(t). 

An illustration of the effect of depth of source with this procedure is shown in 
figure 9.11, showing the significant variation in P waveform. 

All the expressions for the displacements which we have generated in this 
chapter are linear in the force or moment tensor components describing the point 
source which we have introduced to represent the physical source of seismic 
radiation. When we have a good model of the wavespeed distribution with depth 
we can calculate the contribution to a seismic phase for a number of ranges from 
each moment tensor component. With observed seismograms at the same ranges 
we can set up a linear inverse problem for the relative weighting of the moment 
tensor components (see e.g. Ward 1980), since we have only a few parameters 
describing the source. If the matching of theoretical and observed seismograms is 
performed in the frequency domain the estimates of Mij(w) give an indication of 
the time evolution of the source. 

As we have noted in chapter 4, such a procedure will give us the moment tensor 
elements appropriate to our reference model, rather than the real Earth, so that there 
can be systematic bias. For large events the higher order moments of the source 
can be significant, but their effect can be reduced by working with a point source 
at the centroid of the disturbance and then allowing the position of the centroid as 
a function of frequency to be a free parameter in the inversion (Woodhouse 1981 - 
private communication). 


Chapter 10 
Generalized ray theory 


In the previous chapter we have developed approximations to the seismic response 
in which, in essence, we retain frequency dependence in the amplitude of any 
reflection effects and so a numerical integration over slowness is needed. We now 
turn our attention to a further class of approximation in which the factorisation of 
the seismic response is carried even further. 

The seismic displacement is represented as a sum of ‘generalized ray’ 
contributions for which the amplitude depends only on slowness and the phase has a 
slowness dependent term multiplied by frequency. For each of the generalized rays 
we are able to make use of the functional form of the integrand in the transform 
domain to reduce the space-time response to a slowness integral. For a medium 
composed of uniform layers an exact representation of each generalized ray may 
be made using the Cagniard-de Hoop method (Helmberger, 1968) with a complex 
slowness contour chosen to give a certain combination of phase variables the 
attributes of time. For uniform layers, or smoothly varying media, Chapman (1978) 
has proposed an alternative, approximate, method with a real slowness contour. 

The success of these generalized ray techniques depends on an adroit choice 
of ‘rays’, from the infinite expansion of possible generalized rays to represent the 
portion of the seismogram of interest. If no conversions are included all rays with 
a given multiple level in any region can be generated by combinatorial techniques; 
and these methods can be extended with more difficulty to rays with a limited 
number of converted legs (Hron, 1972; Vered & BenMenahem, 1974). 


10.1 Generation of generalized ray expansions 


In Chapter 9 we have made use of partial expansions of the response to generate 
various classes of approximation for the seismic wavefield in a stratified half space. 
In order to obtain a generalized ray sum we carry this expansion process much 
further and now represent all reverberation operators appearing within the response 
by their infinite series representation (6.17). 
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As in our previous discussion of approximations a convenient starting point is 
provided by (7.66) which displays the surface reflection operator explicitly 


Wo = WE — ROR, TO — RRO) (5, + RIES), (10.1) 


We make an expansion to the full infinite sequence of surface reflection terms 


-RRI =1+ > (ROR)S (10.2) 
k=1 


and also expand the stratification operator 


0O 
I- RÈR =1+)_ (RÈR). (10.3) 
1=1 
This gives a representation of the surface displacements in terms of a doubly infinite 
sequence of reflection terms. The way in which we now extract a generalized 
ray expansion depends on the assumptions we make about the nature of the 
stratification. 


10.1.1 Uniform layer models 


In section 6.2.1 we have shown how the reflection and transmission matrix elements 
which appear in (10.1) can be constructed for a stack of uniform layers by a 
recursive application of the addition rules in two stages to allow for phase delays 
and interface effects (6.24), (6.26). In going from interface k + 1 to interface k we 
have for example, 


Rp(zk—) = R$ + T ESRp(Zkr1—)ES IE — REESRD(Z41 JES] TS, 
(10.4) 


where E5 is the phase income for downgoing waves in crossing the kth layer (3.46) 
and R5 etc are the interface matrices at Zg. 

The contribution introduced in crossing this kth layer can now itself be expanded 
into an infinite sequence of terms representing internal multiples within the kth 
layer superimposed on the reflection behaviour beneath zk+1 by writing 


I — RÉ ESRp(zk41— =I + > Ri ES Rp(zk41—)E V. (10.5) 


When such an expansion is made in each layer, Rp(Zx+1—) appearing in (10.5) 
will itself be an infinite sequence of reflection terms. The overall reflection matrix 
for a zone, e.g., RÈL will then consist of a nested sequence of infinite expansions. 
If all the expansions are carried out we get finally an infinite sequence of terms 
representing all possible classes of reflection processes within the multilayered 
stack. 


10.1 Generation of generalized ray expansions 

The nature of the individual terms is conveniently examined by looking at the 
first two terms in the expansion of (10.4) 

RH + TEEDRd (1 —JEDT- (10.6) 


We suppose the thickness of the kth layer is hy and now introduce the explicit phase 
dependence of the second term in (10.6) for the P-SV case to obtain 


TER TPS RPP etiwdarh RPS elvldak tapi )he TEP TPS AD 
TSR TS? RePeieldar tape) Me RoSe7iwapnhs r TSS ) $ 


where, e.g., RPP is the PP element of Rp(Zk+1—). As we have shown in section 
6.1, the inclusion of higher terms in the expansion, i.e. r > 0, corresponds to 
the introduction of multiple reflections within the kth layer, and thus further phase 
delays in the additional terms. 

We may assess the error introduced by truncation of the infinite sequences by 
using the partial expansion identity (9.1). If an overall accuracy level e is derived 
for, say, Ree a convenient working criterion for the number of terms (L) to be 
retained in the expansion is that, if there are N layers in ‘SL’, 


[RaRpl’ < €/N, ie. L > In(e/N)/In(RaRg), (10.8) 


where Ra, Rg are the moduli of the largest reflection and transmission coefficients 
at the roof and floor of the layer (Kennett, 1974). If the layer has lower wavespeeds 
than its surroundings, Ra and Rg can be quite large and many terms are needed. For 
near-grazing incidence at an interface Rg will approach unity and for high accuracy 
L should be quite large. 

For simplicity we will assume that all the elements of the source moment tensor 
Mj; have a common time dependence M(t). Then we may write the vector Wo as 
the infinite sequence 


wolp,m, w) =M(w) )_ gilp, m) expliwti(p)}. (10.9) 
I 


The individual ‘ray’ terms corresponding to a particular reflection process have 


Figure 10.1. A generalized ray in a layered medium, P wave legs are indicated by solid 
lines, S wave legs by dashed lines. Reflection points are marked by circles. 
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been factored to show their amplitude and phase dependence. The phase delay 
term for the uniform layers is 


t1(P) = | [wach (10.10) 


where n, is the number of times the rth layer, with thickness h,, is crossed in 
the same mode of propagation by the ‘ray’ path which specifies the Ith processes 
whereby energy can pass from source to receiver (see figure 10.1). The vertical 
slowness qr is taken as qar for P waves and qgr for S waves. The expression 
g1(p, m) factors into two parts: the first fi(p, m) represents the way in which the 
source radiation and receiver displacement operators depend on slowness, and the 
second is the product of all reflection and transmission coefficients along the Ith 
path. Thus 


gip, m) = filp, m) | [T(P ] [ Rkp), (10.11) 
j k 


J 


where Tj is the plane wave transmission coefficient for an interface crossed by the 
Ith ray and Rx is the reflection coefficient for an interface at which the Ith ray 
changes direction. In each case conversion is taken into account, if appropriate, 
and we have exploited the frequency independence of the interface coefficients. 
The directivity function f;(p,m) depends on the azimuthal order m through the 
source terms a ays If, for example, we consider a ray path which starts with a 
downgoing P wave and also ends at the surface as P we would have 


f1(p, m) = (W;)?(p)ZB, (10.12) 


where the vector (Wẹ) P= [(WF)YP, (Wr)P]" includes the free surface 
amplification factors for P waves, since we have extracted the frequency 
dependence of the source in M(w). 

With the expression (10.9) for Wo the surface displacement as a function of space 
and time (7.75) takes the form, for P-SV waves, 


1 ee) = ee) È 

up(t, , 0, t) = 7> [aw etw? M(w) 2 i dpp 2 gree" PIT. (wpr). 
(10.13) 

The separation of the frequency dependence of the Ith ray into the cumulated phase 


term will enable us in Sections 10.3—10.5 to use analytic techniques to construct 
expressions for u. 


10.1.2 Piecewise smooth media 


For a medium consisting of a stack of uniform layers the representation (10.13) 
is exact when the full infinite ray expansion is present. Approximations are only 
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introduced when we truncate the expansion to a finite number of terms so that it is 
possible to make computations. 

When, however, we have a medium consisting of a sequence of smooth gradient 
zones separated by discontinuities in the elastic parameters or their derivatives, the 
contribution from the Ith ray path can only be represented as in (10.9) in a high 
frequency approximation. Nevertheless we will find that this will prove to be a 
useful form. 

To see how the approximation arises consider a gradient zone in (Za, Zp) 
bounded by uniform half spaces with continuity of properties at zA, zg. This is 
the model we have considered in section 6.3.1 and we have shown there that we 
may build up the reflection and transmission matrices RAB, TAB from elements 
associated with entry and exit from the gradient zone and the nature of the wavefield 
within the zone. 

At za there will normally be a discontinuity in wavespeed gradient and so partial 
reflection can occur. Within the gradient zone we can describe the wavefield 
via generalized vertical slownesses nu alp, w) (3.104) and phase terms which 
depend on Airy function entries. The partial reflection terms at za depend on the 
difference between nu and nq and the vertical slowness in a uniform medium q. 
The frequency dependence of Nu,a arises from the character of the wavefield away 
from za, and in the high frequency limit, when turning points are far from za and 
Zp we have, e.g., 


NoulP,W)~dalP), NaalP,w) ~ qalp), (10.14) 


with a similar relation at zg. In this limit, parameter gradient discontinuities at 
Za and zg appear to be transparent and we may use the asymptotic forms for the 
Airy function terms to generate approximations for the reflection and transmission 
terms. To the leading order approximation there is no coupling between wave types 
in the gradient zone. Thus for P waves if there is no turning point in (za, Zp) from 
(9.66) we have 


ZB 
RO’ |pp ~ 0, TAPTE on ~ exp {zio | RGIS (10.15) 


ZA 


whereas if there is a turning level at Z,.(p), from (9.65) we find 


RAP pp ~ exp fao] 


ZA 


Za (p 


) 
dC qa(C) — ia} ; (10.16) 


Za (p) ZB 

TATA? pp ~ exp faa] dé aac} exp {2 L n atc 7 
ZA x (P 

(10.17) 


Now we have already shown in section 6.3 that we can build the reflection matrix 
for a piecewise smooth medium from the reflection and transmission matrices for 
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the gradient zones and the interface matrices between two uniform half spaces with 
the properties just at the two sides of the interface. 
Thus, to the extent that (10.15) and (10.17) are valid we have the representation 


wolp) ~ M(w) }_ gi(p) expliwt:(p)}. (10.18) 
We must now account for turning points so that 
Zr+1 z= 
m= am| datn | ata, (10.19) 
r Zr Zr 


where n, is once again the number of transmissions through the rth layer (now a 
gradient zone) in a particular propagating wave type and n* is the number of legs in 
the rth zone in which total reflection occurs at the level Z*. The term g;(p) includes 
all the factors in (10.11), but in addition includes a factor exp{in{7t/2}sgn(w) to 
allow for the phase shifts for the turning rays. 

As we can see from the discussion above we would expect the right hand side of 
(10.18) to be a poor approximation to the full field at low frequencies and when a 
turning point lies close to one of the boundaries of a gradient zone. With the form 
(10.19) for the phase delays we cannot account for tunnelling phenomena into low 
wavespeed zones, as for example in P4KP (Richards, 1973). 

For most high frequency problems we can, however, adopt (10.18) and then the 
surface displacements can asymptotically be represented as in (10.13). 


10.2 Ray Selection and generation 


We may describe an individual generalized ray path within a multilayered medium 
by a code indicating the nature of the ray, and for this purpose it makes no difference 
whether a layer is uniform or has smoothly varying properties. The layer number 
and wave type may be described by assigning an ordered pair of integers to each 
layer 


{Ci} (10.20) 


where i; is the layer number and Cj indicates the wave type in that layer (Cj = 1, P 
waves; Cj = 2, S waves). For n ray segments there will be n ordered pairs {C}, ij}; 
for example, the ray in figure 10.1 can be represented as 


{1,1;2,2;2,2;1,2;1,2;2,3;2,2;1, 1} (10.21) 


Rays which do not include conversions of wave type are completely described by 
the layer indices {ij}, 

The properties of such ray codes have been extensively studied by eastern 
European seismologists and a convenient summary of results and algorithms is 
presented by Hron (1972). 


10.2 Ray Selection and generation 


Since we wish to achieve an economical means of generating generalized rays 
it is advantageous to consider groups of rays which have properties in common. If 
we consider a class of rays with permutations of the same ray codes we may divide 
these into: 
kinematic groups, for which the phase term Tq will be the same; and, 
dynamic groups, which form subclasses of the kinematic groups and have the same 
products of interface coefficients g;(p). 

For generalized rays for which all legs are in a single wave type it is possible 
to enumerate all the possible kinematic and dynamic groups. We will consider a 
surface source and receiver and then we will have an even number of ray segments. 
The extension to upgoing and downgoing rays from a buried source has been 
discussed by Vered & Ben Menahem (1974). 

For a ray without conversions the time characteristics Ty can be described by the 
set 


AM n2 ee Nay J22, (10.22) 


where nj is half the number of segments in the jth layer since each downgoing leg 
is matched by an upgoing. All ray numbers of a kinematic group will share the 
same set (10.22). If J = 2 the number Nx of different rays in the kinematic group 
built from 2n1, segments in the first layer and 2n2 segments in the second layer 
is equal to the number of ways of distributing n2 objects into n; cells, where any 
number can occupy one cell with the result 


Ni(14 ) n2) = 


— q1)! z 
(mitnz-1)! _ & +nz2 i (10.23) 


n2!(nı — 1)! n2 


in terms of the combinatorial coefficient ( n) . If J = 3 we now have to intermesh 
the 2nz segments in layer 2 with the 2n3 segments in the third layer whilst still 
having N;.(n1, n2) possibilities from the top two layers, thus 


Nk(n1,n2,n3) = Nx(n1,N2) = A. 7 ') À (10.24) 
3 
In general the number of rays in a kinematic group for J > 2 will be 
(m+n 1 
Nki 12,....,1)) = l l j RES ) 10.25 
eon i ji ( Nj+ ( ) 


For the kinematic group {2,2} we illustrate the 3 possible rays in figure 10.2, 
and this set divides into two dynamic groups: one with two members and the other 
with one, characterised by the number of reflections at the first interface. Since we 
assume that rays are continuous we can describe the members of a dynamic group 
by the numbers of reflections from interfaces. We therefore define mj to be the 
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{2, 2,1} 


AW Se 


{2,2,0} 


Figure 10.2. The three members of the kinematic group 2,2 separate into two dynamic 
groups: the first 2,2;1 has two members, the second 2,2;0 only one. 


number of reflections from the jth interface when the ray is in the jth layer. The set 
of 2J — 1 integers 


{11], 112, a Nj; M1, M2, ....., My} (10.26) 


completely describes the function g;(p) for all the members of the same dynamic 
group, since mj = nj. The number of members in each dynamic group is (Hron 
1972) 


J-1 
nj nj+ı — 1 
Naklnı, -.., nj; M1, ..., MJ—1) = l l a) & ue E i) i (10.27) 
j= j j j 


When we seek to generate rays we can effect considerable savings by only taking 
one ray from each dynamic group and then using the multiplicity factor N ax to 
account for all the other rays in the group since they give equal contributions to 
(10.13). 

We may organise the ray sum in (10.13) to exploit the benefits of the kinematic 
and dynamic groupings by writing the slowness integral as 


[ap p> 1 Naito} eiom PT (wpr). (10.28) 
k d 


The frequency dependent portions are then the same for each kinematic group k, 
and the inner sum over dynamic groups accounts for different reflection processes 
with the same phase delays. 

The concepts of dynamic and kinematic groups are just as useful for rays with 
converted legs, but the combinatorial mathematics becomes very difficult for more 
than the converted leg (Hron, 1972). To get over this problem Vered & Ben 
Menahem (1974) have specified the interfaces at which conversion can occur, they 
have then, in effect, worked out rays from the source to a receiver at the conversion 
point and then started the ray generation system again from the conversion point. 


10.3 Slowness results for generalized rays 


Since it is computationally very expensive to generate more than a limited 
number of rays, care has to be taken in their selection. In most problems the 
generalized rays which make the largest contribution to (10.13) are those with 
the least number of reflections from interfaces and thus the most transmissions. 
For piecewise smooth media, turning rays are particularly important. However, 
rays that have most of their path in the near-surface zone of low wavespeeds can 
have significant amplitude even though they have suffered many reflections (cf., 
Helmberger & Engen, 1980). A similar effect can occur with other waveguides. 

Generalized rays including conversion from P to S usually make most 
contribution to (10.13) when conversion occurs at reflection. Conversion at 
transmission is typically small, unless the P wavespeed on one side of an interface 
is fairly close to the S wavespeed on the other side. This can occur, for example, 
with water and hard rock at the seafloor to give significant S wave-propagation in 
the sub-seafloor rocks. 

If a stack of uniform layers are used to simulate a gradient zone, a turning ray is 
represented by the superposition of a system of multiple reflections at near grazing 
incidence within the uniform layers near the turning level. Commonly, only a very 
limited sequence of rays is employed, e.g. the expansion in (10.5) is truncated 
at the level (10.6) (see, e.g., Helmberger 1968), but Miiller (1970) has forcibly 
demonstrated the need for retaining high order reflections for accurate results in 
even simple models. 


10.3 Slowness results for generalized rays 


The surface displacement contribution with azimuthal order m from a single 
generalized ray is given by 
1 


uht = z| deve "w?M (a) | dpwyi(p,m,w)Tm(wpr), (10.29) 
0 


—oo 


with wi(p, m, w) = grp, mje’ (P), We now follow the slowness treatment of 
Section 7.3.2 and perform the frequency integral first so that we express (10.29) as 
a sequence of convolutions over time with a residual integral over p: 


ul (r,t) = duM(t) # |, dp pimp, m, t) «(1/pr)tim(t/pr)}. (10.30) 


We have already tabulated the time transforms of the vector harmonics in (7.98), 
(7.100) and so we are left to evaluate the Fourier inverse of wi(p, m, w). 

The final seismograms must be real time functions and so u(r, w) = u*(r, —w), 
so that with the choice of physical Riemann sheet we have made for the radicals 


appearing in gı(p, m), T1(p) 


gr(p,m) = gi(p, m) + isgn(w)g{(p, m), 


0.3 
tilp) = tilp) + isgn(w)t](p). (10.31) 


217 


218 


Generalized ray theory 


We may now perform the inverse time transform for wy to obtain (Chapman, 1978) 


gi(p, m) | 


=e (10.32) 


1 
wy (p,m, t) = — lim Im | 


T e0 
where we have used the convergence factor € to ensure the existence of the 
transform. As the imaginary part of Ty tends to zero and we just have a real phase 
delay, wy tends to a delta function: 

lim Im[t — t(p) —ie]~! 3 5(t—T'(p)) as tv’ 30, (10.33) 


e=>0 


and this property will enable us to simplify some subsequent results. 

We will now restrict attention to the vertical component of displacement and 
azimuthal symmetry since this will enable us to illustrate the nature of the solution. 
The radial dependence now arises from Jo(wpr) and its time transform is given by 


n(1/pr)Jo(t/pr) = B(t, pr) (p2r? — t?) 7'2, (10.34) 


from (7.98). We now perform the convolution of the two slowness dependent terms 
(10.32), (10.34) to obtain the explicit form 


ulon t) = aa M(t) | app 
(0) 


1 [P Gı(p) 1 
l —; dsI 
«tim, {4 | à | (p2r2 — s2)1/2 J? 


—pr 
(10.35) 


where G;(p) is the vertical component of g;(p,0). Along the real p axis only 
Gı(p) and t;(p) may be complex and so the imaginary part operator can be 
abstracted to the front of the slowness integral. 

The time and slowness elements in (10.34) are common to all the expressions 
for Ťmlt/pr) (7.98)-(7.100) and so the form of the integral in (10.35) is modified 
for other components or angular orders by the addition of well behaved functions. 
Various methods of calculating theoretical seismograms can now be generated by 
using different techniques to evaluate the slowness integral in (10.35). 


10.4 The Cagniard method 


For a generalized ray in a stack of perfectly elastic layers, the contribution to the 
displacement field which we have so far expressed as a slowness integral of a 
convolution in time can be recast as an integral over time. This result was first 
obtained by Cagniard (1939) although the basic ideas are present in the work of 
Lamb (1904). The technique has subsequently been developed by a number of 
authors, notably Pekeris (1955) and de Hoop (1960). The first application to the 
calculation of theoretical seismograms seems to have been made by Helmberger 
(1968) and subsequently the method has been extensively used in the analysis of 
seismic records over a very wide range of distances. 


10.4 The Cagniard method 


For each generalized ray we extract the imaginary part operator to the front of 
the integral in (10.35) and then have to evaluate 


pr 1 


1 o0 
I(r, t) = am| dp pGi(p) [s it — s — tıp) — Oi] (p2r2 = 2) 1/2? 


(10.36) 


where we have included the Oi term in the denominator to remind us of the limiting 
procedure in (10.35). We now split the integral over s into the differences of 
the ranges (—co, pr) and (—oo, —pr) and then with a change of variable in the 
convolution integrals we can rewrite (10.36) as 


(00) 


dy f dy pGi(p) 
co Joo ty /4(y + 2pr)!/2[t — y — O1(p, r) — Oi)’ 


(10.37) 


1 
I(r,t) = Zm] 


and the slowness integration follows a path above the branch points in G1(p), Tr(p) 
for Rep < 0 and below the branch points for Rep > 0; the path C is illustrated in 
figure 10.3. We have here introduced the important auxiliary quantity 


Orlp, r) = ti(p) + pr (10.38) 


which if r was the geometrical range for slowness p would just be the associated 
travel time. We now change the order of integration to give 


P(e dy pGi(p) 
I(r,t)}=—| Im] d 10.39 
int) = y mfi P iy + 2pr) 2ft — y — 91lp, r) — Oil S 


We recall that the directivity and reflection function Gr(p) and the phase delay 
t1(p) both depend on the vertical wave slownesses qq, qg at the interfaces and in 
the layers. Our original choice of branch cuts (3.8) was, e.g., Im(wq,.) > 0. We 
can however, rotate the branch cuts to lie along the real axis as in figure 10.3 and 
still maintain this condition on the contour C. 

Following Burridge (1968) we now represent the integral over the slowness 
contour C as the sum of two contributions. The first contour C4 lies along the 
two sides of the branch cut in Rep < 0. The integrand in (10.39) is imaginary for 
slowness |p| < pı, where py is the closest branch point to the origin; and so the 
integral along C4 is real. There is, therefore, no contribution to I(r, t) from this 
path. The second contour C2 lies along the underside of the real p axis and its 
contribution can be evaluated by using Cauchy’s theorem. The sole singularity in 
the lower half p plane is a simple pole p(r, t) where 


t—0,(p,r) —y = 0i. (10.40) 


Since both t and y are real variables, @1(p, 1) at this pole is real and can therefore 
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Figure 10.3. Branch cuts and contours in the complex p plane. The original contour C can 
be deformed into the sum of Cı and C2. There is a single pole in the lower half plane at 


p(r, t). 


take on the role of a real time. The integral (10.39) can be evaluated as just the 
residue contribution at the pole (10.40) and so 


pine Ys pGi(p) op 
I(r, t) = —I d9 
it) = im] 8) A(t — 8; + 2pr) A ak 


(10.41) 


where we have changed variables from y to Or. In (10.41) the slowness p is an 
implicit function of Oņ via the requirement that 0] be real i.e. 


Im[61(p, r)] = Im[t;1(p) + pr] = 0. (10.42) 


The path of the pole specified by (10.42) will play an important role in our 
subsequent discussion and we will term this trajectory in the complex p plane the 
Cagniard path (H). There will be a different path for each generalized ray at each 
range. 

When we reinstate the time dependence of the source we obtain the vertical 
displacement contribution from the Ith generalized ray as 


PGi(p)[0p,811 | 
(t — 01) '2(t—0r--2pr)y 2: 


2 t 
ulo(r, t) = dM (t) * “Im | dO; (10.43) 
0 
This result is usually obtained by a rather different route in which the original 
transform integral (10.29) is manipulated into a form where the time dependence 
can be recognised directly (see, e.g., Gilbert & Helmberger, 1972). 
For observations at large ranges so that pr is very much larger than the duration 


10.4 The Cagniard method 


of the source it is an adequate approximation to replace (t—@+2pr)!/2 by (2pr)!/4 
which leads to a considerable simplification in (10.43). 


t | 2p'/Gi(p)[0pO | 


1 

I 

t) © ðuM(t) « —I dé 
Uz9(T, ) tt ( ) * T m| I t1/2(t — 01) 1⁄2 


(10.44) 


The time integral is in the form of a convolution of H(t)t—!/ 2 with a function of 


time along the Cagniard path. Thus in terms of the ‘effective’ source function M(t) 
introduced in (7.86) 


M(t) = [ namos- (10.45) 


we can express (10.43) as 
uzo(T, t) = M(t) * n'im 04{Gy(p)(2p/r) /7[0,6 1] ~"}. (10.46) 


The effective source needs to be calculated only once for all generalized rays and 
the convolution in (10.46) can be carried out after the generalized ray sum has been 
formed. 

The high-frequency result (10.44) can alternatively be derived directly by starting 
from the approximation of the time transform of the Bessel function by separated 
singularities (7.108) or from the asymptotic expansion of the Bessel function 
itself. For azimuthal orders |m| > 0 additional factors will appear in the inverse 
transforms (7.100) and the near-field terms need to be included. These aspects are 
discussed, with numerical comparisons, by Helmberger & Harkrider (1978). 

Chapman (1974a, 1976) has shown how the Cagniard results can be extended 
to WKBJ solutions (3.52) in vertically varying media. Unfortunately the method 
cannot be applied directly to a turning ray because it is no longer possible to 
make the contour deformation into the lower half plane. It is however possible to 
make an iterative development via multiply reflected rays using (3.57) to approach 
the turning ray solution (Chapman, 1976) but the method becomes numerically 
unrewarding after the third order reflections. 


10.4.1 The Cagniard path 


The properties of the contribution made by a generalized ray are controlled by the 
character of the Cagniard path H in the complex p plane and the positions of the 
branch points appearing in the phase delay t;(p) and the directivity and reflection 
term gj(p). 

The phase delay T1(p) will have branch points at the waveslownesses of the wave 
type in which each layer is traversed. The closest branch point to the origin in Ty 


will be vio where Vmax is the largest wavespeed along the path. The term Gr(p) 
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has branch points at oa Ba for each side of an interface, for P-SV waves, and so 
the closest branch point to the origin will here be an., where 


a, = max[v,, l= 1,... n +1] (10.47) 
if the deepest layer traversed is n. The point a will be closer to the origin than 
Vinx for S waves, and also for P waves if the P wavespeed is greatest in layer n+ 1. 


The Cagniard path H is defined by Im 9;(p,r) = 0, (10.42) i.e. 


Im[pr + T(p)] = Im[pr + D3 nqrh,] = 0. (10.48) 


For large p the slowness radicals qr ~ +ip and so since we choose p on H to 
be complex in such a way that its own imaginary part removes the —i}Łn,h,p term, 
the asymptote to the Cagniard path for large p is 


arg p ~ tan”! ox nh,/T). (10.49) 


At p = 0, 0;(0,r) is independent of range r and is just the vertical travel time 
along the ray path. The Cagniard path starts off along the real axis but turns away 
from it at the saddle point corresponding to the geometrical slowness por(r) for 
which this combination of ray elements would arrive at the range r. This saddle 
will occur when pOr vanishes. 

The second derivative, 


Opp91=— )_ mihi/vta, (10.50) 
l 


and is real and negative in 0 < p < vyly. 


numerically by, e.g., using Newton’s method. 
In the neighbourhood of the saddle point por(r) we make an expansion of 
81(p, 1) in a power series 


Ox(p,T) = Or(Por, T) + 3(P — por) dpp 1lpor r) + -~ . (10.51) 


Along the Cagniard path we require Im0; = O and we want 0] to increase away 
from the origin. For p < po the path lies along the real axis. At the saddle point 
Opp9] is negative and so, in order to maintain Oy as an increasing function we have 
to choose (p — por)? < 0 at the saddle point. The Cagniard path therefore leaves 
the real axis at right angles at the saddle point por. 

The closest branch point to the origin for the ray will be an! which, as we have 
seen, can be closer than vrby and so there may be a branch point closer to the origin 
than the saddle point por. If a, = Vmax, then por < a, and for t < Or(por, T) the 
path lies along the real axis where G}(p) and 0,0} are both real. In this case we see 
from (10.43) that there will be no contribution until the time 91(poy, r) associated 
with the geometric ray path, and the Cagniard path is as shown in figure 10.4a. 

If, however, ġ&n > Omax, we have two possibilities. When por < ae the 


This root may be found efficiently 


10.4 The Cagniard method 


Figure 10.4. Cagniard paths in the complex p plane a) only reflected contributions; b) head 
wave segment in addition to reflections. 


situation is as we have just described and there is no arrival before the geometric 
time. When po, > ob, there is a head wave arrival before the geometric ray 
time. The Cagniard path is now as illustrated in figure 10.4b: for t < Orla! r) 
both Gr(p) and 0,0; are real and there is no contribution to (10.38), but for 
olan! , T) < t < O1(Por, r) although p and 0,0 are real, Gr(p) is no longer real as 
some of the radicals will be complex. There is therefore a contribution to (10.43) 
from the segment Hp, and there is a separate interfacial head wave contribution for 
each branch point traversed in om ,Por). Such head wave contributions appear 
moderately frequently for pure P wave paths and are very common for generalized 
rays with a significant portion of S wave legs. 

Following Ben Menahem & Vered (1973) we can make an informative 
decomposition of the contribution (10.43) from a particular generalized ray path. 
The head wave contribution is 


tr 

mf d1 { G1(p)ðpe Ulp, a}, (10.52) 
th 

where th = Əla, r), tr = minit, Ər(por,r)] and U(p,t) represents the 


remainder of the integrand in (10.43). 
After the geometrical arrival time to = O1(por, r) we can write the response as 


t 
Im | a01 {Gilponlðpo Ulp, 01} 
to 


t 

+m | a; {I6i(p) — Gitponllðpo Up, 01}. (10.53) 
to 

The first term represents the contribution from the geometric ray reflection, and 

since 0,9; vanishes at p = por the main contribution to the beginning of the 

reflected wave will come from the neighbourhood of por. The second term 
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represents the non-least-time arrivals, and since it vanishes at @(por, r) will have 
little contribution to the reflection. In Lamb’s problem for, example, this term 
would include the Rayleigh wave contribution. 


For numerical implementation of the Cagniard version of the generalized ray 
approach we must be able to find the Cagniard path H numerically and then achieve 
an adequate sampling in time. Different numerical schemes have been discussed 
by Wiggins & Helmberger (1974) and Vered & Ben Menahem (1974) and a general 
survey has been made by Pao & Gajewski (1977). 


As we have seen in section 10.2, the effectiveness of generalized ray sums may 
be increased by making use of the ideas of kinematic and dynamic groups. In the 
present context all members of a kinematic group share the same Cagniard path H 
and members of a dynamic group have the same amplitude distribution along the 
path. 


As an illustration of the way in which the contribution from a ray is determined 
by the Cagniard path, we consider in figure 10.5 the effect of inserting a thin higher 
speed layer into a model based on the work of Wiggins & Helmberger (1974). 
In figure 10.5a we show in solid lines the Cagniard contours for various ranges 
for a generalized ray corresponding to reflection from a small wavespeed jump 
in a uniform layer representation of an upper mantle model. The P wavespeed 
beneath the deepest interface is xc and the corresponding critical range is rc. The 
corresponding seismograms after passage through a low-pass filter are shown in 
figure 10.5b; a weak head wave separates at the largest ranges. If a thin (2 km) 
layer with P wavespeed «q is introduced above the deepest interface the Cagniard 
paths are modified to those indicated in tone. All the paths leave the real p axis 
to the left of a and then lie close to the real axis until the vicinity of Oe 
when they bend away from the axis to follow the trend of the solid curves. The 
corresponding seismograms are shown in figure 10.5c with the same filtering as in 
b. The original interface is now in a shadow zone and the main contribution comes 
from the portions of the paths as they bend away from the real axis. In this case 
there is a much larger low frequency content and very little phase change occurs on 
reflection, as compared with figure 10.5b. 


The Cagniard method has been employed to study a wide range of 
wave-propagation problems in models consisting of a stack of uniform layers. For 
example, Helmberger & Malone (1975) have looked at the effect of near-surface 
structure on local earthquake records and a number of studies have been made 
of upper mantle structure. Burdick & Orcutt (1979) have compared calculations 
made with the Cagniard technique and only primary reflections from each interface, 
with reflectivity calculations, including all multiples, in the same uniform layer 
model. Neglect of the multiples gives significant errors for strong transition 
zones, and where turning points occur near major discontinuities. For upper 
mantle structures these problems are not severe and good agreement is obtained 
at moderate frequencies (< 0.2 Hz). 


10.4 The Cagniard method 
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Figure 10.5. a) Cagniard paths for a generalized ray in an upper mantle model (Wiggins & 
Helmberger, 1974). The solid lines show the paths followed for various ranges (re is the 
critical range). The lines in tone show how the paths are modified by inserting a small high- 
velocity layer to give a shadow zone at the deepest interface. b) low passed seismograms 
for the solid paths; c) low passed seismograms for the paths in tone. 


10.4.2 First-motion approximations 

Consider the high frequency approximation (10.46) for a generalized ray 
corresponding to P wave reflection from the nth interface with transmission to and 
from the surface, for which the displacement contribution can be written 


uzo = ðM (t) x H(t)t7!/7 x 
a 'dIm{f(p)Ra(p)T(p)(2p/r)”*[dpt] (10.54) 
The last term is to be evaluated along the Cagniard path H for the ray. Time 


increases as we move away from the origin along H. In the subsequent development 
we will often represent t as a function of slowness p and will be referring to the 
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parameterisation of the Cagniard path. We have factored G(p) to show the explicit 
dependence on R,(p) (the PP reflection coefficient at the nth interface); T(p) is the 
product of transmission terms and f(p) the source and receiver directivity. 

We will assume that the P wavespeed increases with depth so that the closest 
branch point to the origin is a (= an) so that for many ranges we have a head 
wave contribution, in addition to reflection terms. 

We recall that Opt vanishes the saddle point po at which the Cagniard path for 
range r turns away from the real p axis and so we seek an approximation to the 
reflection behaviour by examining the neighbourhood of po. For a wavespeed 
distribution that increases monotonically with depth, T(p) and f(p) will be real 
at po and only R,(p) will be complex. Near t(po) 


t— to = —5A(p — po)’, (10.55) 


where A = |ðppt(po)| and to = t(po). If we now differentiate (10.55) with respect 
to p we obtain 


dpt ~ [PA (to — 1)". (10.56) 


Thus Opt is real for t < to and imaginary for t > to with the result that we may 
write the final term in (10.55) as 


WR(r, t) = n (p/Ar) "T (p)f(p) (10.57) 
H(to — t) H(t — to) 
x ImRa(P) pia TRER pA , 


and the displacement may be recovered by differentiation followed by convolution 
with the far-field time function for the source 3+M (t) and H(t)t~!/2, 


uzolr, t) & O¢M(t) * H(t)t7!/2 « P(t). (10.58) 


We have previously noted, in connection with (7.108), that H(—t)(—t)~'/? is the 
Hilbert transform of H(t)t—!/2 and so, on carrying out the convolutions in (10.58), 
we find 


ugolt, t) = 0 '(p/Ar)'/*{ReRn(p)OiM(t — to) + IMRy(p)OiM(t — to)}, 
(10.59) 


where dN is the Hilbert transform of the far-field source function. The term in 
braces represents the scaling and phase distortion associated with reflection beyond 
the critical angle which we have already considered in figure 5.3. At precritical 
reflection, for ranges such that po < an, we have only the contribution. 


uzolt, t) = m! (p/Ar)?T(p)f(p)Re{Rn(p)ðM(t — to)}, (10.60) 


and the reflected pulse shape is the same as the far-field source function. At the 
critical range po = an! and we have a coincident saddle point and branch point 
and so a special treatment is necessary to obtain a ‘first-motion’ approximation 
similar to (10.60) (Zvolinskii, 1958) near this point. 


10.4 The Cagniard method 


Once po separates from an! we can represent the post-critical reflections as 


in (10.59) but need now to take account of the head wave contribution. In the 
neighbourhood of the branch point an! we are unable to use a Taylor’s series but 
we can approximate W(t) as 


W(t, tn + At) ~ a! (p/r)'/7T(p)f(p) (10.61) 
xIm{[Ralo,') + yR lan Opto}, 


where tp is the time of arrival of the head wave, since only Ra(p) for p > xn.. 
Along Hh, iy = (an? — p?) "2 and so 


p% an! + lyan. (10.62) 
The small increment in slowness Ap associated with At is therefore 

Ap =p- tee x lyan. (10.63) 
This relation enables us to determine y in terms of Ap and thus 0>t, 

y ~ (2an Ap) ~ Zoe Atp tlan T). (10.64) 
With this substitution, we find 

Phir, t) = m ptian IP RaR (t tn) (10.65) 

xIm[d Rn (xn )I(p/r) 7 T(p)f(p)H(t — tn); 

and also the distance travelled along the refractor, L, is Opt(o,' ) since 


dpt(o,') =r—a! yo nh/qdrlan) Sla (10.66) 


The sum allows for the horizontal distance travelled in transmission. When we 
perform the convolution and differentiation in (10.58) to produce the displacement 
term we make use of the result 


dM (t) x H(t)t 72 * dHH(t — tn) (t — tnh) Z} = AM (t — th), (10.67) 
to give 
ub (r,t) & (2pay,'/rL3)'/7T(p)f(p)Im[dyRa(o;, M(t — tn). (10.68) 


The pulse shape of the head wave is thus the integral of the far-field source time 
function and the rate of decay of the head wave is r—!/*L~7/2. 

These first motion approximations have been used by a number of authors (e.g., 
Werth, 1967) to model the first few swings of P waveforms. The approximations 
are most effective when the significant phases are well separated in time but can be 
superimposed to allow for a number of arrivals. 

The convenience of the first-motion approximations has lead Mellman & 
Helmberger (1979) to suggest modifications designed to link together the pre- 
and post-critical approximations as well as the head wave. They have used an 
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approximate contour in the neighborhood of the saddle point and checked their 
results against full Cagniard calculations. For a wide variety of models it was 
possible to get good agreement and the modified first-motion approximations were 
much less expensive than the full calculations. 


10.5 The Chapman method 


The essence of the Cagniard method for calculating the contribution of a 
generalized ray is that the slowness integral is taken along such a path in the 
complex p plane that the time dependence can be easily recognised. In contrast 
Chapman (1978) has advocated that the slowness integral should be carried out 
along the real p axis as in (10.30) and (10.35). 

In this section we will show how Chapman’s idea can be used to generate a 
simple approximation for the displacement contribution from a generalized ray 
which can be used even when turning points and caustics are involved. We consider 
the vertical component of displacement and azimuthal symmetry as in (10.35) so 
that 


ee) pr 
wio(t, t) = OeM(t) sn! | app | ds Ur(p, t— s) (pr —s*)~'/? (10.69) 
(0) —pr 


and 
Urlp, t) = 2 'Im[Gr(p)/(t — t1(p) — Oi)]. (10.70) 


We aim to produce an approximation which is valid for large ranges r and so we 
follow the procedure discussed in (7.108)-(7.114). We approximate B(t, pr)(p7 — 
t?)—|/ by two isolated singularities along the lines t = pr and t = —pr and then 
for larger ranges will retain only the outgoing term associated with the singularity 
along t = pr. The displacement is then represented by 

oO 


uzolr, t) © duM(t) x — dpp? 


1 
(2r) 1/2 I 
«| ds Oy(p,s — pr)H(t — s)/(t — s) "2, (10.71) 


and here a, is the Hilbert transform of Uy with the form 
Ox(p, t) = 2 'Re[Gi(p)/(t — tu(p) — 0i). (10.72) 


The convolution in (10.71) can be rearranged by shifting the Hilbert transform from 
the generalized ray term to give 


oO 
| ds Uly(p, s — pr)H(s — t)(s — t)! (10.73) 
—oo 
with the same slowness integral as before. Since we have forced the phase factors 
associated with turning points into Gr(p), the choice of (10.71) or (10.73) is 
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dictated by the properties of Gy(p). If Gy were real then (10.71) would be the 
best choice, whereas if Gy were imaginary we would prefer (10.73). In practice 
Gj(p) is real for part of the range and imaginary in others and we may exploit the 
linearity of the problem to produce a combination of (10.71) and (10.73) which is 
best suited to a real p contour. In terms of the explicit forms of the generalized ray 
term this is 


] a 
I ey 1/2 
t) = 0unM(t d 
Uz9(T, ) tt ( ) * (2r) 1/2 pp 


x<Im ie ds L(t — s)Gy(p)Im(s — ty(p) — pr — 0i) 7! , (10.74) 


—co 


where we have introduced the analytic time function 
L(t) = H(t)" +iH(—t) (t) "3, (10.75) 


which combines the inverse square root operator and its Hilbert transform. In 
(10.74) we see within the slowness integral the term Or(p, r) = tTy(p) + pr which 
played such an important role in the Cagniard method. 

We now restrict attention to perfectly elastic media, so that t(p) is real for the 
range of slowness for which we have propagating waves all along the ray path. We 
will denote the slowness at which some portion of the ray becomes evanescent by 
pı and then 


pi 1/2 ia 1/2 
j E r)—0i] =| dp p/2G1(p)5(t—81(p, 7)).(10.76) 


This integral may be evaluated by splitting the slowness range intervals containing 
just one root of t = @(p,r) and then changing integration variable to O to give 


|, dpp'eu(p)s(t— ex(p,) =X Gir apal, (10.77 


where the sum is taken over the slowness roots 7;(t) of t = 01(7;,17). There will 
be one root for a simple turning ray and multiple roots in the neighbourhood of 
triplications. The full integral (10.74) can now be written as 


i 
* ay aut (t) 2 Gim) Opor, r) 


ulo x dttM(t) * n(2r) 


+L(t) i ee TR E oie (10.78) 
Ppl 


The integral includes those values for which t(p) becomes complex and may be 
regarded as a correction to the main approximation represented by the sum. 
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Chapman (1978) has termed the displacement contribution 
ulolr, t) = OeeM(t) * 


aTa + Gilg (t) (t) "perl Ct), 7) "H0.79) 
j 


the WKBJ seismogram. He has shown that with a locally quadratic approximation 
to O(p,r) we recover the results of geometrical ray theory for a single turning 
ray. The expression (10.79) is, however, still usable at caustics and at shadow 
boundaries where geometrical ray theory fails. For interface problems (10.79) gives 
the same results as the first-motion approximation for the head wave (10.68). For 
reflected waves a complete representation requires the inclusion of the correction 
terms to allow for evanescent waves, but near the geometric arrival time (10.79) is 
a good approximation. 

For numerical evaluation it is convenient to use a smoothed version of (10.79), 
to generate a discrete time series. For a digitisation interval At we employ an 
operator F(t, At) which is zero outside (t — At,t + At) to smooth each time 
point. This smoothing eliminates the effects of singularities in (10.79) associated 
with apparent details in the model. The interpolation scheme used to define the 
wavespeed profile can often give discontinuities in parameter gradients which will 
lead to singularities in (10.79); there is also a chance that small triplications may 
be introduced. These features will have no true physical significance and will be 
unobservable with realistic source terms. 


Ti T2 T3 Ta P 


—» Ap «— << Ap —_______» 


Figure 10.6. The construction of the WKBJ seismogram by smoothing over an interval 
t — At, t + At) about the desired time. 
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We now convolve the displacement with the unit area smoothing operator 
F(t, At), and restrict attention to the range of slownesses for which t;(p) is real 
as in (10.79), 


ulolr, t) * F(t, At) = OueM(t) * 
1 oO 
aIL «| dp p’G utp) lt — e1lp, 1), At); 
n(2r) / 0 
(10.80) 

The slowness integral will reduce to a sum of contributions from bands such that 

t—At < ilp, r) <t+At, (10.81) 
in the neighbourhood of 71;(t) (see figure 10.6). Thus 

udo(r, t) x F(t, At) = ðM (t) * 


1 1/2 
acai) + [app Gip- 9,0), 4082) 
where the integral is to be taken over the span of slowness values about 71; for which 
(10.81) is satisfied, with width Ap; (figure 10.6). 
Chapman (1978) has suggested using a boxcar filter over the interval (t — At, t+ 
At) in which case, when Gy(p) is slowly varying, the sum in (10.82) can be 


approximated by 


J mj Gr(75)Ap;/At, (10.83) 
j 
and this is the form which Dey-Sarkar & Chapman (1978) have used for 
computations. Figure 10.6 illustrates the way the sum is formed, for an isolated 
arrival near 71, Ap, is small. But for the triplication 7t2,7t3,74 which is 
unresolvable at the discretisation level At, there is a long effective Ap. 

In the approximations which enabled us to generate the frequency-slowness 
response of a turning ray we have taken g;(p) to be determined by products of 
frequency independent plane-wave reflection and transmission coefficients. All 
frequency dependent propagation effects associated with changes in parameter 
gradients and with turning points close to interfaces are ignored. Although the 
WKBJ seismogram will give a good representation of the major features of the 
seismic phases via the behaviour of 8;(p,1r), secondary features can be in error or 
missing. This can be well illustrated by examining the slowness-time map for a 
full frequency dependent calculation. In Figure 10.7 we show such a projective 
display of the slowness-time response for the SS reflection from the upper mantle 
model 77 (figure 9.7). The continuous refraction, the main feature for large times 
is approximated well in the WKBJ scheme (10.82)—-(10.83). The reflection from 
the Moho will also be represented quite well. However, the reflections from 
the discontinuity in wavespeed gradient at 170 km, and the complex transition 
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Figure 10.7. Projective display of the SS reflection from the upper model 77 as a function 
of slowness and time. 
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Figure 10.8. Record section of WKBJ theoretical seismograms for S waves in the mantle 
model T7. 


zones at 400 and 700 km, in the flattened model, will not be well approximated. 
These features depend strongly on frequency dependent gradient effects and have 
a significant effect on the seismograms for waves reflected from the upper mantle. 
Although the WKBJ seismograms do not have the full accuracy which can be 
attained with more sophisticated techniques, they are inexpensive to compute. With 
a knowledge of the travel-time and reflection characteristics of a model it is possible 
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to get a quick idea of the character of the seismic wavefield. In figure 10.8 we show 
a record section of WKBJ theoretical seismograms (10.82)—(10.83) calculated for a 
simple oceanic crustal model. These seismograms display the main features of the 
crustal response represented by the refracted branch of the travel time curve, but do 
not include reflections arising from changes in wavespeed gradient. 


10.6 Attenuation and generalized rays 


In both Cagniard’s and Chapman’s methods for determining the response of a 
generalized ray we have had to assume that the medium is perfectly elastic. 

As discussed in section 1.3 we can model the effects of attenuation on seismic 
propagation by letting the elastic wavespeeds become complex. In general they will 
also be frequency dependent because of the frequency dispersion associated with 
causal attenuation. In an attenuative medium to first order, for P wave 

Za Zo 
t(p) > af dzqa(p,z,w) + isena | dz [xQ xda]! (10.84) 
0 0 


and so the separation of frequency and slowness effects we have employed above 
is no longer possible. 

For Cagniard’s method attenuation can be introduced into the final ray sum by 
applying an attenuation operator, such as (9.74), to each ray contribution allowing 
for the nature of the path. Burdick & Helmberger (1978) have compared this 
approach with applying a single attenuation operator to the full ray sum, and 
suggest that often the simpler approximation is adequate. 

In Chapman’s method, a good far-field approximation may be obtained using 
(10.71) but now evaluating the inverse transform U;(p,t) numerically. For a delta 
function source the result will be a broadened pulse following a trajectory similar 
to the t curve in slowness. If dispersion can be neglected 


t(p) = To(p) +isgnwA(p), (10.85) 


where To is the perfectly elastic value, and the attenuative term A(p) is small. For 
the Ith generalized ray 


wilp, t) = Im[G;(p)/(t — t1(p))], (10.86) 


but this is non-causal. Along the real p axis wy;(p, t) will still have its maximum 
value near To;(p) and a comparable approximation to the smoothed WKBJ 
seismogram can be made including a convolution with the broadened pulse form. 
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Modal Summation 


The various expressions which we have derived for the receiver response for 
general point source excitation have singularities associated with the properties 
of the reflection and transmission matrices for portions of the stratification and 
the corresponding reverberation operators. In particular we have a set of poles 
associated with the vanishing of the secular function for the half space det{T pr (0)} 
(7.12). This secular function is independent of the depth of the source and depends 
on the elastic properties in the half space. 

For the combinations of frequency and slowness for which det{T pr (0)} vanishes 
we have non-trivial solutions of the equations of motion satisfying both the 
boundary conditions: the vanishing of traction at the surface, and decaying 
displacement at depth ((w| — 0 as z — oo). For our choice of structure this 
latter property arises from the presence of only exponentially decaying waves in 
the lower half space z > zı (7.3). The detailed character of these eigenfunctions 
for displacement will depend on the actual wavespeed distribution within the half 
space. Above the S wave turning level zs for the slowness p (i.e., the depth 
at which a (zs) = p), the character of the eigensolutions will be oscillatory. 
Below this level we will have evanescent decaying behaviour. For slowness p 
less than the inverse of the S wavespeed in the lower half space (Be) we will 
have travelling waves at depth; in this case we can no longer match both sets of 
boundary conditions. The surface wave poles are thus restricted to p > By! and 
the maximum slowness depends on the wave type. 

Since we have a semi-infinite domain, the roots of the dispersion equation 
det{T pt (0)} = 0 are ordered into continuous strings in frequency-slowness (w—p) 
space, ordered by overtone number (see figures 11.1, 11.3, 11.4). For the SH case, 
the overtone number for Love waves represents the number of zero crossings in 
the eigenfunctions. In the coupled P-SV system the overtone number for higher 
Rayleigh modes has a more abstract significance, but in many cases is one less than 
the number of zero crossings for the horizontal displacement. 

For perfectly elastic media the poles reside on the real slowness axis at fixed 
frequency and the work of Sezawa (1935) and Lapwood (1948) shows that at large 
distances the contribution from the residues at the poles response includes the 
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surface wavetrain. The stress-displacement fields associated with these residues 
show no discontinuity across the source level (Harkrider 1964), so that the 
excitation of the modal contributions should not be thought of as occurring directly, 
but by the interaction of the entire wavefield with the stratification and the surface. 


11.1 The location of the poles 


The location of the surface wave poles in frequency slowness space is given by 
the vanishing of the secular function. From the surface source expressions for the 
seismic field (7.12) and the representation of the stress component Tp, (0) in terms 
of the reflection and transmission properties of the stratification we require 


det{T pi (0, w, p)} = det(npo + nuoR®)/ det T% = 0. (11.1) 


If we have a uniform half space we would require det npolp) = 0. No root is 
possible for SH waves but for P-SV waves we require 


(2p? — B37)? + 4p*qaodgo = 0; (11.2) 


and this is the usual equation for the Rayleigh waveslowness ppro on a uniform half 
space with the properties Xo, Bo (Rayleigh, 1887). For any increase in velocity 
within the half space we have the possibility of dispersive wave-propagation with 
the slowness depending on frequency for both SH and P-SV waves. 

We may rewrite (11.1) as 


A = det npo det(I — RR?) = 0, (11.3) 


although the impression that there is always a root when detnpy = 0 is illusory 
since it is matched by a singularity in Rẹ at the same slowness. However, for 
slowness p > Bas such that all wave types are evanescent at the surface, with 
increasing frequency Ro — 0 as the penetration into the stratification decreases, 
and so 


A => detnpo, as Wo, p> Bas (11.4) 


Thus for P-SV wave-propagation the limiting slowness for dispersive surface waves 
is the Rayleigh slowness p po for a half space with the surface properties throughout. 
Only one root of A exists in p > B5.. 

For slownesses p < Bs so that S waves at least are propagating, we may use 
the simpler dispersion relation (Kennett, 1974) 


det(I — R- RP) = 0. (11.5) 


This relation constitutes a constructive interference condition between waves 
reflected back from the stratification and those reflected from the surface. 

When we start from the expressions (7.32) and (7.35) for the displacement from 
a buried source the secular function may be expressed as 


det(I — R{PR=) = 0, (11.6) 
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where the source depth zs is arbitrary. Equation (11.6) represents a further 
constructive interference condition between waves reflected above and below Zs. 
This form is inadequate and we must use (11.5) if the receiver contribution becomes 
singular i.e. det(I — RRR ) = 0 which corresponds to the existence of trapped 
waves on just the truncated structure above the level zs. 


11.2 SH wave dispersion: Love waves 


For SH waves the free-surface reflection coefficient is unity so that (11.5) becomes 
RD HH = 1, (11.7) 


i.e. the secular relation requires us to seek those combinations of frequency and 
slowness for which an incident downgoing wave is reflected from the stratification 
without change of amplitude or phase. This result holds even for attenuative media 
and so at fixed frequency w the poles will lie in the first and third quadrants of the 
slowness plane. 


11.2.1 A layer over a half space 

It is interesting to see how more familiar dispersion relations can be obtained from 
(11.7). Consider the simple example of a layer with density po, shear wavespeed 
Bo and thickness ho, overlying a uniform half space with density pı and shear 
wavespeed 21. The reflection coefficient for the interface at ho is given by (5.12) 
and allowing for phase delay in the upper layer between the surface and the 
interface we require 


exp(2iwqgoho){Hodgo — H1de1s/{Hodpo + Lidgi} = 0, (11.8) 


and with a slight rearrangement we have 


tan wqgoho = —iH1481/Hod po, (11.9) 


which is the conventional Love wave dispersion relation (Ewing, Jardetsky & Press, 
1957). 

We can see directly from (11.8) that roots will only be possible when the interface 
coefficient has unit modulus and waves propagate in the upper layer i.e. the Love 
wave slowness is restricted to 


pope Ba (11.10) 


Also, since the reflection coefficient is independent of frequency, for fixed slowness 
the roots of the dispersion equation in frequency are 


Wn = Int — 4xXo1(P)]/agoho, (11.11) 


where x01(p) is the phase of the interface reflection coefficient. It is therefore easy 
to generate multimode dispersion curves and the first twelve branches are illustrated 
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Figure 11.1. Love wave dispersion curves for the first twelve mode branches as a function 
of frequency and slowness. 


in figure 11.1. Xo1(p) decreases steadily with increasing p (figure 5.2) approaching 
—m when p > Be and is zero when p = BT. The successive modes have 
therefore a lower cutoff in frequency at 


wno = nr/ (BI? — B3)! ho (11.12) 


and at high frequencies have slownesses which asymptote to Bo. (figure 11.1). For 
frequencies less than the cutoff for any mode, roots cannot be found on our chosen 
Riemann sheet Im wqg 1 > 0, but move off to complex p values on the lower sheet 
(Gilbert, 1964). 


11.2.2 Love waves in a stratified medium 


We may extend the approach we have used for the single layer to deal with a 
stratified half space. The reflection coefficient at z = O will have unit modulus 
for slownesses in the range 


BI < p< Bas (11.13) 
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for which we have evanescent waves in the underlying half space and travelling 
waves at the surface. In this interval we can recast the dispersion equation (11.7) as 


Xo(w,p) = 2n7, (11.14) 


where Xo is the phase of the unimodular reflection coefficient RHH at the level 
z = 0. We may therefore build up the reflection coefficient from the base of the 
stratification or varying frequencies at fixed slowness; and then interpolate to find 
the frequencies at which (11.14) is satisfied. 

At high frequencies we can get approximate results by making use of asymptotic 
representations of the reflection behaviour. As discussed in Section 10.1, for a 
smooth monotonically increasing wavespeed distribution and slowness p such that 
the turning point Zg(p), for which p = BT! (Zg), is not close to 0 or zr, we have 


RH ~ expliwtg(p) — in/2}, (11.15) 
where the intercept time 
Zg (p) 
Telp) =2| dz qg(z), (11.16) 
0 


is the integrated vertical slowness down to the turning level. The Love wave 
dispersion relation corresponding to (11.15) is thus 


Wnte(p) ~ (2n + 4)z. (11.17) 


This result is in the same form as (11.11) when we take account of the phase change 
of 7/2 on internal reflection and turning level at the interface ho in the single layer 
case. 

Although in general we need to take account of the full behaviour in each region 
at high frequencies an approximate iterative procedure for piecewise continuous 
media may be developed based only on the phase behaviour. Gradient effects at 
interfaces are ignored. Starting at the turning point the phase delay to the next 
higher interface (zy say) is formed 


Ze (p) 
xr(w,p) =20 | dz-qp(z) ~ $n (11.18) 
zy 
and then the effect of the interface is included to form an approximate reflection 
coefficient phase xj just above zy; from 


tan( 5x7) = |Qy| tan( 5x7) (11.19) 


cf. (11.9). Q; is the ratio of SH wave impedances at zy, e.g., Q1 = 11481/Hod po. 
The phase delay between zj—ı and zy must be included before constructing xj_1, 
as 


Zz 


J 
tan(4xJ—1) = Qraltanlo | dz qg(z) + 4x). (11.20) 


Zj—1 
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This process is then carried out right up to the surface to form xo(w, p) then the 
dispersion equation (11.14) may be rewritten as 


Wnte(p) ~ (2n + 4) + xX9(Wn, p), (11.21) 


where xù arises from the cumulative effect of interfaces. Starting with a trial 
estimate of wn, the right hand side of (11.21) is calculated and a revised estimate 
for wn obtained by equating wyTg to this quantity. Iteration is continued until 
convergence of the frequency estimates occurs and is usually quite fast. 

This approach which has been used by Kennett & Nolet (1979) in studies of 
the high frequency normal modes of the Earth is a generalisation of a procedure 
suggested by Tolstoy (1955) for uniform layers. For a multilayered medium lr 
would be replaced by the phase of the reflection coefficient at the deepest interface 
at which an S wave is propagating. Numerical comparisons between the iterative 
results and direct calculations for the dispersion show that for the lower mantle 
good agreement is obtained for frequencies higher than 0.03 Hz. For stronger 
gradient zones higher frequencies are needed before (11.21) gives an adequate 
approximation. 

For this dispersive wave system, pulse distortion will occur as an individual mode 
propagates across the stratified half space (see Section 11.5), and a wave packet will 
travel with the group slowness 


ð d 
g = ——(wp) =ptwr. (11.22) 
Ow Ow 


For a secular function Y(p, w) = 0 we may calculate g by implicit differentiation 
g = {POpY — WdaY}/OpY. (11.23) 
It is interesting to see the form taken by the group slowness for the high 
frequency approximation (11.17) for a smooth monotonic increase in wavespeed. 
We recall the ray theory results that the range Xg(p) for slowness p is —dTg/0p 
and the travel time Tg(p) = ta(p) + pXg(p). For (11.17), 
WIWY ~ iwt pelo (P)-i7/2, (11.24) 
OpY ~ iw(dtg/dp eles (P)-i7/2, (11.25) 
and so the group slowness g is asymptotically 


g ~ {iwta(p) +iwpXe(p)}/iwXe(p) = Te(p)/Xa(p), (11.26) 


which is just the apparent slowness for an S body wave. We will explore this 
relation between modes and body waves further in Section 11.7. 


239 


240 


Modal Summation 


11.3 P-SV wave dispersion: Rayleigh waves 


For the P-SV wave system the analysis of dispersion is more complicated since we 
have to take account of the coupling between the wave types. From (11.1) the roots 
of the secular function are given by 


det(npo + NyoR) = 0 (11.27) 
In terms of the components RPP, RES etc. of RX, p) we have 
[vego(1 +RE) — 2ipqpgoepoRD |lvego(1 + RB) — 2ipdaoeaoRp | 


—[2ipqao€ao(] — RE) + vegoRÈ I[2ipqgoepo(l] — RÈ) + veawRp! = 0. 
(11.28) 


where, as in (5.82), we have set 
v = (2p? — Bo?) (11.29) 


When we have a uniform half space beneath the surface, ROL vanishes and the 
dispersion relation (11.28) reduces to the Rayleigh function (11.2). For a stratified 
medium ROL will no longer be zero and (11.28) shows the way in which the 
departures from uniformity affect the dispersion behaviour. 

In general we will have to find the roots of (11.28) numerically by searching for 
the combinations of frequency w and slowness p for which the left hand side of 
(11.28) is less than some preassigned threshold. 

The nature of the dispersion behaviour varies with slowness as the character 
of the seismic wavefield changes. We will suppose that the minimum P and S 
wavespeeds occur at the surface and then the different regimes are controlled by 
the slownesses ae B3- For a perfectly elastic medium we can illuminate the 
physical nature of the dispersion relations by making use of the unitarity properties 
derived in the appendix to Chapter 5. 


11.3.1 P and S waves evanescent 


When the slowness p is greater than Bo ' both P and S waves are evanescent 
throughout the stratification. For perfectly elastic media all the reflection 
coefficients are real and less than unity. At moderate frequencies the P and S wave 
components will decay with depth but the rate of decay is much more for P waves; 
with the result that only RÈ has significant size and RPP, RPS are negligible in 
comparison. 


To this approximation (11.28) reduces to 
(2p? — Bp7)*(1 + RB) — 4P7Iqoallagol(1 — RÈ) = 0, (11.30) 


where Re is small. There is only one root for this dispersion relation and as 
the frequency increases RÈ tends to zero and so (11.30) tends to the Rayleigh 
function (11.2) for a uniform half space with the surface properties œo, Bo. At high 
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frequencies the slowness will be close to pro and so we can recognise (11.25) as 
the dispersion relation for fundamental mode Rayleigh waves. 

At low frequencies RPP, RPS will no longer be negligible and RÈS will be close to 
unity and so the fundamental Rayleigh wave slowness will depart significantly from 
pro (figure 11.3). The modal eigenfunction at low frequency penetrates deeply into 
the half space and so the dispersive waves are influenced by the greater wavespeeds 
at depth and therefore the Rayleigh waveslowness decreases with frequency. 


11.3.2 S propagating, P evanescent 


For slownesses such that œg l< p< Ba: P waves are still evanescent throughout 
the half space but S$ waves have travelling wave character at the surface and a 
turning point above zi. Once again at high frequencies the reflection coefficients 
RPP and RPS will be very small compared with Re. 

Since we are now some way from the surface Rayleigh slowness ppro, we use the 
secular function (11.5) in terms of the reflection matrices which may be written as 


TR? (REP + RES) — RERE + (REPRESS —(RPS)2) = 0, (11.31) 


We have used the symmetry of the reflection matrices (5.75), (5.82) and REF = 
RÈS, det R; = 1 in constructing this form. At high frequencies we can neglect the 
RP ; RPP terms and (11.31) reduces to 


Re = (RESY, (11.32) 


which is very similar to the Love wave equation (11.7). 

However, at low frequencies the P wave still influences the character of the 
dispersion and we may investigate this behaviour for a perfectly elastic half space. 
At z = 0 we have propagating S waves and evanescent P, with both wave types 
evanescent at zg; from appendix 5(d) the unitarity relations require 


IRF] =1, detR® = RP>(REP)*, 


(11.33) 
IRPS|? =2Im (RE), arg RPS = int l arg RŠ. 
For the surface reflections 
RÈ =1, arg RÈ = in + SargRP> (11.34) 


With these expressions for the reflection coefficients, we may rewrite (11.31) as 
RËS = (1 — 2RESRES + RẸSRPP)/[R$S + (RPP)*]. (11.35) 


As the frequency increases REP and RES diminish rapidly. This can be seen from 
figure 11.2 which displays the modulus of the coefficient Rey ps w) for the mantle 
model T7. The onset of P wave evanescence at a slowness 0.76 s/km is marked by a 
very rapid decrease in the size of the PP coefficient. Only at the lowest frequencies 
displayed (~0.02 Hz) is there any significant reflection in the evanescent region and 
from (11.33) Re will also be small. 
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Figure 11.2. The amplitude of the PP reflection coefficient for the upper mantle model T7 
as a function of frequency and slowness. 


Since both RÈ and Re are unimodular, we set 

RÈ =expinp, RẸ =expitpo, (11.36) 
and also extract the phase dependence of RPP as 

REP = [RPP expid. (11.37) 


The phase of the RPS, RPS coefficients are determined by the unitarity properties 
and the dispersion relation (11.31), for a perfectly elastic medium, is equivalent to 


sin 5 (p + Yo) + IRD Isin 3(@ + Wo — Y) = IRIIRI, (11.38) 
where from (11.33) 
IRE? = 2|RP| sin Q. (11.39) 


As the frequency increases, IRPP] tends to zero and so we are left with a relation 
between the phase of RẸ and that of the free surface, 


p(w, p) ~ 2n7 + Wol(p). (11.40) 


Comparison with (11.14) shows that there is just a slowness dependent phase 
shift of tpo(p) from the Love wave result. The dispersion curves for Love and 
Rayleigh waves are very similar at high frequencies (cf. figures 11.3, 11.4) and 
the character of the higher Rayleigh modes, in this slowness range dominated by 
S wave behaviour, is akin to SV Love modes. The higher modes have a high 
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frequency asymptote of Be. for phase slowness and only the fundamental Rayleigh 
mode continues on into the evanescent S wave region. 

For a smoothly increasing wavespeed profile the asymptotic form of the SV 
reflection has the same form as for SH waves 


RÈ ~ exp{i(wtg(p) — 7/2)}, (11.41) 


so that to this approximation the frequency of the nth higher Rayleigh mode is to 
be found from 


Wntg(p) ~ (2n+ d) + 1 arg RP*(p). (11.42) 


For a piecewise smooth medium an iterative technique similar to that discussed 
for Love waves may be employed and a further frequency dependent phase 
contribution Y(w, p) will be added to the right hand side of (11.42). We can see 
how this term arises by examining the temporal-slowness display RÈ (p, t) for the 
SS reflection from the mantle model 77 in figure 10.7. The approximation (11.41) 
follows the main refracted arrival in the upper mantle and ignores any reflection 
from the Moho or the upper mantle discontinuities which are prominent features of 
the behaviour. When we consider the phase response the most significant effect will 
arise from the relatively large Moho reflection as in the SH wave study of Kennett 
& Nolet (1979). 


11.3.3 Propagating P and S waves 


For slowness in the range BT! <p< xz! , both P and S waves have travelling wave 
character at the surface and turning points within the stratification above the level 
zı. This means that P waves play a significant role in determining the dispersion 
and P and S effects are coupled through the relation 


T=Re(REP + RS) — 2RESRPS + (REPRSS — (RES) = 0. (11.43) 


When we have a perfectly elastic medium we may once again make use of the 
unitarity relations in Appendix 5(c). The reflection matrix is now unitary and 


Rp? + IRS = REI + RDI = 1, 


(11.44) 
argdet ROE = +1), argRPS = J+ Jo +), 
where 
db =argRPP,  w=argRe. (11.45) 
The symmetry of Ro (5.60) requires RPS = RÈP and so 
IRD (p, w)| = RÈ (p, w)]. (11.46) 


This is a very interesting result since the turning points of P and S waves lie at 
very different levels. For example a slowness of 0.16 s/km corresponds to a crustal 
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turning point for P waves and a turning level at about 600 km in the upper mantle 
for S waves. Although the amplitudes are the same for the PP and SS elements, the 
phase behaviour will be very different, and it will be very much greater than ọ. 

In this slowness interval the free-surface reflection coefficient Re is real and 
negative and RE has phase 37/2. In terms of the phases ¢, w of the reflection 
coefficients we can recast the dispersion equation into the form 


cos (p + tp) + IRPIIRB | cos (p — 4p) = IREIRB), (11.47) 


which displays explicitly the coupling of P and S waves at the surface and in the 
half space. Equation (11.47) reduces in the case of a single uniform layer over a 
half space to the equation derived by Tolstoy & Usdin (1953) using a constructive 
interference argument. 

For slowness p a little less than Oss Re can be quite small and then (11.47) 
takes on the character of a dispersion equation for PS propagation. One P leg and 
one S leg coupled by a free-surface reflection is represented by REP RPS RŠ RPS 
with phase —(d + 1). RE will in general be small and so the dominant term in 
(11.47) will be cos lo +p) and the other terms may be regarded as a frequency 
dependent perturbation. For these slowness values, @ will be very much smaller 
than w and so the PS behaviour is mostly controlled by Rè and we get a smooth 
continuation of the dispersion curves from the previous region (p > ag! ). 

However, the presence of the propagating P waves superimposes a modulation 
of the spacing of the dispersion waves. Since ¢ is small compared to wp we have in 
(11.47) a sinusoidal term with superimposed a sinusoid of slightly shorter period 
and smaller amplitude. The average spacing of the dispersion curves in frequency 
will depend on d + w but periodically the curves for different overtone branches 
will pinch together as we have two closely spaced roots of (11.47). This periodicity 
is controlled by (arg RFP) and so we appear to get ‘ghost’ dispersion branches 
controlled by the near-surface P wave distribution, visible only because of a change 
in the spacing of the S wave dominated true dispersion curves. Such effects are seen 
at small slownesses in figure 11.3. 

For a smoothly varying medium we have asymptotic representations of the 
reflection coefficients at high frequency 


RPP ae el To (p)=i7/2 RÈ ae elOTe Pe (11.48) 
where 
Zo (P) Ze (p) 
talp) =|" dzaalz], molp) =|" azat), (11.49) 
0 0 


and Z«, Zg are the turning points for P and S waves. To this approximation RE ~0 
and coupling between P and S only occurs at the free surface. On using (11.48) the 
dispersion relation (11.47) becomes 


sin w[talp) + ta(p)] — RẸ cos Swlte(p) — ta(p)] = 0, (11.50) 


11.4 Dispersion curves 


which was derived by a rather different approach by Kennett & Woodhouse (1978). 
When there is no P and S coupling in the half space, Kennett & Woodhouse show 
that the dispersion relation may be separated into P and S parts coupled through the 
surface eccentricity of the mode. In terms of 


Talp, w) =i -RB )/(0 +R), 


(11.51) 
Talp, w) = i(1 — R$$)/(1 + RSS), 


the dispersion relation may be expressed as 


Talp, w)Tg(p, w) = (2p* — B57)?/4P7da0d go, (11.52) 


when RPS = 0. If we introduce the displacement elements for a mode, vertical U 
and horizontal V, then (11.52) separates to 


Talp, w) = —(2p? — B57) Ulp, w)/2pqaV(p, w), 


3 D (11.53) 
Ta(p, w) = —(2p* — Po )V(p, w)/2pqgU(p, w). 
Asymptotically T&, Tg reduce to a rather simple form 
Ty ~ tan(wt — 7/4), 
x (WTalp) /4) (11.54) 


Tg ~ tan(wtg(p) — 7/4), 


and then (11.53) provides a means of extracting both P and S wave information if 
the ratio U/V can be estimated. 

For models with discontinuities in properties, Re will depart from zero, but at 
moderate frequencies (0.02 Hz) the wavelengths are sufficiently long that the details 
of crustal structure are unimportant and then (11.53) may be used as a reasonable 
approximation (Kennett & Woodhouse, 1978). At higher frequencies the simplicity 
of the preceding results will be lost, and in general the dispersion will have to be 
determined numerically. 


11.4 Dispersion curves 


In the previous sections we have attempted to illuminate the physical character of 
the modal dispersion. We now turn our attention to the behaviour of the different 
branches of the dispersion curves which is one of the major factors influencing 
seismograms created by modal summation. 


11.4.1 Dispersion behaviour of an upper mantle model 


The behaviour of the Rayleigh and Love mode dispersion may be well illustrated 
by the dispersion curves for the flattened upper mantle model T7 shown in figures 
11.3 and 11.4 for frequencies from 0.01 to 1.0 Hz. The model itself is presented on 
the same slowness scale in figure 11.5. 

The boundaries between the various dispersion domains have been superimposed 
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on figure 11.3 and the slowness values corresponding to significant discontinuities 
are indicated on both figures 11.3 and 11.4. For the largest slownesses we have, 
as expected, only the fundamental Rayleigh mode; and for frequencies greater than 
0.5 Hz the slowness is barely distinguishable from pro. The limiting slowness for 
all higher modes is be and the first Rayleigh mode and fundamental Love mode 
are seen to be approaching this asymptote. For slownesses greater than 0.222 s/km 
S waves are reflected in the crust or at the Moho and the tTg(p) values are small. 
The frequency spacing of these crustal modes is therefore large (cf. 11.36, 11.12). 
For smaller slownesses Tg increases rapidly and the frequency spacing is much 
tighter. 


The presence of a velocity inversion at about 70 km depth in model 77 leads to 
complications in the dispersion curves. For the band of slownesses marked ‘LVZ’ 
in figures 11.3, 11.4 S waves have travelling character both in the crust and in 
the velocity inversion. This gives rise to two classes of dispersion behaviour: (i) 
significant slowness dispersion with frequency associated with crustal propagation 
and (ii) almost constant slowness with frequency for waves channelled in the 
velocity inversion. Any individual Rayleigh or Love mode alternately partakes 
of these two characters. At osculation points the dispersion curves for two modes 
almost touch and the ensemble of modes build up a pattern of intersecting crustal 
and channel dispersion branches. At low frequencies the influence of the P waves 
on the Rayleigh mode dispersion gives a less close approach between the first few 
mode branches. 


At lower slownesses where S waves penetrate more deeply, and have turning 
points near the upper mantle discontinuities, crustal reverberation still leads to a 
set of distinct kinks in the dispersion curves which line up to give ‘ghosts’ of the 
crustal modes. These regular perturbations in the pattern of eigenfrequencies are 
often referred to as solotone effects (see, e.g., Kennett & Nolet, 1979). At high 
frequencies the presence of the 400 km discontinuity further disturbs the regularity 
of the spacing in the dispersion curves. 


Once P waves become propagating, the dispersion for Rayleigh modes becomes 
even more complex and at high frequencies ‘ghosts’ of P wave reverberation effects 
asymptoting to xg! appear, superimposed on the rest of the pattern. 


The calculations in figures 11.3 and 11.4 were made using a flattened earth 
model. The most significant departures from the results for a spherically stratified 
model will be for the fundamental mode at the lowest frequencies, where the 
density distribution has a definite influence on the dispersion. As we have seen 
in Sections 11.2 and 11.3 the high frequency behaviour is controlled by the 
delay times t in the model and these are preserved under the earth-flattening 
transformation (1.27). 
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Figure 11.3. Rayleigh wave dispersion curves for the upper mantle model T7. Locations 
of discontinuities in the model are indicated. 


11.4.2 Surface waves and channel waves 


In both figures 11.3 and 11.4 we have seen how the presence of a velocity inversion 
leads to complex dispersion curves with interaction of waves propagating mainly in 
the crust or mainly in the low velocity channel. This behaviour is best understood 
by reference to the modal structure for a crust or velocity inversion alone. 

If we split the stratification at a level zs we see from (7.41), (7.46) that the 
singularities are determined by 


A = det[I — RFR y det[I — RE RIF] = 0, (11.55) 


and as noted in Section 11.1 the second term is normally most important. When, 
however, the wavespeed profile for P and S waves is monotonically increasing with 
depth we can choose Zs to lie deep in the evanescent region. In this case IRH will 
be very small and so (11.55) is approximately 


det[I — RR = 0, (11.56) 
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Figure 11.4. Love wave dispersion curves for the upper mantle model T7. 
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Figure 11.5. Wave slownesses for model T7 as a function of depth. 
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Figure 11.6. Decomposition of the surface wave secular function in the presence of a veloc- 
ity inversion. For a slowness corresponding to the short dashed line S waves are evanescent 
in the shaded regions, and so the crustal waveguide and the deeper velocity inversion are 
partially decoupled. 


which is the secular function for the truncated structure down to zs terminated by 
a uniform half space in z > zs with continuity of properties at zs. This result 
enables one to neglect the reflectivity of the deeply evanescent region and so as 
frequency increases allows a progressive simplification of the wavespeed model 
used for the calculation of dispersion curves. Such ‘structure reduction’ has been 
used by Schwab & Knopoff (1972), Kerry (1981). 

The dispersion relation for the crust alone is given by, e.g., det[I — RRC] =0 
where Zc is a level just below the crust-mantle interface. For a wavespeed structure 
which is bounded by uniform half spaces in z < za and z > zp with a wavespeed 
inversion in za < Z < zp we have the possibility of localized channel waves for 
slownesses such that both P and S waves are evanescent in z < Za, Z < Zp. From 
the discussion in Section 7.2.1 we can recognise the secular function for this case 
as 


det(I — RKA RKP) = 0, (11.57) 


for some level zx in (Za, Zp). When this condition is satisfied the reflection and 
transmission coefficients across the region (Za, Zp) are singular. 

For a stratified half space with low wavespeed crust and a velocity inversion at 
greater depth we have a rather complex behaviour. For slownesses such that the 
turning level for S waves lies well below the low velocity channel, a choice of zs 
in the evanescent regime near the base of the stratification will give (7.79) once 
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again. When, however, the slowness p is such that there are propagating S waves 
within the inversion but evanescent waves in regions above and below (figure 11.6) 
we have to be more careful. 

We take a level zc lying in the evanescent S wave region above the low velocity 
zone and then the two reflection contributions to (11.55) from above zs can be 
expressed as 


RS = RE + TERE — ROCRSSI TS, 


As (11.58) 
RiP = RGS + TERÍCI — RERÍFI TE. 


In each of these expressions we have both upward and downward transmission 
through the evanescent region contained in the matrices To ; T . At moderate 
frequencies these transmission terms will be quite small and diminish rapidly as 
the frequency increases. We thus have high frequency approximations 


R x ROC, RP ~ RSS, (11.59) 
and so in this limit (11.55) becomes 
A = det(I — ROCR,) det (I — RGORP), (11.60) 


which is the product of the secular determinant for surface waves on the crustal 
structure above Zc, 


det(I — RQ°R;) (11.61) 
and the secular determinant for channel waves on the structure below zc 
det(I — REPRE). (11.62) 


At intermediate frequencies there will be coupling between the channel and the near 
surface through the transmission matrices TS: To: A given surface wave mode 
will in certain frequency ranges be mainly confined to the near-surface region and 
then det(I — R&R,) z~ 0; in other intervals a mode will be mostly a channel wave 
when det(I — ROR?) z~ 0 (Frantsuzova, Levshin & Shkadinskaya, 1972; Panza, 
Schwab & Knopoff, 1972). 

Propagation in the channel is most efficient for slownesses close to B=! where 
Bm is the minimum wavespeed in the inversion. As a result there is only very slight 
variation in the slowness of a channel wave with frequency. 

A very good example of this effect is shown in figure 11.7 which shows 
the horizontal and vertical displacement elements (V,U) of the displacement 
eigenfunction for the sixth higher Rayleigh mode in the frequency range 0.35 to 
0.50 Hz. At the lower frequency, propagation which is principally in the crust still 
shows some amplitude in the low velocity channel, but at the highest frequency 
virtually all the energy is confined to the crust. 

A detailed study of the switch between crustal and channel behaviour has been 
made by Kerry (1981) who shows that in the neighbourhood of an osculation point 
between two dispersion branches the dispersion curves have hyperbolic form. The 
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Figure 11.7. Rayleigh wave eigenfunctions for the sixth higher mode at equal frequency 
intervals from 0.35 to 0.50 Hz. 


change from one class of propagation to the other takes place over a frequency 
interval which is of the same order of magnitude as the decay in two-way passage 
across the evanescent region above the inversion and so is very sharp at high fre- 
quencies. 


11.4.3 Computation of surface wave dispersion 


The reflection matrix representations of the modal secular equation which we 
have discussed in this chapter can be used as the basis of an efficient scheme for 
calculating modal dispersion (Kerry, 1981). 

Although most calculations have previously been made with fixed frequency 
and variable slowness for a limited number of modes (see, e.g., Schwab & 
Knopoff, 1972), there are considerable advantages in fixing slowness p and varying 
frequency w when seeking for roots of the secular equation. The zeroes of the 
secular function are approximately evenly spaced in frequency w whilst the spacing 
in slowness p is rather irregular. Also for a piecewise smooth model or a model 
composed of uniform layers we can make use of the frequency independence of 
the interfacial reflection and transmission coefficients to reduce the computational 
effort of calculating the reflection matrices required for the secular function. This 
approach is well suited to finding the dispersion curves for a large number of higher 
modes. 

The downward reflection matrix Ro and det ToL are calculated by recursion 
from the base of the stratification. We then evaluate the secular function and 
use quadratic interpolation to iteratively refine an estimate of the frequency of the 
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root. A suitable termination procedure for the iteration (Kerry, 1981) is when two 
estimates of the secular function with opposite sign are less than some threshold 
and the smallest eigenvector of (npo + NyoRD evaluated at the estimated root is 
also less than a preassigned threshold. 

This procedure works very well most of the time but, when we are close to a 
root of the channel wave function, (I — RR?) becomes nearly singular and it 
is very difficult to get accurate numerical evaluation of Ro with finite accuracy 
arithmetic. To test for this possibility a level zs in the low velocity zone is chosen 
and in a single pass through the structure ROE, RSE, det To: det TE, det TY are 
calculated. We construct the quantity 


n = det(I — RO RPL) = det TY det TH/ det T% (11.63) 


If n is large then we may use the secular function (7.1). If, however, n is small 
we may have a channel mode and then we calculate downwards from the surface 
to find R[> and then terminate the iteration by requiring the smallest eigenvalue of 
(I — RR?) to be less than our threshold. 

Once all the roots in a given frequency band are found the slowness is 
incremented by a small amount, and the calculation repeated. 

The dispersion curves presented in figures 11.3 and 11.4 were calculated by the 
method described above for the upper mantle model T7 (Burdick & Helmberger 
1978). For this calculation the structure down to 950 km was represented in 
terms of 92 uniform layers. The reflection matrix approach is not restricted to 
representations in terms of uniform layers and can be extended to piecewise smooth 
models by using the treatment discussed in Chapter 6. 

Most calculations for surface wave dispersion have been made for the 
fundamental mode and to a lesser extent for the first five higher modes. For these 
widely spaced modes it is probably more efficient to fix the frequency and then 
determine the slowness mode by mode, since as can be seen from figures 11.3 
and 11.4 at low frequencies a small change in frequency gives a large change in 
slowness. The present scheme becomes most effective when many modes are to 
be found, particularly when one seeks all modes in a given frequency and slowness 
window. Working at fixed slowness the costs of calculating many frequency values 
are much reduced. 


11.4.4 Variational results 


The dispersion results we have presented so far depend on the differential properties 
of the stress-displacement field, however we may supplement these with some 
important integral results from a variational principle, for each modal solution. 

We consider two displacement fields w1, wz which satisfy the boundary 
condition at zy for p > BT! and so have exponential decay as z — oo. For SH 
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waves we consider the vertical variation of the product W,wT> of displacement 
and traction: 


02(WiwT2) = w*{(epB*)'TiT2 + p(B*p? — 1)WiW9}, (11.64) 
and then integrate over the entire depth interval to give 
OO 
| dz 0,(W] w T2) = wW] To|z-—0, (d 1.65) 
0 


= o| dz{(o62)-"T1T2 + p(B2p2 — 1)W1W2} 


A displacement eigenfunction We has vanishing traction at z = 0 and also 
decays in z > zr, and so if we choose We for both fields in (11.66) we have 


CO (0,6) 
w| azpowè = w? | dz{(oB2)~'T2 + pB2p2W2}, 
(0) 0 


= i dz pB7{(0,We)* + w?p?Ww2}. (11.66) 
0) 


This identity is valid for a dissipative medium, and may be viewed as a variational 
result for the SH eigenfunction. If we require (11.66) to be a stationary functional 
of We, we obtain the Euler-Lagrange equation (cf. 2.30) 


02(P8*02We) — pw*(B*p* — 1)We = 0, (11.67) 
with the boundary conditions 
Te(0) =0, Welz) 30 as z7 œ; (11.68) 


which are just the equations to be satisfied by a modal eigenfunction. For a perfectly 
elastic medium we can choose Wj = We and W2 = Wé and then from (11.66) 


| dz pw*|We? =w? | dz{(oB2)~"ITel? + pB2p2|Wel2}, (11.69) 
(0) 0 


and this result shows the equality of kinetic and potential energy in the mode. This 
is just Rayleigh’s principle and (11.66) represents the extension of this result to 
attenuative media. 

For the P-SV wave case we can follow a similar development to the above by 
considering 0,(w 1wtz) and then for a displacement eigenvector We we have the 
variational result 


w| dz p[U2+V2] = wf dz{pvp? VZ+ (pa*)—'P2+ (p87)—1S2},(11.70) 
0 0 
where, as in (2.24), 

v = 4B7(1 — B*/a?). (11.71) 


The Euler-Lagrange equation here recovers (2.31) for the evolution of Ue, Ve. 
Kennett (1974) has shown that the first order equations (2.25), (2.24) which are 
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equivalent to (2.30), (2.31) are the sets of Hamilton’s equations associated with 
the Lagrangians (11.66), (11.70) in which displacement and stress quantities are 
conjugate variables. 

The stationary property of the integrals (11.66), (11.70) for small perturbations 
in the eigenfunction We means that small changes may be made in w and p 
or in the elastic parameters and the results obtained from (11.66), (11.70) will 
be correct to second order using the original eigenfunctions (Jeffreys, 1961). In 
particular we can avoid numerical differentiation in calculating the group slowness 
g(= p+ wd0wp), which describes the evolution of the dispersion curves. From the 
variational results we can represent the group slowness as a ratio of two integrals 
over the eigenfunctions 


g =I/pJ, (11.72) 


where, for SH waves 


(0:0) CO 
=| dz pW2, =| dz pß?W2; (11.73) 
(0) 0 


and for P-SV waves 


I= | dz p[U2 + V2] = | dz pwlwe, 
0: 0 (11.74) 

J -| dz{pvV2 + (wp)"[UeSe— (1 — 282/02) VeP el}. 
0 


If we are working at fixed slowness and are already close to a root of the 
secular equation w% we may use (11.66), (11.70) with the eigenfunction estimate 
corresponding to our current value of w to generate a closer approximation to the 
root. A similar procedure holds at fixed frequency to improve estimates of the 
phase slowness p. 

As we have mentioned we may also obtain good estimates of the perturbation 
in the dispersion introduced by small changes in the elastic parameters although 
particular care must be taken if discontinuities in the parameters are moved 
(Woodhouse, 1976). At fixed frequency we may represent the change in phase 
slowness p as, e.g., for Rayleigh waves 


ip =| az (4 Sa4 Fe | 5B 4 H bp). (11.75) 


The quantities [ðp/ðqx] etc. provide a measure of the sensitivity of the mode 
to the elastic parameters. These ‘partial derivatives’ are used in the linearised 
inversion of dispersion data to obtain a structural model by iterative updating of 
a trial model until the observed and computed dispersion agree to within the error 
of measurement. 

If we consider small perturbations to the elastic wavespeeds introduced by 
including small loss factors OS OF in a perfectly elastic model we are able 
to estimate the change in phase slowness at fixed frequency as in (11.60). The 


11.5 Theoretical seismograms by modal summation 


perturbation 5p will have both real and imaginary parts. The imaginary part will 
specify the overall loss factor for the mode and the real part will contain the net 
effect of the wavespeed dispersion for P and S waves associated with attenuation 
(cf. 1.13). 


11.5 Theoretical seismograms by modal summation 

In Chapter 7 we have shown how the poles in the half space response contribute to 
the displacement field in slightly different ways depending on whether we perform 
the frequency or slowness integrals first when performing the inversion of the 
transforms. With an inner slowness integral the modal contribution to the surface 
displacement at a range r for P-SV waves may be represented as 


CO 
up(r, ,0,t) = 3] dw eo awe Fe 
m 


—oo 
N(w) 

a D_ pi Res, fwo(p, m, w)IT iy) (wp;r) , (11.76) 
j=0 o? 


where we have used the spectral response in (7.63), and N(w) is the number of 
modes of frequency w. The azimuthal dependence of Wo arises from the source 
which we have specified via a discontinuity in displacement and traction across the 
source plane z = Zs 


S(p, m, w, zs) = [Sy STI" (11.77) 
From (7.32) we can represent the half space response in the transform domain as 
Wo(p, m, w) = —iW1s (0) -RÈ REI HT 35(zs) SW — W3s(zs)ST),0 1.78) 


where the displacement matrix Wjs is chosen to give vanishing traction at 
the free-surface and W2s satisfies the radiation condition of only downward 
propagating or decaying evanescent waves in z > zy. The half space reverberation 
operator arises from linking the solutions above and below the source via the source 
jump S, and is related to the invariant generated from the matrices W15, W2s by 


<Wis, W2s> = ill — RÈ RÝÑ] (11.79) 


We calculate the residue of w} at the pole p = pj, at fixed frequency w, in terms 
of the displacement eigenfunction We following the treatment discussed in the 
Appendix to this chapter. The residue is 


gj 
Res [w] ym, w)} = 
cake 0 (p )] 2wl; 


{ti,(zs) Si; —w(zs)SH}ws(0), (11.80) 


in terms of the group slowness gj for the mode and the ‘kinetic energy’ integral Ij 
introduced in the previous section. 


255 


256 


Modal Summation 


The residue contribution to the surface displacement (11.76) is therefore 


(00) 


up(r,,0, t) =| 


N(w) 
dwe “iw $ Jpg >) (11.81) 
nite j=0 m 
(tl (zs) Si, — wh (zs) Sw (0)TD (wp;r), 


which is equivalent to the form derived by Takeuchi & Saito (1972) by a rather 
different approach. The SH wave residue contribution has a comparable form 


nA M(w) 
u(r, &, 0, t) -| dwe ita >J pig; | > (11.82) 
=S 1=0 m 


{TE (zs) Sih — WA (zs) SWL (0TH (wprr), 


in terms of the scalar eigenfunction We. Frequently we wish to evaluate the modal 
contribution of large ranges and then it is usually adequate to use the asymptotic 
approximations (7.79) for T)(wpr), TU (wpr). To this approximation the SH 
wave contribution is purely transverse, and the P-SV waves appear on the vertical 
and radial components. 

The expressions (11.82), (11.83) are particularly useful since we are able to relate 
the excitation of the various angular orders to force or moment tensor elements 
describing the source through Sw (4.63) and S% (4.64). We also have a clear 
separation of the receiver contribution from w,;(0) and the source effects 


ft} (zs) SI — W (zs) STH (11.83) 


Since the pole position p;(w) is independent of the source depth, the excitation of 
a particular mode as a function of the depth of the source is controlled by the size 
of the term in braces. In figure 11.8 we show the displacement eigenfunctions for 
the first five Rayleigh modes at a frequency of 0.06 Hz as a function of depth. As 
the mode number increases we see the increasing penetration of the eigenfunctions 
into the half space. Since the source excitation depends on these eigenfunction 
shapes, as the source depth increases higher order modes will be preferentially 
excited. The traction eigenfunction te; vanishes at the surface and especially for 
low frequencies (< 0.02 Hz) increases only slowly away from the surface, as a 
result the contribution of tej(zs) S is very much reduced for shallow sources. 
This means that for near-surface sources the moment tensor components Mxz, 
Myz play only a minor role in the excitation and so are difficult to recover if one 
attempts to invert for the source mechanism from distant observations. For a purely 
strike-slip fault, the normals to both the fault plane and the auxiliary plane line 
in a horizontal plane and so the only non-zero moment tensor elements are Mx, 
My, Myy with the result that SW vanishes, and so we have the simpler excitation 
term wh (zs) S47}. Since the eigenfunctions are oscillatory with depth down to the 
turning level of an S wave with slowness p; the actual mode excitation will vary 
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Figure 11.8. Eigenfunctions as a function of depth for the fundamental and first four higher 
mode Rayleigh waves for frequency 0.06 Hz. The vertical component is shown by solid 
lines and the horizontal component by dashed lines. 


significantly with depth for a constant source mechanism and there can be near 
nulls in the excitation at certain depths. 

The relative excitation of the modes depends on the surface expression of the 
modes through the receiver term We;(0) L 1; the modes are effectively normalized 
by their energy content. Modes which are confined to the crustal region or which 
are sufficiently low frequency to penetrate through any wavespeed inversion will 
have significant amplitude at the surface. At low frequencies even modes which 
are mostly trapped in a wavespeed inversion still have some surface amplitude, but 
as the frequency increases the modes are almost entirely confined to the channel 
(figure 11.7). 

For any given range r and azimuthal order m, we are now faced with the 
evaluation of the integrals (11.66), (11.70) over frequency. This is best performed 
numerically. If a very large number of modes are to be summed an effective 
approach is to use a fast Fourier transform with a large number of time points 
to encompass the length of the wave train. With a large number of time points the 
spacing in frequency is very fine and it is necessary to interpolate the behaviour 
of the dispersion curve branches to generate values at the required frequencies. 
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This fine sampling in frequency ensures an adequate representation of the rapidly 
oscillating Hankel functions HW (wp;r) at large ranges. For each frequency point 
the contribution from all the modes are summed and then the transform is inverted. 

If the frequency band and the ranges under consideration are such that 
Wiminlp Tmin is large (> 6) we can use the asymptotic expressions for TH, TU 
and then the range dependence of the integral is the same for all angular orders. If 
all components of the moment tensor have the same time dependence we have a 
single frequency integral modulated by an azimuthally varying factor. 

The modal contributions to the seismograms are linear in the components of 
the source moment tensor. Thus, as for body waves, it is possible to make a 
linear inversion for the source mechanism using distant observations, if a good 
reference model of the wavespeed distribution with depth can be found for the 
paths in question (Mendiguren, 1977). 


11.5.1 Mode branch contributions 


The character of the contribution to the total seismogram from an individual mode 
branch will depend on the nature of the particular dispersion. The contribution to 
the vertical component in the asymptotic regime for large wpr will for example be 
of the form 
0O 
uzj(r,b,0,t) = | dw |F(p;(w), w)je Tetons (or Hy; (w), (11.84) 
—oo 
where pj depends on frequency. The ‘initial phase’ ;(w) arises from the effect 
of depth of source etc. in the model and also from the instrument response on 
recording. 

We may get a qualitative picture of the modal behaviour by examining various 
approximations to the integral in (11.84). Away from an extremum in group 
slowness g; we may use the stationary phase technique. The saddle point in 
frequency ws depends on range r and time t through 


dolp (ws) + wspjlws)r — wst} = 0, (11.85) 
and the stationary phase approximation gives 
(27) /7|F(pj, ws) 


lOwwthj ae Tõwgj| 2 
x exp{iw.(pjr — t) +ipj(ws) + in/4}, (11.86) 


Us; (T, , 0, t) = 


with + corresponding to 
Iwo} + rwg SO. (11.87) 


The time of arrival of this mode branch contribution will vary with frequency and 
from (11.85) 


t= (pj ag Wwsdwpj)r H dwYj(ws) (11.88) 
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so that propagation is very nearly at the group slowness 
gj = Pj + WsOwP} (11.89) 


for the frequency ws. Near extrema in the group slowness the above treatment 
is inadequate and an improved approximation may be found in terms of Airy 
functions, following analysis due to Pekeris (1948): 


IF(pj, wa)| ,. | Psgn(Q) 
QWs ai gna | 
x exp{iWa(pjr — t) + itpj(Wa)}, (11.90) 


Uz; (T, , 0, t) = 


where the frequency Wa is determined by the condition 
8 ww} (Wa) + 1g;(Wa) —t=0 (11.91) 
and 


P= OwWj(Wa) + T9;(Wa) =t 
Q= Hd www); (Wa) + T0ww9j(Wa)}- 


In the case of a maximum in group slowness we have both higher and lower 
frequency arrivals appearing before the energy with the maximum slowness (the 
‘Airy’ phase). A good example is provided by the fundamental Rayleigh mode and 
the Airy phase is often designated Rg, figure 11.9. 

The relatively small dispersion in frequencies in the neighbourhood of an 
extremum in group slowness means that an Airy phase will often carry significant 
amplitude. The actual amplitude seen on a seismogram will depend on the 
instrument response as a function of frequency and also on the excitation of 
the mode. For the fundamental Rayleigh mode the maximum group slowness 
occurs at a frequency of about 0.06 Hz and this is well excited by relatively 
shallow earthquakes, e.g., at the base of the crust. Also conventional long-period 
seismometers have their peak response near to 0.05 Hz and so the Rg phase is often 
an important component of the surface wavetrain (figure 11.9). 

Airy phases associated with shallow propagation can also be significant and 
a good example for the fundamental Rayleigh mode is seen on the short range 
seismograms in figure 7.5a for a crustal source at 2.5 km depth. 

When we wish to synthesise the long-period contributions to the surface 
wavetrain we need only five or six mode branches to give a good representation. 
In this case it is most effective to calculate the contribution a mode branch at a 
time and so we are faced with the numerical evaluation of integrals such as (11.67). 
Aki (1960) suggested using a variable spacing in frequency and his work has been 
extended by Calcagnile et al. (1976). Between frequency points wı and w 41 the 
amplitude spectrum |F(pj;, w)| is represented as a quadratic in w 


(11.92) 


IF(p;, w)| & fo + f1(w — @1) + f2(w — 1), (11.93) 
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Figure 11.9. Observed and theoretical seismograms for Airy phases: a) Rg and long-period 
Rayleigh waves LR at 3000 km; b) modal sum to 0.25 Hz at 3000 km, higher modes ride 
on the long-period fundamental Rayleigh mode. 


where 1 = 3 (wy + wy 1,1); and the phase as a linear function of w 


wp;(w)r + pj(w) ~ witp + (w — D)tgi, (11.94) 
where the mean phase delay 

tpt = Mipj(Mi)r + Wj(@1), (11.95) 
and the mean group delay 


tgi = gj(®1) + dwp). (11.96) 
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With the substitutions (11.90), (11.93) the integral (11.84) can be evaluated 
analytically over the panel (w 1, w1+1) to give 


he dw |F(p;, w)|exp{—iwt + iwp;(w)r + np;(w)} 


=| (Fee IwIF(pj, w)| 2f2 ) 
i(t Ag tgi) (t = tgl)? i(t E tgl)? 


(11.97) 


W141 


x exp(—ieo(t — tyr) + ilw Dotan] 
Ww, 

and the entire integral (11.84) may be obtained by summing the result from 

successive panels (a generalized Filon rule). The frequency points w 1 should 

be chosen to minimise the error which will be principally due to the phase 

representation (11.93). Calcagnile et al. (1976) suggest that the frequency points 

be chosen so that 


T(gi41 — 91) < Jno! (11.98) 


for reasonable accuracy (~ 0.5 per cent). As the period increases the accuracy of 
the asymptotic representation of the Hankel functions is reduced. A comparable 
development can be made with a quadratic approximation for the amplitude and 
a linear approximation for the initial phase and the explicit form for the Hankel 
function, but the simplicity of (11.98) is lost. 


11.5.2 Examples of modal synthesis 


As we can see from the results in the previous section the contribution of any 
particular mode to surface seismograms is heavily dependent on the variation of 
group slowness gj(w) as a function of frequency. When we have many modes 
present the character of the final seismogram depends on the relative excitation of 
the modes and the group slowness character shown by individual modes. 

In figure 11.10 we illustrate the group slowness behaviour for all Rayleigh modes 
for model T7 in figure 11.3 with frequency less than 0.33 Hz. This pattern derived 
from some 80 mode branches shows a number of coherent features which are 
associated with recognisable traits in the seismogram. With the exception of the 
behaviour for the fundamental branch the pattern for Love waves is very similar. 

The prominent maximum in group slowness for the fundamental Rayleigh mode 
giving rise to the Rg phase has already been discussed. The group slowness extrema 
for the first few higher mode branches at frequencies above 0.10 Hz lie in the range 
0.28-0.32 s/km and lead to a characteristic ‘high frequency’ train Lg. At low 
frequencies (< 0.10 Hz) these same modes have a further set of group slowness 
extrema from 0.21-0.23 s/km; the corresponding Airy phases are well excited by 
intermediate depth earthquakes (~ 120 km deep) to give the Sa phase. 

The existence of these two sets of group extrema can be understood if we refer 
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Figure 11.10. Group slowness dispersion for Rayleigh waves on model T7 as a function of 
frequency. The group slowness extrema associated with phases illustrated in figures 11.9, 
11.11-11.13 are indicated. 


to the discussion of Section 9.2 in which we split the stratification at a level zy. 
When we take zy at 200 km, the contribution shwo (9.34) includes the crustal and 
channel structure alone, and the dispersion curves for this portion will reproduce the 
Lg maxima. The remaining part of the displacement response “wo (9.38) contains 
the operator [I — RIRI which will give the low frequency ‘mantle branches’ 
whose dispersion is dictated by the structure in the upper mantle. It is these latter 
branches which display the group extrema associated with Sa. 


The tangled skein of group slowness curves near 0.20 s/km for all frequencies 
corresponds to S waves with turning points well into the upper mantle, which we 
would alternatively think of as ‘body wave’ phases. The complex behaviour at 
intermediate slownesses (0.22—0.26 s/km) with rapid changes in group slowness 
for an individual mode, arises from the presence of the wavespeed inversion in 
model T7 and the switch in properties from channel to crustal guiding (see figure 
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Figure 11.11. Theoretical seismograms for a 40 km deep vertical dip slip source. The 
vertical component is shown and is synthesised from all the modes illustrated in figure 
11.3: there is a prominent Lg group and a clear separation of the fundamental Rayleigh 
mode RO, at short times S body waves are seen. 


11.7). For a surface receiver, channel modes make very little contribution to the 
response except at low frequencies. 

The group slowness behaviour in figure 11.10 shows very clearly the difficulties 
associated with trying to estimate group slowness for many mode branches from 
observed records. At moderate frequencies (> 0.15 Hz) we can have a number of 
branches with very similar group slownesses and it is very difficult to disentangle 
the behaviour near such cross-overs. 

In figure 11.11 we illustrate the result of modal summation for all the mode 
branches shown in figure 11.3, with a vertical dip-slip event at a focal depth of 40 
km. The wavetrains on these vertical component seismograms are quite complex 
but a clear low frequency Rg fundamental mode Rayleigh wave emerges from 
the rear of the disturbance. The display in figure 11.11 is plotted at a reduction 
slowness of 0.25 s/km, from figure 11.10 we see this group slowness separates out 
the ’surface waves’ associated with the first few Rayleigh mode branches from the 
rest of the modes. The complex multimode interference in the high frequency Lg 
group is clearly seen in figure 11.11. The faster arrivals have a distinct pulse-like 
character and can be identified with S wave arrivals which mostly have turning 
points in the mantle. At short ranges we see upward radiated S which at larger 
ranges is superseded by S wave energy returned from beneath the source level, 
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Figure 11.12. Theoretical seismograms, vertical component by summation of Rayleigh 
modes: a) all modes in figure 11.3 with a frequency less than 0.33 Hz; b) the difference 
between a) and a calculation with only 15 modes enlarged by a factor of 4. 


both direct S and, with a small delay, a reflection from the 400 km discontinuity. 
For much greater source depths, e.g., 200 km the seismograms for the same source 
mechanism show almost no trace of surface wave character out to 1600 km. The 
modal summation for this deep source just synthesises the S body wavetrain. 

For shallow sources the split into ‘body wave’ and ‘surface wave’ components 
persists as would be expected to greater ranges. In figure 11.12 we show theoretical 
seismograms for a focal depth of 10 km for ranges from 1500 to 4500 km. The 
upper frequency limit used for this calculation was 0.33 Hz so that we have used 
the mode set represented by figure 11.10. The lowest frequency fundamental mode 
Rayleigh waves have a group slowness close to 0.16 s/km and superimposed on 
this mode can be seen higher modes with shorter period. A distinct Lg packet 
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Figure 11.13. Observed and theoretical seismograms for the Sa phase and fundamental 
Rayleigh mode RO for the distance range 6500-9500 km: a) WWSSN-LP vertical compo- 
nent records for a Kuriles event recorded in Scandinavia; b) Theoretical seismograms with 
pass band 0.01-0.10 Hz. 


of high frequency energy grades into an Airy phase for the first higher mode (R/) 
which is dwarfed by Rg. In the body wave field we see the emergence of the surface 
reflected phases SS at the larger ranges (3500-4500 km). These waves are enhanced 
in figure 11.12b where we have taken the difference of the seismograms calculated 
with the full mode set in figure 11.12a and a comparable set calculated with just 
the 15 lowest mode branches. From figure 11.3 we see that the 15 mode set gives 
a slowness dependent frequency window and misses nearly all high frequencies 
(> 0.10 Hz) for slowness less than 0.2 s/km. The missing portion of the response 
corresponds to higher frequency S body waves, the long period response being 
tolerably well represented. 

At even longer ranges, for intermediate depth events, the long-period (< 0.10 
Hz) character of the modal dispersion is most important and only a limited number 
of modes make a significant contribution. In figure 11.13 we show theoretical and 
observed vertical component seismograms for ranges from 6500 km to 9500 km 
calculated by the superposition of the first 16 mode branches. The theoretical 
seismograms have been calculated for a 160 km source in model T7, derived for 
western America. The observations are taken from vertical component WWSSN 
(LP) records in Scandinavia for an event in the Kuriles at 120 km depth. Although 
the relative excitation of the fundamental Rayleigh mode is different both sets 
of traces show the phase Sa arising from the interference of the first few higher 
modes with very similar group velocities. This phase, as noted by Brune (1965), 
shows varying waveform from station to station since the dominant mode branch 
varies with position. This variation can be exploited with an array of stations, 
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as in figure 11.13, to use the spatial behaviour to separate mode branches. The 
traces are combined with appropriate delays to enhance an individual phase 
slowness (p), and then the group slowness behaviour as a function of frequency 
is determined by sweeping a narrow-band filter through the array sum. Individual 
mode contributions can be recognised in plots of the signal strength as a function 
of p and g at each frequency (Nolet, 1977) but with a limited array careful work is 
needed to avoid contamination from sidebands in the array response. 


11.6 Separation of body wave phases 


We have seen in figures 11.10-11.13 how S body wave phases may be generated 
by modal synthesis, but at high frequencies several hundred mode branches may 
need to be summed to give reliable mode shapes. Most of the surface wavetrain, 
with high group slowness, can be described by relatively few mode branches over 
the entire frequency band of interest. We would therefore like to find some means 
of splitting up the seismic response which conforms to the conventional seismic 
terminology and which enables us to relocate the modal summation results to our 
discussions of body waves in Chapters 9 and 10. 

A convenient starting is provided by the representation (7.66) for the surface 
displacement Wo which displays explicitly the effect of free-surface reflections 


wo(p, w) = WHE —ROR,| oe (11.99) 
with 
o = TO — RetROS) Ress + 58), (11.100) 


We may now make a partial expansion of the surface reflection operator (11.99) to 
give 


wolp, w) = Wro + W-ROR-o + WRR ROR — ROR, 6. (11.101) 


The displacements specified by Wø contain no interactions with the free-surface 
elements we would refer to as S (and P if appropriate). W,o includes propagation 
directly from the source to the surface and reflection from beneath the source. The 
second term in (11.101) WRR; 0 allows for a single surface reflection and so 
the S wave portion of the response includes the phases sS, pS and SS. The remaining 
term will include all propagation effects which involve two or more reflections from 
the surface and thus the ‘surface waves’. 

We can now separate out the first two terms from (11.101) and recover the surface 
displacement in space and time using (7.75). The displacement spectrum, for P, S 
and their first surface reflections for angular order m, is given by 


ūı(r,m, 0, w) = w| dp po! (I+ RR% WET (wr). (11.102) 
0 


Since the reverberation operator [I — RIR] =I does not appear in (11.76), the only 


11.6 Separation of body wave phases 


pole on the top sheet is at the Rayleigh slowness ppo arising from the amplification 
factor W,. There are branch points at ae Bans but the integrand is now well 
behaved and amenable to a reflectivity type integration (cf. Section 9.3.1), with a 
finite interval in p. 

The displacement field corresponding to the remainder in (11.101) is best 
expressed in terms of the outgoing harmonics TH) and so we have 


ūz2(r,m, 0, w) = Jola | dp po! (11.103) 


—oo 


x [I — RRO RRR REWIT (wpr). 


Now all the poles of the original expression are still present and since we have 
extracted a regular term the residues have the same value as in (11.99). We have, 
however, significantly modified the nature of integrand in the p plane away from 
the poles. 

At low frequencies there are only a few poles in the slowness range BT! <p< 
pro and then it is fairly easy to calculate the modal effects. We would like to 
preserve this simplicity at high frequencies by distorting the contour of integration 
to pick up only a few modes and supplement these modal contributions with a 
numerical contour integral. Thus 


ū2(r,m, 0, w) = jolo | dp po! [(I — RRHH! — RR WIT (wpr) 
E 


+niw* È pj „Res fwi T®), (11.104) 
=), 


where we have absorbed an RRL term into the expression in square brackets. 
Since we would like the contour E to be independent of frequency (above some 
threshold) the number of poles N(w) will be a function of frequency. We are then 
left with the choice of contour E and we can be guided in this choice by making 
use of asymptotic results for large w. 

We consider P-SV propagation for angular order 0, and look at the vertical 
component of displacement. The contour of integration needs to lie close to the real 
axis for p < BT! so that we get a good representation of multiple P reflections. In 
order to get a limited number of poles we require the new contour E to cross the p 
axis in the slowness interval a! <p< Be For this region at high frequencies 
we can neglect the PP and PS components of Ro and so, for a surface source, we 
find 


Tz2(1,0,w) = Zwlw | opp (We) (RE WD + WU) (11.105) 


xRSSRES((1 — RESRES)—! — HO) (wpr). 
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To the same approximation the pole locations are given by RẸSRES = 1. The 
integrand in (11.105) has a saddle point when 


r+w 'd,{2arg RP + arg R$S} = 0, (11.106) 


and if the contour E is taken over this saddle the main contribution will come from 
the neighbourhood of this slowness pss. In a smoothly varying medium, arg RS = 
wtg(p) and so (11.106) becomes 


T = 2Xg (pss) —w 'dp(argRP>) (11.107) 


where 2Xg(pss) is just the geometrical range for an SS phase. When a saddle point 
lies midway between two poles. 


[(1 — RSR)! — 1] ~ — (11.108) 


NI- 


(cf. Felsen & Isihara 1979), and so the saddle point contribution to (11.105) will 
be just one-half of the size of the saddle point approximation for SS from (11.102) 
but reversed in sign. 

In a more realistic Earth model the situation will be more complicated, but once 
again the cumulative effect of the higher multiple S reflections will resemble part 
of the last extracted multiple with surface wave terms. 

A suitable numerical contour for E at large p values is an approximation to the 
steepest descents path across the saddle at pss. This defines a slowness contour 
which varies with distance and as r increases pss diminishes uncovering more 
poles. In order to link the contour E at small and large p values we have to 
take E off the top Riemann sheet and may uncover ’leaky-mode’ poles whose 
residue contributions have to be added to the line integral along E. The leaky mode 
contributions help to refine the multiple reflection representation. 

If it is desired to keep the number of ‘surface wave’ pole small it is necessary 
to change the expansion for Wo (11.74) to now separate second order surface 
reflections beyond some range To (cf. fig 8.11). For r > ro we would then switch 
to a path E for the remainder term through the SSS saddle point defined by 


t+ wapi arg R + 2arg RPS} = 0 (11.109) 


As the range increases further changes in the expansion have to be made to allow 
the separate representation of the various multiple S phases. 


Appendix: Modal residue contributions 


In Chapter 7 we have shown how the displacement response of a stratified medium can be 
represented in terms of displacement matrices W 1s, W2s which satisfy the free-surface 
and the lower radiation boundary conditions respectively. The pole singularities of the 
response are controlled by the inverse invariant 


<Wis,W2s5>7! (11a.1) 


11.a Modal residue contributions 


and we now seek to find the residues at these poles. We will consider initially performing 
a slowness integral at fixed frequency w, as in (7.77), and then the modal contribution is a 
sum of residue terms of the form cf. (7.82) 


2rip; Res [wo (p,m, wT (wp;r), (11a.2) 
oP PR) 


where pj; is the jth pole location for frequency w. 

For SH waves we may use standard results for the residue of a ratio of two analytic 
functions, but for coupled P and SV waves the situation is more complex. We may illustrate 
the process by considering the field 


Wo(p) = Wis(p,0)<Wis, W2s>7!W3<(p, zs), (1 1a.3) 


with simple poles when det<W 5, W2s> vanishes. The displacement matrix Wis is 
constructed from two linearly independent column vectors w1, W 2 which satisfy the free- 
surface condition. W2s has columns w3, w4 satisfying the radiation condition. Thus 


H! (p,0) = <Wis,W2s>7! (11a.4) 
B 1 <42> —<32> 
~ <42><31> — <32><41> |-<41> <31> |” 
where 
<31> = <w3,W1>, (11a.5) 
the composition of vectors introduced in (2.36). 
The residue of Wo at a pole p; is given by 
Res [Wo] = Wis(p;,0) H*(p;,0)W35(p;, zs), (11a.6) 


w,p=pj 0, (det H)|p=p; 


where HÔ is the matrix appearing in (11a.5). We need therefore to construct a suitable 
expression for 0, det H. Now 


ð- (det H) = <42>g3) + <31>g42 — <32>g41 — <41 >g32, (11a.7) 
where 0,<31> = g31. When we integrate over the entire interval in z we obtain 
det H = | dé {<42>g31 + <31>g42 — <32>g41 — <41 >g32}, (11a.8) 
o 


At the exact surface wave pole we have a displacement eigenvector Wej(z) which satis- 
fies both sets of boundary conditions i.e. vanishing tractions at z = 0 and the radiation 
condition into the lower half space. At the pole we can therefore choose w1 = Wej and 
also W3 = YWej for some constant y. The vectors w2 and w4 will be distinct and will 
correspond to displacement solutions which satisfy only one of the boundary conditions. 
Since w and w2 satisfy the same boundary conditions 


<12> = <wj,w2>=0, (11a.9) 


from (2.71). Similarly since w3 and w; satisfy the radiation condition <34> = 0. Thus 
at the pole 


<32> =y<l2>=0, <41>=y !<43> =0, (11a.10) 


and since w; and w3 are multiples <31> = 0. There is therefore only one non-zero entry 
in HÔ from <42>. 
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In order to get an expression for 0, det H at the pole p; with fixed frequency w, we 
construct <W15s, W2s> with Wis, W2s evaluated for slightly different slownesses. We 
take w1, w2 at the pole p; and w3, w4 with slowness p; + Ap and then consider the limit 
Ap > 0 for which w3 — yw}. From (2.48) 


931 = Ap{(2p; +Ap)wpvVy V3+Uy $3+U3$1—(1—-287/a7) (Vi P3+V3P1)},(11a.11) 


where 
v = 4B(1 — B*/a*). (11a.12) 
Now at the pole itself det H vanishes and so 


0 : 1 
ap S Mben 2 sim, {aden} (11a.13) 


= 2y<42> | dč{wpjpv Vi + UejSej — (1 — 2B?/&?) Ve; P&D4a.14) 
0 


where we have made use of the depth invariance of <42>, when both vectors are evaluated 
at the same frequency and slowness, and the vanishing of the other invariants. We may now 
recognise the integral in (11a.14) as wp;J; which we have introduced in our variational 
treatment (11.74). 

The residue contribution from (1 1a.6) is therefore 


10 
Res [Wo] = =——_-W/s(pj,0) b J Wis (Pj, zs), (11a.15) 
W,Pp=Pj ST 


and so involves only the eigenvector entries. Also from (11.72) the group slowness for the 
mode 


g; = lj/p;J;, (11a.16) 
where 
=| acelcwy (owed), (11a.17) 
0 
and so we can achieve a convenient and compact representation of the residue. Thus 
Res [Wo] = we; (0) wg, (zs), (11a.18) 
w,p=pj A T, 


and this expression is valid for both the P-SV and SH wave cases, and also for full 
anisotropy. 

A comparable development can be made at a fixed slowness p to find the residue at a 
pole wx in frequency. In this case we have to construct the frequency derivative of det H 
and we find from (2.48) that 


0 
zg Mloo = 2y<42>{p?]k — Ik}, (11a.19) 
and so the residue is given by 
Z 9k T 
aae WS e a A O Waes: (11a.20) 


Appendix: Table of Notation 


Stress and Strain 


x - position vector 

Xi - position coordinates 

é - initial position vector 

bi - initial position coordinates 
u - displacement vector 

v - velocity vector 

f - acceleration vector 

g - external force vector 

n - normal vector 

Tij - incremental stress tensor 
Oi; - stress tensor (including pre-stress) 
eij - strain tensor 

t - traction vector 

T - traction vector at a surface 
n - normal vector 

Cijkl - elastic modulus tensor 
Cijkı - anelastic relaxation tensor 
K - bulk modulus 

u - shear modulus 

p - density 

A - Lamé modulus 

Ry, Ru - relaxation functions 
A,C,F,L,N,H - moduli for transversely isotropic media 
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Waves and Rays 
- depth 
T - horizontal distance 
R - radius 
t - time 
w - angular frequency 
©, - coordinate angles 
x - P wavespeed 
B - S wavespeed 
p - horizontal slowness, phase slowness 
9 - angular slowness 
g - group slowness 
A -  epicentral angle (for propagation in a sphere) 
p - ray parameter (horizontal stratification) (= dT/dX), 
q - auxiliary ray parameter 
T - intercept time, delay time 
da - vertical slowness for P waves 
dg - vertical slowness for S waves 
i - angle of incidence for P waves 
j - angle of incidence for S waves 
QT! - loss factor 
Ù - wavefront/phase function 
Sources 
R - distance from source 
Y - unit direction vector from source 
Yi - direction cosines 
h - source position 
R - receiver location 
S - source location 
n - normal vector 
v - slip vector 
€ - force vector 
E - summary force vector 
Gij - Green’s tensor 
Hijp - stress tensor derived from Green’s tensor 
Mi - Moment tensor 
mi(x,t) - moment tensor density 
Q,T - radiation vectors for P, S 


Propagation terms 


Qos Qg 
A 


SPrmsamMmeamossoaws 
m rm 


vz 


m çm pm 
RK, SK, k 


a 


=. Te 


Appendix: Table of Notation 


quality factors for P and S waves 
coefficient matrix 

stress-displacement vector 

fundamental matrix 

transformation matrix 

eigenmatrix of stress-displacement vectors 
displacement partitions of eigenmatrix 
traction partitions of eigenmatrix 
stress-displacement matrix for gradients 
phase matrices for wavetype 

phase matrix 

phase matrix for gradients 

source vector 

propagation matrix 

partitions of propagation matrix 
correction terms for gradient zones 
displacement matrix 

traction matrix 

propagator matrix 

partitions of propagator matrix 

vector surface harmonics 

tensor surface harmonic 

interface matrix 

traction vector in p — w domain 

wave vector 

displacement vector in p — w domain 
displacement components in p — w domain 
traction components in p — w domain 
wave vector components 

displacement matrices 

traction matrices 

phase delay matrices 

source jump vector 

components of source jump 

upgoing, downgoing waves from source 
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Propagation terms (cont.) 
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jlx), At) (x) 
Pr(x), P(x) 


Ex, EB, EH - normalisation factors for wave energy 
R; - free-surface reflection matrix 
REH, RF P... - free surface reflection coefficients 
W; - free-surface amplification matrix 
Ru, Ro - reflection matrices for incident upgoing, downgoing waves 
Tu, Tp - transmission matrices for incident upgoing, downgoing waves 
ru, ra - generalised reflection matrices for incident upgoing, downgoing waves 
tu, ta - generalised transmission matrices for incident upgoing, downgoing waves 
Pup - weighting coefficients for upgoing, downgoing P waves 
Sup - weighting coefficients for upgoing, downgoing SV waves 
Hu,p - weighting coefficients for upgoing, downgoing SH waves 
0) - phase of PP reflection coefficient 
Yp - phase of SS reflection coefficient 
X - phase of HH reflection coefficient 
n, f - generalised vertical slownesses 
YA, YP, YS,-.. - coupling coefficients 
Q - attenuation factor 
M(t) - effective source time function 
g - amplitude weight for generalised ray 
H - Cagniard path in complex p plane 
Mathematical 
a,b,c constants 
H Hilbert transform operator 
L,M, N differential operators 
Ai,Bi Airy functions 
Aj,Ak,Bj,Bk Airy function wave variables 
Ej,Ek,Ej,Ek Airy function wave variables 
HUB (x) Hankel functions 
Jm(x) Bessel function 
RY Se Te vector surface harmonics (cylindrical) 
Tiny T) tensor field of vector harmonics 


spherical Bessel functions 
Legendre functions 


eo (2) travelling wave form of Legendre function 
PY, BT, C? vector surface harmonics (cylindrical) 
YI", Yim surface harmonics on a sphere 

A analytic time function 
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